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Mpepucnoeue

HTa KHUTA BXOJIUT B CEPHIO 110/, HazpaHueM «Bricias ma-
TeMaTHUKa» , COCTORINYIO M3 YeThIpeX KHUT:

a) DieMeHTH! JUHeHHOH anrebpsl ¥ AHAIUTHYIECKOH reo-
METDHH.

6) uddepeHnpanbHOe H MHTErPAIBHOE HCIHCIECHUE.

B) [Indpdepennansable ypasHeHus. KpaTHble MHTErPAJIbL.
Pagpl. PYHKIUH KOMILIEKCHOIO IIepeMEHHOTO.

r) BafayHuK.

ABTODH SyMaIOT, YTO 3Ta CEpUA* MoKeT 6bITH yueGHIKOM
IUIE CTYAEHTOB BTY30B, H3YUAOMIUX MATEeMATHKY 110 IporpaMMe
500 yacoB MM 110 TPOTpaMMe MEHBIIETo 06beMa TP COOTRET-
CTBYIOITUX COKpalenusix. ITpy HeoOXOXHMMOCTH AEIAIOTCH CChLI-
KM M3 OJJHOM KHUI'H Ha APYryIo.

ABTOpHI IpH HAITMCAHUY 3THX KHUT TPHAep KUBAJIMCH PO-
rpaMMEI Kypca « Briciiast MaTeMaTHKa A1 HHIKEHEePHO-TEeXHH-
YeCcKMX CIelUaJbHOCTel BhicnX yueOHbIX 3aBefle Uil » , yTBep-
K AeHHOM Y4eOHO-MeTOAMYECKUM YIIPaBJ€HNEM II0 BRICIIEMY
ofpazopaHmo MHBHCTEPCTBE BHICIIETO U CPEIHETO CHENUANb-
Horo obpasopauns CCCP.

ABTOpHI YWIH, YTO B HAllIUX HIKOJNAX ceifdac uayyaiorcd
HaYAJ18 AHATHTHYECKOH reOMeTPHH ¥ MATEMAaTHIECKOr0 aHaIM3a.

B rnase 1 Heckombko naparpadoB NOCBAILEHO «AeiicTBH-
TeEHOMY YHCNy?, XOTA ABHO 5TOTO B NpOrpamMme HeT — 3TH
porpockl uanaratores B IX u X kmaccax cpepHeil mkombl. Mer
IVMaeM, 9TO 3TH BOIPOCEH] ClleflyeT TOBTOPUTH BO BBOAHBIX JIEK-
musax. CTyeHT JOJKeH 3HATD, YTO JefiCTBHTENBHOE YHUCIIO MOXK-
HO pacCMaTpPUBATH KaK JecATHYIHOe passoxenue. Jlor.azareis-
CTBO JIEMMB! 2 0 HeyORIBAIOILIel OrpaHIYeHHOH ITOCIeIOBATEb-
HOCTH JIECATHYHEIX Apobeii HA/I0 CUNTATE BeCEMA JKeJlaTe/IbHBIM,
Ho mmpyt H3J102K€HIHT 9THX BOTIPOCOB MOYKHO OTPAHUYUTECA TOJIb-
ko§1l.7ul.8.

KonedHo, [JaHHEYIO KHUTY ¥ KHUTY «JJIeMeHTH JIMHeMHOM
anreGpel ¥ aHATUTHYECKOH reoMeTpHU » HAN0 USYYaTh IMapa-
nensHO. HeT HYM B JJaBaTh COBETH, B KAKOI I0CI€[0BATENb-

* OHAKO CepHs He OXBATHIBAaeT pasfien aToil nporpaMmel «Teopus Bepo-
ATHOCTeii» 1 He HOJHOCTHIO OXBATHIBAET pasfieN « UncleHHbIe METOALI» .
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HOCTH JOJIXKHO IPOMCXOAUTL UaydeHre. OTMeTHM TONBKO, YTO
nepex riaBoil 8 o QYHKIMAX MHOIUX II€PEeMEHHBIX YHUTATEJb
LOJPKEeH OSHAKOMHTBCS C IIOHATHEM 1-MePHOI'O IIPOCTPAHCTEA.

B cBO10 0uepens, miA u3ydeHUA CAMOCOIPIKEHHOT0 ol1e-
paropa M KBagpaTHYHbiX (POPM ITOHAm00sTCs CBOMCTBA (PYHK-
I1ii, HelIpepPHIBHBIX HA 3aMKHYTOM MHOXKecTBe (§ 8. 12 panHHOI
KHHTH). A 10TOM, nnaparpad, noceAIeHHbIN sKcTpeMyMaM (hyH-
KI[1il MHOTUX NTepeMEeHHbIX, IoTpebyeT sSHAHUA KBAJPATHYHEIX
¢opm. B ycoioBHOM SKCTPeMYMe CEPLE3HO HCIIOJIb3YeTCH IPeJ-
craBJeHue 06 OpPTOroHaJbHBIX IOAIIPOCTPAHCTBAX /M-MEPHOTO
OpOCTPaHCTBA.

Bropoe 1 TpeThe H3JaHUA OTIIHYAIOTCS OT IIEPBOro PAAoM
H3MEHEHHH U JIOIIOJHEeH M.

Bonee noppobHO H3NOKEH BOIPOC O NPHUMEHEHHH IIOH-
TuA AuddepeHIEANA B IPUOIMKXeHHBIX BEIYUCeHunX. [Ipuse-
JEeHE! JOKa3aTeJbCTBA CBOMCTB HelPpephIBHBIX (hyHKIINA MHO-
I'HUX IepeMeHHBIX Ha 32aMKHYTBIX MHOJKeCcTBax. BeeeH nyHKT
00 oguopoaHbIx GyHKIMAX. B rnase 9 noGasnen marepuasn o
TEOPHUM KPATHBIX PANOE ¥ TEOPUN CYMMUPYEMOCTH.

Briparxaem 61arogapHoOCTh CEKIMH TEXHHMYECKMX BY30B
HAYYHO-METOAMYECKOT'O COBeTa 10 MareMaTuke ipu Mungyse
CCCP non pykosoacteom rmpodeccopa JI. 1. Kyapsasiesa, KoJ-
nexTUBy Kadenps! Beiciieil MaTemaTrkn Ne 2 JIeHHHrpaICKOTO
IIOUTEXHUYECKOTr0 MHCTUTYTa, npodeccopy A. HU. Ilpunenko
H pykoBopuMOi MM Kadezpe BhICIIeil maTeMaTuky MockoBe-
KOI'0 MHYKeHEePHO-(PHSHYIECKOT0 MHCTHTYTA 34 00CYKAeHne Ha-
mx yueOHUKOB H I[eHHEBIC 3aMeYaHNUA U IPeIJIOIKeHus, KOTO-
pble, HECOMHEHHO, CIIOCOOCTEBOBAJIH YJIYUILEHMIO COZEPIKaHAA
YUYeOHHKOB.

Me: Takske BBIpakaem 6naropaprocts IO. U. Boaxosy,
M. II. Koccy, A. M. ITonocyery, f1. M. ToGonviery, A. P.
IManxkuny B paagy ApYTrHX 4YHTaresiel 3a IleHHBIe KOH-
CTPYKTUBHEIE NIPENJIOMKEHNS, KOTOPble MBI CTAPAINCE YYecThb
1Ipy paboTe HAZ YUEOHUKOM.

B 1984 r. xoMmnekc HalIMX yueOHUKOB 110 BLICIIEH Mare-
MAaTHKE, COCTOAIMINI U3 TPEX KHUT U 3aIaYHUKA, YOCTOSH IIpe-
muu MB u CCO CCCP, a B 1986 r. — aumioma novera BIJHX
CCCP.



FIABA 1
BBEAEHME

§ 1.1. IIpenmer maTemaTHKH. IlepemeHHbIE
U NOCTOSHHBIE BeJIWYHHEI, MHOXKEeCTBa

CpesiM Bcex HAYK MATEMATHKA 3aHMMAaeT ocoboe MecTo.
MaTeMaTHKA OIpeNeliAeTC KaK HAyKa O IPOCTPAaHCTBEHHBIX
¢dopMax M KOJMYECTBEHHBIX OTHOLIEHHAX DeaJbHOro MHpa.
KoHeuHO, eclIH yIecTb COBpeMeHHOe COCTOSHHE MaTeMaTUK U
pasHooGpasue H3yIaeMbIX €10 CTPYKTYP, TO IPOCTPAHCTEEHHBIE
¢OpMBI 1 KOJIIECTBEHHBIE OTHOIIEHUS HeOOXONMMO ITOHMMATE
B camoM 00l1eM BUAE.

MareMaTHKa aeT APYTHEM HAyKaM ASBIK YHCell ¥ CHMBO-
JIOB IS BHIPQYKEHUA PASIMYHOIO POZia OTHOILEHWI MEXK/Ty ABJIe-
HHAMHE npupopel. Ho mpeskje yem IPHMEHATL MATeMATHKY,
6uosor, (PMSHK MM SKOHOMHUCT JOJKHBI IITyGOKO IIOHATD CYTh
H3y4YaeMOoro ABJICHUA, DACTLIEHHTD €r0 Ha YaCTH, IOANAIOIIHECH
MaTeMaTHIeCcKOH obpaboTke.

O6bexTaMH H3YUEHNIA B CAMOIM MaTeMATHKE ABJIAITCA JIO-
IMYecKHe MOAE)H, IIOCTPOeHHEIe /UL OIMCAHUSA ABJIeHUH 11pY-
poas! u obiecTea. Maremaryka M3y4aeT COOTHOIIEHUS MEKAY
aemeHTaMHU 9THX Mozeseil. Ecii maTemaTidecKas MOJeJb Bep-
HO OTPaXKaeT CyTh JAHHOrO ABJIeHUA, TO OHA II03BOJISIET BCKPBI-
BaThL ¥ HeOOHApY KeHHble BHAYAJIe 3aKOHOMEPHOCTH, T. €. MaTe-
MAaTHKA CIIOCOOHA BCKPBIBATH 1 Ka4eCTBeHHYIO CTOPOHY fBJIE-
HUA.
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B cuny Gonsiuoit aGeTpakTHOCTH OfHA M Ta JKe MareMa-
THYECKAA MOJeJIb MOXET ONMCHIBATH PasJIMYHble IIPOIIECCHL.
Hanpumep, oax0 1 To 3xe nudihepeHIHaTEHOE YpaBHEHHE OIH-
CEIBaeT M XapaxTep pajUoOaKTHBHOIO pacliajg, ¥ M3MeHEHUe
TEeMIIePaTyPhI TeJAa.

Ilpu usyueHuy ABJIeHMIt IPHPOABI 1 OBIIECTBA MBI Ha KAMK-
JOM IUary CTaJIKHBAEMCH ¢ M3MeHeHueM BeJIMYUH, C 3ABUCH-
MOCTBIO OHOM H3 BeIUyuH OT Apyroii. IloaToMy mouaTHe O me-
PeMeHHOH BeNMYiHe ABJIAeTCA OCHOBHEIM B MATEMATHYECKOM
aHause.

Ilon nepemernroit seauvuroii M 6yZieM IIOHUMATH BEJIH-
YHUHY, KOTOpasA B IIponecce H3yYeHUs KAKOro-ai6o SABJIeHUA
IpYHHMAET XOTA OBl [Ba PASNIMYHEIX sHayeHHsA. Benmumma,
KOTOpAaA IIPH UCCJIeAOBaHNH JAaHHOI'O BOIIPOCA IPHMHUMAET TONE-
KO OBHO 3Ha4Y€HUEe, Ha3bIBAETCH NOCMOAHHOILL.

. JHTeJILC OTMEeYA, UTO BEeJleHHe AeKapTOBOH IepeMeH-
HOI BE€JIMMHMHEI BHECJIO E MATEMATUKY JBHIKEHUE ¢ AUAJCKTH-
KY.

Ecnu BCe 3HaYeHMS, IPUHUMAEMEIe TIEPEMEHHOH BeJTHYH-
HOM, 00BeAMHUTE, TO MBI HOJYIUMMHONECE0 SHAYEHHE 5TO
BeJIHYMHEBI.

Ilonarue MHOMEeCMBA TAKIKE ABIISAETCS OCHOBHEIM B MaTe-
MATHMKE, 3TO IIPOCTOE, NEPBUYHOE IOHATHE, KOTOPOe MEI He By-
ZieM MIBITATECH OIPeZielINTh Yepes NPYTHe IPOCThIe IOHATHA.

Mroxcecmeo — aTo COBOKYNHOCTE, COGpaHe KaKHX-IuG0
065K TOB IIPOMSBONBHOI IPUPOJBL.

Tax MOXHO FrOBOPHTE O MHOXKECTEE CTY/IEHTOB MHCTHUTYTA,
O MHOXKECTBe MOJIeKYJI B JAHHOM TeJle, 0 MHOXKEeCTBe TeJICBH-
30pOB C BETHRIM K300paskeHueM B JAHHOM ayAWUTODHY M T. J.
O6pexThl, BXOAAIYE B JAHHOE MHOIKECTBO, OyZeM HA3BIBATH
3NeMEHMaMU MHOKECTBA.

Mu: 6yaemM 06bI94HO 0003HAYATL MHOIKECTBA GOJIBIIIIMK
6yxBamu A, B, ..., X, Y, .., a UX 3JleMeHTE] MATBIMI OykBaMu
a b, ...,xy,...

Ecnu anemenTx NpHHaAI€KUT MHOKECTBYA, TO 5TOT aKT
obosHaualoT Tak: x € A. Eciu ke x He BXOGUT B MHOXKECTBO A,
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7o tunyT: x € A. CumBosioM A C B (MHOXKECTBO A BKJIIOYEHO B
MHOKecTBO B) 0603HaualoT TOT (haKT, 4To ecaux € A, Tox € B.

MHOeCTBO A B 3TOM CJIy4ae HasbIBAETCH NOJMHOMCECH-
eom MHOKecTBa B. Yiorpebisercsa TaxkXe paBHOCMJIbHAsA 3a-
nucs B D A (MHOxecTBo B BR/Io4Yaer B cebs MHOXKECTBO A).
CHMEOJIBI C, D HASBLIBAIOTCH 3HAKAMU SHIIOYEHUA.

Ecom MHOMECTBO He COJEpP KHT HU OFHOTO 3JIeMeHTa, TO
€ro Ha3BIBAIOT NYcmblM 1 0603Haqa0T cumeosom . fcHo, uro
& < A, rne A — nmoHoe MHOIKECTBO.

Jlnst 0603HAYEHNMA MHOMKECTB IIMPOKO yrorpebnsaior ¢u-
IypHBIe CKOOKH, BHYTPH KOTOPBIX T€M HJIH MHBEIM criocoGom
OMHCHIBAIOTCSH 3JIEMEHTEI, 13 KOTOPBIX 3TH MHOMKECTBA COCTOAT.
Bripasxenue N = {1, 2, 3, ...} obosHauyaeT MHOXECTBO Ha-
mypaavrbix uucen, {0, 1, 2, ...} — MHOKECTBO IeJIEIX He-
orpunareJbpHBIX yucen, aZ = {... ,-2,-1,0, 1, 2, ...} — mHO-
Hceemaso ecex yeavtx yucen.Bor eme npumep: A= {1, 2, 3, 4, 5,
" 6,17, 8,9, 0} — MHOECTEO, COCTOAIEE U3 MDD AECATHIHON

cucTeMbl cuucaenud. OueBuguo 2 € A, %E A.

T'oBOpAT, 4TO MHOMKeCTEa A ¥ B pasHui, 1 nuImyT A = B,
ecsit A € B u B < A Ha Bompoc 0 ToM, PaBHBI JIK LaHHbIE
MHOIKeCTBa, JaJIeKO He Beersia Jierko oreetuThb. Hanpumep, eciu
A={6,8,10,...},B={p+ q} ecTb MHOKECTBO CyMM IIPOCTBIX
qHCeNn p ¥ q, 60nbmux yeM 2, To AcHo, urto B C A. Onnaxo Jo
HACTOAIIETO BpeMeHH He YCTAHOBJIEHO, BEPHO 1M, UTO A C B,
T. e. MOXKHO Jin Jiroboe yeTHoe 4ucyio 2 6 npeacTaBUTh B BUJE
CYMMBI ABYX IIPOCTBIX YHcCell, OONBIITNX AByX. B janHOM Kypce
MEI B OCHOBHOM OyzeM MMeTh AEJIO ¢ YHCJIOBLIMY MHOYKECTBA-
MM, T. €. 3JeMeHTaMu ux OyayT 4Mciia.

§ 1.2. Onepanuy Hag MHOKECTBAMM

JIns1 MHOXMKECTB MOYKHO BEECTH apH(pmeTHuecKue oiepa-
MY CJIOKEHUA ¥ YMHOMKEeHHs, KOTopble 06l1afaioT CBOHCTEA-
MU, BO MHOIOM aHAJOTHYHLIME COOTEETCTBYIOIIIMM CBOMCTEAM
omeparuii CJIOMeHUsI U YMHOKEHUA YHCell.

IlycTs ZaHbB! [Ba TIPOU3BOJIBHBIX mHOXkecTBaA u B. Cym-
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MOil UK 06Be0uHeHLemM MHOKECTE A 1
B naspiBaetcda MmHOxecTBO C, cocrosiiee
U3 3JIeMEHTOB MHOXXecTB A m B; mpu
Aug sroMm mumyT: C=A + BumC=AUB
(puc. 1). Jlerko Bupers, yTo A + A=A,
ITpoussedenuem nily nepeceyeH-
em MHOXKecTB A 1 B HaspIBaeTcsi MHO-
,@? 3KECTBO, COCTOAIee M3 3JIeMEHTOB,
' ONHOBPEMEHHO IMPUHAJIEIKAINX MHO-
Al aKecTBY A M MHOMKecTBY B. Ilepeceue-
HHe MHO»KecTB 0003Hauaercs yepe3sAB
unuA N B(puc. 2). OueBUaHO, 9T0A M
- NA=A.EcnuAB =(J, To roBopaT, uro MHOKecTBa A 1 B He
nepecekaiorcs. Mcnonesys NOHsTHe PaBEHCTBA MHOXKECTE,
MOXKHO JOKA3aTh, 4to: 1)A+ B=B+A,2) A+ B)C=AC+
+ BC, 3) (AB)C=A (BC), 4)(A+ B) + C=A + (B + C). lloka-
»ReM, HamIpumep, 2). Ecnu x € (A + B) C, 10, COIJIaCHO olpe-
LEJIeHHIO [IponusBegenus, x € A+ B ux € C. W3 onpexneneHus
CYMMEI cllenyeT, utox € Awmx € B. Ilycrs nna onpeneseH-
moct x € A. Torga x € AC, a ciefgosarensho, x € AC + BC.
3uauur, (A +B) C < AC + BC.Ecnu Tenieps anemenT x € AC +
+ BC, T0 BBHIOJHAETCA II0 KpalfHe# Mepe OJHO U3 COOTHOIIIE-
Huit x € AC, x € BC, pnsa onpepelleHHocTH 1IycTh x € AC.
Tornrax e A+ Bux e C,t.e. x € (A+ B)C. Orcrona AC +
+ BC c (A + B) C. 3TuM paBeHCTEO 2) AOKA3aHO.
Pasnocmuio mEHOXecTB A 1 B Ha-
4,
/ spIBaerca MHOKectBo R = A\ B, co-
4P

cToslilee U3 2JIEMEHTOB A, KOTOPEIX HET

Puc. 1

Puc. 2

A B B.
3ameTuM, 4TO B 0OIlleM cJy4dae
Puc. 3. (A\ B)+ B# A (puc. 3). Hoecru B
c A, 0 (A \ B) + B=A (puc. 4).
f MHOKeCTBa C BBeAEHHBIMH OIlepa-

[HASIMH CJIOMKeHMA ¥ YMHOKeHusA obpa-
(ANB)*O=A 3y10T cBOeOOpasHyio anrebpy, riae Het
K02 (PHITHEHTOB M CTeIleHe.

Puc. 4
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§ 1. 3. CuMBOIMKA MAaTEeMATHYECKOH JIOTHKM

Jns coxpallieHns 3alicy B aJbHeliiem Mel 6yaem yriorpeb-
JIATH HEKOTOPHIE IpocTeiiuiie JIOrYecKre CHMBONEL. Eciu Hac un-
Tepecyer He CyIHOCTH KaKOro-JiHb0 Npe/yiosKeHUs, a ero CBASH C
APYTHMH, TO 3TO Npeyioxenue bynem o603Ha4YATE OMHOMA U3 OYKEB
a, B, ... . Banucs 0. = 3 03HAYAET: «HM3 NPEATOMKEHHUA O CAEAYeT
npepoxenue B». Baakom o < B 6yzgem o6osHauaTh TOT (aKT,
YTO mpefJIoKEeHUs O, ¥ 3 SKBUBAJEHTHEL, T. €. U3 O cneAyeT b u us
B cnenyer o.

Banuck Vx € A: 0. 03HAYaET: 15 BCAKOIO 3JIEMeHTa X € A
HMeeT MeCTO mnpeiokerre o». CuMBoa V HA3LIBAETCA KEAHMO-
DOM eéceobujHOCMIL

3anuckJy € B: 3 osHauaeT: «CymecTByer aNeMedT y € B, g
KOTOPOr0 MMEeT MeCTO mpefiioakeHne P». CumBon J HaspiBaeTcH
KBAHMOPOM CYLLeCMB06QAHUA.

CumBoy 0 OyieM IOHMMAThL KaK OMpUlaHLe NDERIIOKEHHS O
HMJIM, KOPOTKO, «HE (l».

ITocTporM OTpUIIAHME YTEEPIKAeHUA Vx € A: .

Ecnu faHHOE YTBEP:KICHUE HE HMEET MeCTa, TO IIPEJIOKEHUE
O UMeeT MeCTO He JIIA BceX X € A, T. e. CYIIECTBYET 3JIEMEHT X €

€ A, JUIs KOTOporo O He uMeer MecTa: Vx € A: o < dx € A: 0.

Cosepruenno ananoruyso Vy € B: p < Vy € B: .

Takum 06pa3oM, 4To6bl TOCTPOUTE OTPHIAHNE NARHOM JIOrH-
YeCcKoil hopmyibl, cofiepaxaineii suaxku V 13, Heobxomumo saaxV
3aMeHMTD Ha J, 4 3HaK J Ha V ¥ orpHIlaEue (4epTy) II€PeHeCcTH HA
CBOICTBO, cTosMAIIee ITOC/E iBoeTouMsA. Hanpumep, orpunanue mpes-
JIOFKEeHU S

AMVxeA:f(x) <M
HMeeT BHJ

IMVYVx e A f(x) <M < VM dx € A:
@ <M < VMIx € A: f(x) > M.
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§ 1.4. [leiicTBUTeIbHBIE YK CIA

IlousaTHe YHCIIA SBISETCA NEPBUYHBEIM M OCHOBHEIM B Ma-
TEMATUKe. 3T0 MOHATHE NPOLLIO AJIMTENBHBIH IYThH HCTOPH-
4eCKOr'0 pa3BUTHs1. MHOMXECTBO HATYPAJIbHEIX YHCEI

N={1,23, ..., n, ...}
IIOSBUJIOCH B CBA3HM €O CYETOM IPEAMETOB. 3aTeM IIOJ BJIMSA-
HueM noTpebHOoCTel MPAKTHKY ¥ PA3BUTUA CAMOI MaTeMaTHKH
ObLNIM BBeIEHE] Heble YHCaa
Zz=4{...,,-3,-2,-1,0,1, 2, 3, ...}
M palMOHAJBHBIE YUCIA
Q={m/n}, nem,ne Z,n#0.

Jiis 0fHO3HAYHOCTH 3aIlMCH PAIMOHAIBHOTO YHCNa Gy-
HeM CUHTATH, YT0 Apobkb m/n HECOKpaTuMa, eciu Be Oyger ne-
JlaThCs OTOBOPKHM HA 2TOT CUeT.

Beenenne panuoHaNBLHBIX YHCeT, OFHAKO, [OJIHOCTHIO He
PEIMIIO BAXKHOM MpaKTUYeCKOH 3afaun 00 u3MepeHHH oTpes-
KoOB. Bens cymecTByer OTpesoK, JJIMHA KOTOPOTO He ABJIAETCS
PAIHOHANIBHBIM YuCIOM. [IpHMepoM MOXMKET CIYy3KHTh [HAT0-
HaJb KBaJApaTa, CTOPOHA KOTOPOrO PaBHA €IMHMILE.

B cBs3u ¢ aTHM BOZHUKIIA HEOOXOAUMOCTE BBEAEHNA, KPO-
Me pPauMOHANBHBIX UHCEN, U APYTHX YHCeN —— UPPAYLOHALb-
noix. IIpousBonbHbIe YHCIa — PAIHOHANBHEIE HIIM MPPAITUO-
HaJIBHBIE — HA3BIBAIOTCH JeilcmeumebHbLMU VITH 8eLLeCME€EH-
HoLmu. MHOKeCTBO AeICTBUTENBHEIX YHCET 0603HaYaI0T Yepes
R. CymecTByI0T pa3aiuHBIE CTIOCOOH! BBeieHUA (OIpesie/IeHI)
AeliCTBUTENLHBIX uHced. MBI ocraHOBMMCA Ha criocobe mpef-
CTaBJIEHUA UX B BUJe BECKOHEUHBIX JeCATHIHLIX Apobei

a=+aqy a,a.4,.... (n

3rneck a, — Neoe HeOTPULATENEHOE YHCIIO,a, ipr k> 0 —

aecarvaHble nuppel. Takum ob6pasom, @, MOXKeT MPHHUMATE

TOJBEKO OfHO u3 3Hagenn# 0, 1, 2, ... , 9. 3HaK + 4yacTo B 3TUX
3AMHCHAX OILIYCKAIOT.

Yrobbl pelcTaBHTE He PABHOE HYJIIO PAIlMOHAIbHOE YHC-
no+m/n{m> 0,n>0)B Buge AecATHIHOI ApoOM, NPOM3BOLHUM
1ponece fieJIeHUs m/ Ha N 10 USBECTHOMY CII0coby, KOTOpOMY
HAC YYUIH B IUKOJIE:



§ L4, AEACTBHTENBHBIE UHCJIA ¥

m| n (2)
Ay 4o
3aMeTHM, YTO €CIM 3TOT criocol IpHMeHUTh K APYTOL 3a-
mucu gpobu +mp/np = tm/n (p > 0), TO MONYYUM TOT 2Ke pe-
3yJNbTAT.
ITonaraem

m
== a.a,...
n Qgs 210303 (3

¥ NIPaBYIo YaCTh (3) Ha3hIBAEM JecamuuHbIM PA3NONCEHLLEM YLLC-
aat+tm/n.

Ecnu sHamenaTens ppobu MMeer BUA T = 285', rae s, | —
1ieJble HeOTPHLATeIbHEIE YHCJIA, TO porecc (2) 3aKaHYHBaeTCs
110cJIe KOHEYHOr0 4HCiIa M1aros ¥ NoIydaeTcsa KoHeuHas decs-
muunas dpoby

i% =tay, a;... @y,  (@p>0). 4

Koneunyro gecatnynyio Apobs Mu1 OyieM 3aIIuCHIBaTh TaK-
3Xe B BUJEe OeCKOHeUHOI ApoDH:

tagy, a; ... ay=tay a; ... 6,00 ... =2ay a, ... a, (0). (5)
Ho noneayiores TakiKe 1 APYTO# 3a1ichIo:

tag, a; ... ay=tag a, ... ay (ay,~1)99 ... =
=tay a;-.. ay {ay-1)(9) (ay, > 0), (5)

XOTH OHA He BOSHUKAaeT U3 Iporecca (2).
Hrax, uMeror Mecto paBeHCTBa

taga ...ay=1a,a ...ay (O)=1%a,aq,..a, (@, 1)9)
(a,, > 0).

Hpobu + ay, a, ... ay, (0)m *ay, a, ... ay, (g~ 1) (9)
MOryT CJIYKHTh IIpHMepaMH nepuoamueckux apobeit. [lepsas
u3 HEUX nocje nugpel a,, umeet neprog 0, a Bropas rocte 1iud-
pHI a,, — 1 umeer nepuop 9.

ITycre Tenepn sHaMeHAaTeN b HECOKPATHMOMR po6H He MMe-
€T BUJ, 2°5', Torna nponecc (2) GeckOHeUHEBIH — Ha Jx060M 1Iare
BOSHUKAET HOJIOXKUTEJIBHEIN ocTaToK. Kaskaslii ocTaToK MeHE-
e 1, ¥ NOTOMY (IIocje TOr0, KaK INu(pPH YKcia m CHEeCEeHEI)
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y3Ke cpeill IIEPBBIX 71 OCTATKOB OKA&XKYTCA IO KpaitHell mepe
JABAa, paBHbIe MeX Ay coboil. Ho Kak TONBEKO BOSHHMKAET OCTATOK,
KOTOPHIH y2Ke GBI Opexje, IPOHECC CTAHOBUTCS IIOBTOPSIO-
mEMesa — nepuoduveckunm. I1oaToMy feCATHUHOE Pas3JIOKeHUe
IIPOM3BOJILHOTO PaUMOHANBHOIO YMC/IA UMEeeT BU

m
in =tay @) ... apyb, ... bbb, .. b .=

=tay, a,...a, 0, ...0) (s<n) (6)
Paznoxenns (5) H (5') MOXKHO paccMaTpuBaTh KaK JacT-
Hble citydau (6).
IIpumepsni:

=0,166... = 0,1 (6),

=0,(142857),

O = O

=0,22... =0,(2), [ )

=0,0707 ... =0,(07),

- 8{\1

—— =0, 00707... = 0,0(07). ’

e}
| Jol
o

Paznoyxenue suza (6) HasbIBaeTCAGECKOHEUHOIL Decamuy-
Holl nepuoduyeckoil Opoduio.

Hrax, xasxaoe He paBHOE HYJIIO PAITUOHAJIBHOE THCIIO MOXK-
HO Pa3JIO¥KHUTE ¢ IOMOILI0 mporecca (2), a B ciayuae (4) u npo-
mecea (5) — B 6eCKOHEYHYIO IECATAYHYIO HEPUOSHIECKYIO IpOobh
¢ 1repuozom, oTiaudHeIM OoT 9. IIpH sToM MOXKHO AOKA3aTh, YTO
Pa3HBIM PaIlMOHAJLHBEIM YHCJIaM COOTBETCTBYIOT DasHLle Dec-
KOHEYHLIe AecATHYHbIe pasaoxkenus. Ho 1 o6paruo: nrobast Gec-
KOHeYHad nepHogudecKas Apoos (6), ¢ mepuosoM, OTIMYHBIM
ot 9, IOpOKAETCS IIPU IIOMOLM YKASAHHEIX IIporteccoE (2), (5)
HEKOTOPBIM PAIMOHAILHEIM YHCJIOM, KOTOPOE BEIYHUC/IACTCH 110

dopmyne

By--B, oM

a0 7 .
9

m _
ir—,—l——ir[ao,a.l ey +
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3pecy me1 nossonmH cebe yepes P ... B, 1 9...9 obosua-
;v_ﬂ
spa3
YUTh IeJIoe YHCJIO, 3alMCAHHOE COOTBETCTBEHHO Hudpamu
Bs - > B, 9.9,
N —rt
spas
Hanpumep,
1,237 (06) = 1,237 + 0,000 (06) =
=1,237+ 9610 = 1,237+ 6
99 99000
Kpome neproiriecKkix gecaraunbix apobeil, cymmecTByor
HemepuogMYEeCKHe, Hanpumep 0,1010010001...;
0,121122111222....
Bor emme npumep: eciiz U3BJIEKATH KOPEHL KBafAPaTHEIH H3
2 110 “3BEeCTHOMY IIPaBHILy, TO MOXYYHM OnpezelleHHYyIo DecKo-

HEYHYIO HEIlePHOANYECKYIO AECATUYHYIO Apo0h V2 = 1,41....
OHa ompesesieHa B TOM CMBICHEe, 4TO JI0BOMY HATYPAaILHOMY
uuciy k coorseTcTByeT onpepeeHHas nudpa o, CToAIAA Ha
k-M MecTe 110CITe 3anATOR ¥ OZHOSHAYHO BLIYMCAAEMAS COTJIac-
HO NMPaBIITy U3BJIEYEHUA KBaJAPATHOIO KOPHA.

MaTeMaTHYeCKUIT aHATHS aeT MHOTO IIyTel BEIYNCIIeHUA
quca 77 ¢ 060l Hanepes 3aaHHOH TOYHOCTEHIO. ITO IIPHBOIMT
K BIIOJIHE ONpe/ielIeHHOMY GeCKOHEUHOMY JeCATHUHOMY Pas3Jio-
KeHHIO T, KOTOpPOoe, KaK OKa3bIBAETCH, He ABJIACTCA CMEIIaH-
HOH MepHOAMIECKOH AeCATIYHOM APOORIO.

Haavm Teneps onpepeneHye MppanrOHAIBHOTO YHCIA,
noKa 4ucTo (hopMaabHoe. HppayuoHaieHulM YULCAOM HA3bL-
8aemca npou3sonvHas 6eckoHeynas Henepuoduyeckas dpobo

a =10, 00,05 ... , (8)
zde 0, — yesnoe Heompuyamenvroe Yucno, a &, (k=1,2,...) —
yudpot, 3HAK He PABEHCMBN « = » BbLPANCAEIN, LIMO MbL 000
3Hauuau npasyro wacmoe (8) uepe3 a. Bupouem, yao6HO roBO-
PUTB, YTO NIPaBas YACTh (8) ecTh AECATHYHOE PA3JIOKEH e YUC-
na a.

Payuonanvhble u uppayuoOHARbHbLE YUCAA HA3LLBAIOMCA
deiicmeumenvHbiMu (LAL BELLECINBEHHBLMUL) YLCAAMUL.

Hs crasanHOro cllefyeT, YT0 8CAKOE HE PagHOoe HYJIo el
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CMEUMEeNbHOe YUCI0 MoHtem 6blmb 3anucano 8 sude 6ecKoHey-
Hoil decamuunoir dpobu (8). Ecau ono payuonaavhoe, mo e2o
decamuunoe pasnoxcenue ecmy 6eckonewnas nepuoduveckas
decamuunas Opo6e. B npomusHom cayuae, cO2GCHO HaUleMy
onpedenenuio, sbipaicerue (8)camo onpedensem uppayuonane-
Hoe Yucno.

He pasrnad nymwo Gecamuurnas dpobe MoxeT GBITE KOHEY-
HOIM, HO OHA He OIIPEJEJISIET HOBOI'O PAIMOHANBLHOIO YHMCJA: B
CUJIy COTJIAIlleHHii, BRIpaXKeHHRIX papeHcTBaMH (5), (5'), oHa
MO>KeT OBITH 3aMEeHEeHA YKa3aHHBIMH B 3THX PaBeHCTEaX OecKo-
HeYHBIMU NePUOANYECKUMHU APODAMH.

Yucenoa, 2de He ece 0, k=0, 1, 2, ... pasnsvt Hyaw, nonoxcu-
MENLHO UAL OMPUYATMENbHO B 3aBUCUMOCTH OT TOT0, 6yIeT Jiun
B (8) GurypupoBaTs «+ » HIHA «—»; IPU 9TOM, KaK OOBIYHO, «+»
OyzeM ONycKaThb.

Yuemno 0 Toxke MOKeT 6BITH 3anucano 6eCKOHeYHOII ecs-
THYHOI APOOBIO OTHOTO U3 CIEAYIOU{UX BHIOE:

0=+0, 00...=0, 00... = -0, 00... .

JelicTBUTENbHBIE YHCIA OLpeAeseHEl NIOKA (GopManLHO,
HaJIO ellle CIPENeIUuTh apUPMETHYECKIE ONlepalluy HaJl HUMH,
BBECTH /1A HUX HOHATHE «>» U IPOBEPUTH, YTO TH OIEPALIUH 1
NOHATHE «>» COTJIACYIOTCH C YIKE HMEIOI{MUCH COOTBETCTBYIO-
UMY ONEPAHUAMHA U IIOHATHEM «>» AJISI PAIMOHANLHBIX YU-
ceJl, 4 TAKIKe YAOBJIETROPSIOT CBOMCTBAM, KOTOPBIE Mbl IIPe'bAB-
JIseM K YHCJIaM.

§ 1. 5. Onpeaenenue paBeHCTBA H HEpaBEeHCTBA

3ajanuM nBa YUCIA @ = +0g,Q, Oy, b =1, B;B,... , onpe-
HesisteMbIX OeCKOHEUHBIMY JECATHYHBIME APOOAMM, He UMEIO-
muMu nepuon 9. ByaeM cuuTarTh, YTO OHH PAGHBL MEYKY CODOL
TOTIA U TOJBKO TOTAA, KOTAA MX 3HAKH OfUHAKOBBI
o, =P, k=0,1,2,..).
Ilycrs a u b — nonoxurensuele yucaa. Ilo onpenenenuso
a <b, unu, 4TO BCE paBHO,b >a, ecnu o < ﬁo WJIH, ecJIv HalieT-
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Cs1 TAKO# MHIEKC (IleJI0e HeOTPUUATEIbHOe Yicno) [, droa, =[3,
=0,1,..,huna,, <pB.-

TloauepkHeM, YTO €CJIM MBI XOTUM CPAEHUBATH JECSTHY-
HbIe 7pobu, oHA U3 KOTOPBIX MMEeT Iepuos 9, TO ee HAJ0 3aMe-
HUTH Jpobeio ¢ nepuogoMm 0 U 3aTeM yiKe IMPUMEHUTh YKASAH-
HEI€ IPABHJIA CPABHEHUS.

Tlo onpepenenyo a > 0 unu a < 0 B 3aBUCHMMOCTH OT
TOrO, OYAET JIU a IOJOKUTENLHBIM WIN OTPUUATEBLHBIM;
Aajee, 110 onpefieleHu0a < b, ecaua < 0,5 > 0, uiau eciua,
b <0 ulq > |bl.

Ecmu a =10, 0,0, ... , TO TIO OOPEAETIEHHIO —@ = F0lg, O 0y ..
u abconroTHaA BENMYUHA |@| = +0lg, U0y ..o = Ogy 00y eee »

Taxum obpasom,
a(a=0),
ol = al= {—a a<0).

Kax Mb1 3HaeM M3 KOJIBLHOT0 KYPCa MATEMATUKU, MEXKIY
AeUCTBUTEJIEHBIMYA YHCJIAMUA M TOYKAMH HEKOTOPOI MIPsIMOM
MOXKHO YCTAHOBHUTH B3SAMMHO OJHO3HAYHOE COOTBETCTBUE (<)
10 CJIEAYIOLIEMY IIPABMITY . Yuc-
ay 0 mpuBoOAMTCA B COOTBET-
CTBHE NPOMIBONBHAA TOuKa O A 4 A g
Ha IIPSIMOI, HABLIBaeMad HyJIe-
BOM TOUYKO#M, 1 HaoGopoT. au-
HA HEKOTOPOTO OTPEe3Ka MPHUHUMAaeTCH 3a eauHulty. Kaxkpomy
JeiicTBUTEeNbHOMY uncay * a (a > 0) npuBoAMTCS B COOTEBET-
CTBUE TOYKA IIPSIMOIA, OTCTOSIIAS OT HYJIEBOII TOYKHU HA PACCTO-
AHUH, PABHOM &, cripasa oT ToukKH O 1Jist yucaa +4 u cjepa oT
ToukHn O a1da yucna—a (puc. 5). Haobopor, ecitn A — r1pousBoJis-
Had TOUKA IPSIMOLi, HAXOAAIAACH Ha PACCTOSHUM @ CIIPABA OT
0, TO CHYMTAIOT, YTO OHA COOTBETCTBYET AEHCTBUTEILHOMY YKC-
ay +a (beckoneuHOM necaTuunoil apotu). Eciu xe Toura A
HAXOAXTCH caeBa oT TouKu O, To OHA COOTBETCTBYET YHUCIY —d.
PaccmarpuBaemyo npamyio 6yeM HasbIBATbYUCA0B80IL nPAMOTL
uIu deitcmeumenvroii oceto. B jansueiiiiieM TOYKY YUCIIOBOH
npamoii 6yaeM OTOAECTBASTE ¢ AeHCTBUTEIBHBIMMY YACAAMU,
KOTOPEIE MM COOTBETCTBYIOT, T. €. CAMM TOUKHU OYA€eM Ha3hIBATH

o S A S B

Puc. 5
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COOTBETCTRYIOIMMY YHCIaMi. OTMETHM, UTO PACCTOSHUE MEXK-
Iy Toukamu a u b pasHo ja — b| (onpesenenue pasHOCTH CM.
§ 1.6).

§ 1. 6. Onpegeneune apudpMeTHYECKHX
meHcTBHH

1.6.1. O6mue coobGpaxenus. na npelicTBUTEND-
HBIX YHCeJ MOXKHO OIIpeleNuTh apudmMeTinyecKue 1eHCTEUS —
CJIOKeHue, BhunTanue, YMHOMeHue U fejienue. Kax aTo mena-
eTCsI, MOXKHO Y3HATH M3 IPHBOANMBIX HIIKE MeJIKUM HIpUugTOM
paccy:xaenuit. Yutartens, KOTOPHIH HAWET HY?KHBIM IIO3HAKO-
MHUTECSI ¢ BTUMH PACCYKACHUSMU, YEMAUT, YTO apudMeTrye-
cKkMe neficTBusg Haj 6eCKOHEYHBIMU APO6SIMU COIIPSAKEHE] C He-
00XOI¥MOCTBIO COBEPIIATH HEKOTOPbIE OECKOHEUHBIE IIPO1ECChHI.
Ha npakTuke apudbmMeTruecKkue JeiicTBUsI Hak feiCTBHTEIbHbI-
MU YHUCJIAMM OPOU3BOASITCS MPHOIHIKEHHO.

Ha 3ToM myTH BO3MOXKHBI M (GopMATBHEIE OrnpefieleH s
aTuxX geiicteuit. O6 aroM 6yner uatu peus B § 1.8.

B cnenyionieM naparpacde nepeuuciasioTcs CEoiicTBa Jel-
CTBUTEJBHBIX 4YMCeJ], BEITEKAIOIHe U3 CAEIAHHBIX ONpeesie-
suii. Mel dopmyaupyeM 3t cBoiicTea. FIX MOXXHO AOKa3aTh,
HO MBI JIOKa3LIBaeM UX JMIIb B OTAENBHBIX CAydadx (II0JIHoe
JAOKa3aTeJIbCTBO CM., HAmpuMep, B yuebuure C. M. Huxons-
ckoro «MareMaTudecKuii aganus», T. I, . 2). 3Tu cBolCcTBa
cobpanb! B 11ATh rpynn (I—V). Ilepseie TP U3 HHX COMEPIKAT
3JIeMEHTAPHBIE CBOMICTBA, KOTOPHIMH Mbl PYKOBOJCTBYEMCSH IIPH
apudMeTHYECKMX BLIMUCICHUAX U pelileHnd HepaBeHcTs. Ipyn-
nalIV cocrasaser oguo ceoiicTeo (ApxuMena). Hakorers, rpyn-
naV Taxixe COCTOMT M3 OJHOrO CBOICTEBA. ITO CEROHCTBO (hopMy-
nupyercss Ha g3blke npepesoB. OHo Oyaer AOKasaHo, HO I03-
sxe — B § 2.5.

1.6.2. Ctabunusupylonmuecsd HNoclIenosa-
TeNbHOCTH. IlycTs KaykioMy HEOTPHIIATENBEHOMY LEJIOMY
yncay (uHdexcy) n B CHIy HEKOTOPOT0 3aKOHA IPUBEJIEHO B COOT-
BETCTBHE YHCTO X,. COBOKYNHOCTE
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Xgs Xy5 Xogeos (@Y)
Ha3BIBAETCS nocaedosamenvrocmyio (arcen). OTnesbHble YHC-
Ja x, MoCNenoBaTensHocTH (1) HASBLIBAOTCHA €€ JNeMEeHmamu.
DNEMEHTSEL X, M X, [IPM /M # N CUMTAIOTCS OTJIMYHBIMU KaK JJie-
MEHTHI II0CJIEIOBATEEHOCTH, XOTSI He UCKJIIOUEHO, UTO KaK
4YHCJIa OHM PABHBI Mexay coboit (x, = x,).

ITocnedosamenvrnocmb Ha3bIBAETCA Heybbiearwujell
(nesospacmalouyeil), ecnu x, < X, (X, 2 x,,,) Anst scex k=0,
1,2, ...

Byznem roBopuTs, uronocaedocamenvrocms (1)ozparnuye-
Ha ceepxy (uucnom M), ecnu cymectryer uucao M raxoe, 4yro
x,SMpnascexk=0,1,2,...

Hocnedosamenvrocms (1) ozpanuuena crusy(iucnom m),
€CJIM CYLLECTBYET YUCJIIO M TaKoe, YTo X, = m Aas Bcex k=0,
1,2, ....

Ecnu yncna x, mocnenosareissoctu (1) nensle, 10 6ymem
TOBOPMTL, YTO OHA CcMabuausupyemces K qucay &, ecay Haii-
zeTcs taxoe kg, 470 X, = § nuis Beex k > kg, ¥ mucats x, = E.

Jlemma 1. Ecau nocaedosamenvHocmb Yelblx
HeOMpULGMenbHblX YUucen He ybblieaem U 02PaHUYEHA C8epXy
yucnom M, mo ona cmabunuzupyemcs K HEKOMopoMY YeroMy
yucay £ < M.

HJoKasaTenbCTsBO.X0THd KOAMIECTBO 3JI€MEHTOR y Ha-
1€l NocAeROBATENLHOCTH OECKOHEUHO, HO OHA IIPOGEraeT KOHEY-
HOe YHCHIO IeJIbIX unces. Bexs ati ulicna He nmpesrimaioTM . I1ycrs
£ — nmaubonbee cpepyn 9THX uuncend. Takum obpasom, § € M u
CYIIeCTBYET TAKoe HaTypaJjieHOe s, Iipu Koropom x, = &. Ho
Hallla IIOCJEe[OBATEEHOCTE He YOBIBaceT, ¥ IOTOMY X, = X, AJs
BCcex k > s, T. €. HAIIIA [IOCJIefOBATENEHOCTS CTACHIN3HMPYeTCSsT
K yucny & (x, =3 & < M).

PaccMOTpHUM Telleph II0CHeA0BATeIEHOCT HEOTPHIATEIbHEIX
FeCATUYHEIX Apobeii, He uMerouux nepuon 9:

ay = Qs Oy Oy0y3 «oes
Qg = Qyps gy Oppllyg ---» 2
a3 = Olgps OlyyOzpOlzg ooy
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ITpaerre yacTu B (2) 06pasyior Tabnuiy (Geckoreurnyo mampu-
uy)-
Bynem rosoputs, aronociedosamenvrocms (2) cradunu-
3upyemcst K HUCAY & =Yg, ¥;Yz---» ¥ OUCATH

a,= a, 3)
ecau k-it cmoabey, mabauybl (2) cmabuausupyemcsa K y,, Kaxko-
60 OvL Hu 6o k =0, 1, 2, ..., T. e. O, =3 ¥, Aa8 n06OrO

¢uKcupoBaHeEoro k.

JNNemma 2. Ecau neyGuisaioujas nocnedosamensHocmy
(2) decamuunvix dpobeil, ne umeroujux nepuod 9, ozpanuvena
ceepxy wucaom M, mo ona 3a8edomo cmabunu3upyemcs K He-
KOMOPOMY YUCTY G, YO08NemaeopaIouwemy HepaseHcmaam

a,<a<M@=12,..). (4)

B camom gene, cuurtaem, uro Apobs M =m,, m,m, ... He UIMeET
nepuog 9. Lenkie yncsia HyseBoro croabua MaTpuiss (2)

TAKIKe He YORIBAIOT M OrpaHMYEHEl CBepXy 4uciaoMm M, nostomy,

coryacHo nemme 1, OHI CTAGMIUBHPYIOTCST K HEKOTOPOMY HEJIOMY

HEOTPHLATENBLHOMY UHCAYY, < M. IIycrs ata crabnnusanus nme-

€T MEeCTO, HAUMHAA C HOMepariy, T. €. @, =Y,, &, ,0,,... < M, n>n,.
JokaskeM Telephb, YTO NEPBHI cTON6EL B (2)

TaKkXxe CTabHIM3MDYETCs K HEKOTOPOi uudpe }; U MMEET MECTo
HEPABEHCTBO

Yoo Y1 S M.

B camom piene, pas necaTHYHBIE PA3JIOMKEHUSA YHCeN 4, IIPU
n 2 ng, MMeoT BUE

Yor Op1Cpallyze.. € M (7 2 ny)
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M, KpOMe TOro, @, He YOrIBaeT, TO A4 YKASaHHLIX 71 LM(]PH! 1Iep-
BOro cronbua o, (X 9) Toxe He yORIBAIOT 1, CIENOBATENLHO, 110
nemme 1 crabunusupyrorcs K Hexoropoil nudpe v,. Ilyers ata
BTOpasi cTabuusanusl HACTyNaeT, HAUMHAA C HOMepa 7, > N,
T.e.NpUn = n,

an = YO' Ylanzan3 bk < M
ITpu aTOM OUEBHHO, YTO

Yo¥1 S a6, < M (n2n).

Paccysxgan Terieps 110 MHEVKIME, IOITYCTHM, YTO Y7Ke JOKa3a-
HO, 4TO CTOAGUBI MATPHUIE! (2) C HOMEPaMH, HE IIPEBLILITAIOIAMI
k, cTabUIUBUPYIOTCST COOTBETCTBEHHO K Yo, V15 «-- » Y ¥
Yor 1 === Vi S M (11, -, ¥V — nadpsn). (5)
MokasxeM, uro (k + 1)-i1 cronben B (2) Takike cTabUIM3UPYeTCA K
HEKOTOpOi! rudpe v,,, ¥ MMeeT MeCTO HEPABEHCTBO
Yor V1 +=- Yi¥ra < M. (6)
B camom perie, pas AecATHUUHBIE Pa3sIOKEHUA YUCEN a, IIpU
n 2= n, UMeIOT BUJ
Q, =Yos T1 - Vel pat> Uy puz -« S M

H, KpoMe TOro, a,, He YOBIBAeT, TO AN YKa3aHHBIX 71 LUGPEIY,, 4., (S 9)
He YOBIBAIOT U, CJIef0BaTeJIbHO, cTabMIM3NPYIOTCA IIpU 11 < 1,
rpe n,,,ROCTATOYHO BEJIMKO, K HEKOTOpoH mudpe ¥, . IIpu aTom
OYEBHJTHO, YTO

Yor¥1 v Vers £, EM (n2n,,)),

M MBI floKasaan sepaBeHcTEO (6). Ilonoxum a =y,,7,v,... - OueBHn-
HO, YTO @, =5 Vg Y1V~ -

JokaskeM 1iepeoe HepaBeHCTBO (4). CpaBHUM ymcia
an = anO’ anlan20'n3""
a =Yg T1¥2¥3---

Ecsn BCe cOOTBETCTBYHOIME KOMIIOHEHTEI OO0MX PA3IIOMEeHM T
paBHEI (2,. =Y, §=0, 1, 2, ... ), Toa, = a.B mpoTuBHOM cityuae IpH
HEKOTOpPOM $
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o, =Y; (i=0,1,...,s—1),} @
o, <Y,
Ilpu sTom, ecxmm s =0, To paBeHeTBa B (7) Hago onycruth. Ho roraa
o, < Y V1> ¥, < M 1 MBI ZOKA32/N IIEPBOE HEPABEHCTEO (4).
OcraeTca nokazaTs Bropoe HepaseHeTsO (4). Ecmot =Yy, Y, --- Yy —
KOHEYHasd AeCcsITUIHaA Opobb, To oo cyexpyet us (5) upu k = N.
Ilycts Teneps :

2 =Y ¥1¥z--- ®

— GeCKOHeYHAS [leCATHYHAA APOoObL M KaK ycroBUInCcs M =
= Mgy,Mm m,... . Ecu pollycTuTs, YTO ROKASHIBAEMOE HEPABEHCTEC
HEBEPHO, TO HaljeTcs Takoe k, 4TO

Y=m;(J= 0,1, ..,k-1), ©)
Yy, > My

Ecnu k = 0, To pagenctsa B (9) onyckaroresl. Tak Kak pasioiKeHne
(8) 6eCKOHEYHO, TO HAWAETCS TAKOE S, UTO ¥,,, > 0. IloaTomy

Yor¥1 === Vo1¥r === Yisa > Yoo¥1 +o= Vit Ve = Mgty «oe My 1Y), =
= mym, ... my (y, + 1) =mgm, ...my_;m, 99... =
Z mgm,m, ... =M,

M IIOAYYHUIOCEH IIPOTUBOPEYHE ¢ HEPABEHCTBOM (0).

1.6.3. Onpenenenne apudPMeTHYECKHUX Heli-
c TBU i1 . Teneps y HAC €CTH BOBMOYKHOCTB JaTh OITpeieIeHue apug-
MeTHYeCKMX feliCTBUI Haj ZefiCTBUTEILHBIME YHCIAMMY.

Ji71a NpOMBEOJIEHOTO YHEIIA @ =0y, 0, Oy - .. BBEXEM erorn-io cpes-
kya™ = OlgsQly --. O, — KOHEUHYIO IECITUUYHYIO Apo0b. MeI cunTa-
€M, UTO OIlepaIlMy ¢ KOHEUHLIMY ZeCATHYHEIMH Apo0aMU uMTaTe-
JIIO USBECTHLI.

BafaJuM J1Ba IIONOKUTELHEIX YUCIa

@ = 0y 0y 0ty waey b =P,y Bs - »
pasioKeHHEE B GECKOHEUHBIE JecATHYHBIE npobu. Beenem

NOCaeJOBAaTeILHOCTS YICETT

a® +v™ = 0,0 0t + BooPy-e- B = ;\(g)’ A )\('r:)
n=1,2,..).
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OueBuzHO, 9TA NIOCIEROBATEJILHOCTD HE YORIBAET, KPOME TOIrO, OHA
OrpaHUYEHA CBEPXY:

d"+ " < (o, + D+B,+D) (r=1,2,..0).

Ho Torpa Ha OCHOBAHMM JIEMMEL 2 AECSTHYHBIE Pa3/IOMKEHUA Ha-
nreft 1ocNenoBaTeNbHOCTH CTAGKMINSHPYIOTCS K HEKOTOPOi fecs-
TUYHOH zpobu — neiicTBUTENIBHOMY YHCIY — Yo,Y1Yz --- - OTO YMC-
JI0 ¥ HA3LIBAETCSH TI0 OIIPEAEIEHUIO CYMMOLL ulicen a u b:

a+b=v,71vs --- -

Hrak, MBI onipepensiem cyMMy a + b Kak 4HMclIO, K KOTOPOMY
crabunusupyercs a™ + b™:

ad”+ b =z a+b. (10)
Yr0o6m! OIIPpENEJIUTE ITPON3BEREHIIE ITOJIOXKHMTEJILHBIX YHMCEN Q
u b, BBOIUM CPE3KY
™ _ @ Q)
(a8 = W ol (11)
— KOHEYHYIO JlecATHYHYI0 Apobs. IlocrenoBaTe ILHOCTE 3THX cpe-

80K, OYEBHAHO, He YORIBAeT (MPY BO3PACTAHWU 11) U OrPAHMYEHA
CBEPXY:

(a‘"’b‘"’)(") SO+ DB+l (m=1,2,..).

Toatomy 110 temme 2 BbIpaskenue (11) crabunmsnpyercs K HEKOTO-
POMY 4YMCJY, KOTOPOE U Ha3kIBaeTCH npoussederuem ab:

()" = ab.

OrMeTHM HEPABEHCTBA

)
a™ = 0,0 ... O, € Oy 0Ly en O oo € Olgy Oy oo O, 99... =
~n
= Olgy Oy e O, (O, + 1) =00 ... 0+ 1077,
T. €.

a” <a<d”+10"

Besnuunna a'™ npubnuxkaercst k a (IpH BO3pACTaHMH 71), He
yOuiBasi. UTO ke KAcaeTcsi BeJIMUHMHE] a® + 10™", 10 ona rpubmu-
3KAeTCS K @, He Bo3pacTasi:

a”+ 107" =00y 4,99, > 0 Oy 0,099 =" T D 1070,

n+1
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310 06CcTOATENILCTRO OYZET MCIIOAB30BAHO IIPH ONpeJeIeHuN
PAa3HOCTH M YACTHOTO IIOJIOXKUTENBHBIX YHCEJ].

Ecaua >b >0, Topasrnocms a — b onipefienneTcs KaK JecsTHUY-
Has gpoOk (Y4¥C)0), K KOTOPOi cTAGMIIHM3HUPYeTCH MOC/e/{0BAaTENb-
HOCTb KOHEUHBIX JECATAYHEIX Jpobeit:

a"- @™ +107) = (a - b); (12)

ecnu a,b> 0, To uacmuoe a/b olipeesseTca KaK ecsaTHIHAas Apodk,
K KOTOPOI1 cTA6HMIMSHUPYETCsI II0CIeJ0BATE/IbHOCTh KOHEYHBIX 1PO-

Beli:
m W
_a’ — a
(b‘")+10'") b 1%

Hano yuects, uto a™ ripn Bospacranuu n se yéesaer, a b™ +
+ 107" He BospacTaeT, ¥ MOTOMY BhEIpakeHus ciuesa B (12), (13) ve
y6nBaloT. Kpome Toro, OHM OrpaHMYeHb! CBEPXY:

ad?- " +10") < ay+ 1,

(n
( o) ) )s o, +1 ,
10 BosBy---Bs
rje s Takoso, uto f3, > 0. IloaroMy 110 TleMMe 2 BRIpasKeHHs CIERa
B (12) u (13) AelicTBUTENHHO CTAOHMIM3UPYIOTCH.
ITosoxkum emie

O+a=a+0=a, a-0=0=a-a=2 (a>0,b>0).(14)

M1 OIIpeReIiM A1 HeOTPULIATENIbHEBIX Yncesa, b NX cymmy,
pPa3HOCTh, IIPOM3BEJIEHIE 1 YaCTHOe, IPEATIoNAaras B Cy4Yae pa3Ho-
ctH, YTO @ = b, ¥ B cayuae yacTHoro, yro b > (. 3T onpefeneHust
pacIpoCTPaHsIIoTCs] oObIYHEIMUY criocobaMu Ha umcna a u b upo-
U3BONBHBIX 3HaK0B. HampuMep, ecmu a, b< 0, rononaraema+b=b +
+ a=—(|a| +|b))- Ecan xea ¥ b — yucia pasHBIX 3HAKOB ¥ |a| = [bl,
To monaraem @ + b = b + a = Ha| - |b]), roe BrbUpaeTcs 3HAK,
OAMHAKOBBIA CO 3HAKOM d. B yacTHOCTH, MMeeT MECTO

a+(-a)=0
JJ1s1 IF000ro a.
Iopobuble npasuiaa MOXHEO ObL10 OB IpUBECTH JJIST OCTAJb-
HBIX apihMeTHYeCKUX AeHCTBHI, HO B 3TOM HeT HeoGXoiuMOCTH —
OHH XOpOLII0 U3BECTHEL U3 Kypca anrebper.
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§ 1. 7. OcHOBHEIE CBOMCTBA JeHCTBHTENBHBIX
ypcen

I.CeoficTBa mopsagkKa.

I, . [ina Kaxoii maps! JeHCTBUTENBHBIX YUCET d 1 b uMe-
€T MeCTO OFHO U TOJIBKO OJHO COOTHOLIEHUE:

a=b,a>b,a<b.

L. Usa <bub < ccrepyer a < ¢ (TpaH3UTUBHOE CBOHCTBO
3HaKa «<»).

L. Ecnu a < b, To Haiinercs Taxoe 4ucio ¢, 4To a < ¢ < b.

II.CBoiicTBa gedicTBUY CHOMKEeHUST U BHIYH-
TaHUSA.

II,. 2 + b= b+ a (IepeMeCTHTEIPHOE MIIH KOMMYTATHUBHOE
CBOIICTERO).

IL,. (@ + b) + c=a + (b + ¢) (coyeTaTenbHOE MM accorHUa-
THUBHOE CBOMCTBO).

O.a+0=a.

o,.a+(a)=0.

I,. Y3 a < b ciepyet, uroa + ¢ < b + ¢ ans moboro c.

Yucno a + (-b) ecTecTBeHHO Ha3BaTh PA3HOCTBHIO @ — b,
T. e. nucaTe @ — b= a + (-b), moromy 4To, €cju ero fOBABUTE K
b, To nonyuum a:

[a+(-B)]+b=a+[-D)+bl=a+0=a.

W3 npusefieHHBIX CBOMCTB JIETKO CIEAYeT, YTO PasHOCTb
eauHcTEeHHA. MoxHO NOKasaTs, YTO Tax onpefieleHHAA pas-
HOCTBb COBIAJA€T C PA3HOCTEIO, OlpefiesleHHOl dopmynoit (12)
§ 1.6. ’

HI.CeoiicTBa ne#icTBUM YMHOMEHUSA H Je€-
JeHUHA.

II1,. ab — ba (mepeMeCTHTEIHHOR W KOMMYTATHEHOE CEOIi-
CTEO).

IIL,. (ab)c = a(bc) (coueraTensHOe WK ACCOIHATHBHOE CROH-
CTEO).

II..a-1=a

1
M. a2 =1(a#0).
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IIL;. (a + b) c= ac + bc (pacnpenenuTeNnbHbIL UK AKCTPH-
OYTHUBHBII 3aKOH).
IIl;. U3 a < b, ¢ > 0 caepyer ac < be.

Yucno a - % (b # 0) ecrecTBeHHO HA3BaTh YACTHLIM %

a__.1
(3‘“'3) , IOTOMY YTO, €CJIM ero YMHOXMTb Ha b, To moany-

yuM a:
1) ( 1 ) 1
a-5|lb=als-b :a(b-— =a-1=a.
( b b b
W3 npuBeneHHBIX CBOHCTE JIETKO cllefyeT, YTO YACTHOe OT
nellenus a Ha b egurcTeenHo. MOKHO IOKa3aTh, YTO TAK OIIpe-

JIeJIEHHOE YACTHOE COBIIAAAET ¢ YACTHBIM, OIIpeielIeHHBIM (op-
myaoit (13) § 1.6.

IV.ApxumenoBo cBoiicTso.Kakoso 6bl Hu ObLIO
yueno ¢ > 0, cymecTsyeT HaTypajibHoe 1 > ¢. B camom gee,
€CNH € = Oy, 0,0, ... , TO MOMKHO B3ATH 1T = O + 2.

U3 apxumenona cBOICTBA M HEKOTOPBIX NPEAbIAYIINX
CBOIICTB CnenyeT, YTO, KAKOBO Obl HYM OBLIO ITOJIOXKUTENILHOE
YHUCJO €, BCEra MOYKHO YKA3aTh TaKoe HATypaJbHOE 7, UTO

BBIIIOJIHAETCA HepaBeHCTBO —,1;, <E.

B camom nene, cornacuo IV png yvcna 1/€ MOXKHO yKa-
3aTh HATYPAJBLHOE Il TAK0oe, UT0 1/€ < 1, yro B cuny Il srever
HY>HO€ HEPABEHCTEO.

3ameTnmM, 4yTO ANA gasnoro uncaac = 0 spagy 0,1, 2, ...
LeNIbIX HEOTPHULATEILHBIX dHCe)l, ONMEBUAHO, MMEEeTCS e/IHCT-
BeHHO€ M, [JIfl KOTOPOT0 BHIIONHSIIOTCS HEPABEHCTBA M <X ¢ <
<m+1.

Ceoiicteo V. Ecau nocredosamenvrocme deiicmeu-
MEAbHbLX HUCEN Gy, Gy, O,y ... HE YOLLEAC U 02PAHUNEHA CEEPXY
wucaom M (a, < M), mo cyujecmsyem uucno a < M, x xomo-
pomy 3ama nocnedosamenvHOCbL CMPEMUMCA KAK K C60EMY
npedeny:

lima, =a < M.
n—w
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OTO 3HAYNT, YTO AJIS BCAKOIO KAK YIOAHO MAJIOrO II0JIO-
JXUTEJIBHOIO uKcna € > () HalileTcsas HaTypaJbHOE YUCIIO 1y, Ta-
KOe, ITO

la —a,j=a-a, <& nna seex n > n,.

JoxaszarenscTro croiicTRA V MBI HEOy1EM CUNTATE 0653aTENb-
HBIM, HO OHO OpuBefieHo (cM. pajee § 2.5, Teopema 1). Kax Mu
VBHIMM, CROMCTBO V eCTh HENOCPE/ICTBEHHOE CIeACTBIE JIeMMBI 2
§ 1.6, r KoTOpO#i, B YACTHOCTH, YTREPIKAAJ0CH, UTO HeyOhIBAIOIas
OrpaHMYeHHAas CRepXy uncyioM M mocienoBaTe bHOCTb GeCKOHeY-
HBIX JeCATHYHBIX Apobeil cTabuinsupyeTcsa K HeKOTOPO# JecsaTid-
HOit rpobua < M (a, = a).

Jeno B TOM, 9TO M3 TOIO, YTO @, CTAGHIU3NPYETCs K d, CHefy-
€T, YTO d, CTPEMUTCH K & KaK K CBOeMY Ipejesy.

§ 1.8. AxcuomMaTHUYeCKHil TOAXO0A K IMOHATHIO
HAeHCTBUTEJIHBbHOI0O YHCIAa

Mbp! HaspaI GeCKOHEUHBle ASCATHYHEIC Ipo6H meficTBH-
TeJILHBIMHA YiCAAMHM, BReJIM A1 HuX nouaTud 0, 1,>, =u apug-
MeTuYecKHe ornepalui, 1 chopMyJIUpOBaIy KX OCHORHBIE CBOIi-
cTBa I—V, xoropsle MOryT 6LITH AOKA3AHEL.

Hy:xno ckasarth, uTo cpoiicTsa I—V nopobpans: 3K0HOM-
HO M ITOJIHO, HACTOJIBKO, UTO U3 HIUX MOMKHO IIOJYYHTH JIOTHYEC-
KU BCe OCTaJIbHBIE CBOMCTBA YUCEJI.

CymecTByeT aKCHOMATHYECKHI [IOAXON K ONpefe eHuI0
JIeHCTBUTENLHOIO YMCIa, 3aKTIOYAIuicA B TOM, YTO AeHCTBI-
TEJBHLIMY YMCJAMH HASBIBAIOTCS HEKOTODBIE OGBEKTHI (BELH)
a, b, ¢, .. , ynoBneTBopsaomue ceoiictBam I—V. TIpu Taxom
nofaxone ceoiicTea I—V HaswmIBaOTCA aKcuoOMamy wucaa.

ITpu axcroMaTHIECKOM IIOgXO0/E (hOPMYIUPOBKH CBOICTE
(Teneph aKCHOM) NOJLKHEI 6LITH HECKOJIBKO BHAOM3MEHEHEBL.
Axcuomsl I Teneps yixe GopMy MpyIOTCs Tak: KaXaoOil mape
YyCes B CIJIY HEKOTOPOTO 3aKOHA COOTBETCTBYeT YMciio a + b,
Ha3bLIBAEMOE MX CYMMOIi, IIPH 3TOM BBIIONHAIOTCA aKCHOMbIIL, —
IL,. Axcuomall, romxHa 6BITH CHOPMYNMPOBAHA B BHAE: CYIIe-
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cTByeT yucio 0 (Hysb) Takoe, 4to a + (0 =a gyia Bcexa. AKcuoMa
11, hopmymupyeTcs Tak: [Js JII060r0 UNCIad CYIeCTRYET YHC-
JI0, 0003HauaeMoe Yepes —a Takoe, 41o a + (—a) = (. Hakorer,
axcuoma I, npymumaer BuA: cymecrryer uncio 1 (equnnna),
ortnuuHoe oT 0, Takoe, uTo @ - 1 = @ pus Beex a.

Ob6osHaunM yepe3 R MHOKecTBO BCcex AE€HCTBUTEIBHBIX
qMcen, T. €. Bcex Berneif, MOAYHHSIOIMXCH akenomam I—V.
Torpa B R umeercs Hyns O u eguauna 1. C nomMonisio akcuoM
MOXKHO [OKas3aTh, YT0 O < 1 ¥ uMeroT cMuica uuenaa 2=1+ 1,

3=2+1, ... n wucna -1, -2, -3, ... . B peaynpTaTe Ioxy4mumM
MHOXXECTBO BCEX IIJIBIX Yucesl (pasiiuuHbIX MekK Ay coboitl)
ey —2,-1,0,1,2, ...

Ha ocHOBanMY aKCcHOM 9TH MKCJIA MOXHO AeJIUTH APYT HA
Apyra, uckmodan peneHue Ha (. Iloaromy B R ecTs panuo-
HaJBHEIe uuena tm/n=+tmp/np (n > 0,m = 0, p# 0). Ho Torga
B R nMe0TCH TaKIKe M KOHEeYHLIe fecaTiuYHbie apodu. s noc-
JIEMHUX MOXXHO [NIOCTPOUTE OrPAHHMYECHHEBIE CBEPXY HeYOBIBAIO-
uwpe mocnenosaTenbHocTu. Ha ocHosanum akcuombel V B R
IOJKHBI CYIUIECTBOBATH MpeNieJibl TaKHX T0CJenOBaTeIbHOC-
Teii. HeKOTOphIe U3 3TUX TIPELEIOB He SBJSIOTCA KOHEMHBIMH
JEeCATUMHBIMU ApOOsiMH —— 3TO MKCJA, OTJIMMHBIE OT KOHEeY-
HBIX JeCATUIHBIX npobeil. Ux ynobuo sanuceiBaTh B BIje Gec-
KOHEUHLIX JEeCATHYHBIX apodeil. B pesyibTate OT aKCcHMOM C
TIIOMOILBIO JIOMYECKHMX PACCYXAEHMI MOMHO NpHHTH Kk Oec-
KOHEYHBIM AECATUYHBIM apodsm. KoHeuHo, MBI 31€Ch IIPHRe-
JIM TOJIBKO CXeMY paccy»KIeHUii, KOTOpasd He IIpeTeHayeT Ha
[OKa3aTeJbCTRO.

W3 ckazarHOrO cNepyer, 4o ¢ bopMaIbHOIL TOUKH 3peHNs
BCE PABHO, UCXOJIMM JIX MBI IIPH ONPENeIeHUH neicTBITeJILHBIX
yuces U3 OECKOHEMHBIX HeCATHYHBIX Apodeil uiau U3 akcuoMa-
THYECKOI'0 IIOAXOHA.

Koneuno, ¢ dunocodckoit Touky spesysi BTOPOH IIOXOZ,
Gosee mpueMJeM: YUCAA CYTh aGCTPAKIHA, BHIPAYKAIOIHE KOJIH-
YecTBEHHBIE OTHONICHHUS peaJbHOrO MUpa, & AEeCATHIHbIE JPO-
61 — (popMaJILHBIE CHMBOJIbI, ¥X IIPEACTABIAIOINHE.
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§ 1.9. HepaBeHcTRa A A6COMOTHRIX BEeIWUYHH

HepaBeHCTRO
lal <€ 1)
3KBMBAJIEHTHO [BYM HEDaBEHCTBAM
—£<a<Eg. ey
Orcrofia HepaBeHCTBO
la-bl<e (2)

3KBURAJIICHTHO HEPAaBEHCTREAM
b-e<a<b+e. 2"
AnajnormyHo HePaBeHCTRO
la-bl<¢g (3)
IKBHBJIEHTHO HEPABEHCTBAM
a-£E<b<a+e
CrnpaseiHBbI TaK)Ke HEPABEHCTBA
la +b] < |a| + 8], )
la - b = llal-|bl. (5)

HepaBexcTBo (4) MOXKHO IIOJIyYHATH, PACCMOTPER OTAENIBLHO Ye-
TeIpe cayvasn: 1)a, b 2 0, 2)a,<0,3)a<s0<b,4)b<0<
< a. Hanpuwmep, B ciayuae 2)

a+b<b<0,ja+b=—(a+b)=—a—b=la| + b,
a B caydae 3), ecliu AOIIYCTUTH, 4To b 2 |al,
la+b=b+a <ld+ 4.

Cryuait 3) npu nonymenu |b| < |a| uutaTens paséepeT cam, Tak
e, kak cayuail 1). Coyuait 4) ceopuTes k cay4dato 3). [lanee, B
cuiry (4)
lal < bl +la-b, bl <|a+)a-1l,
T. €.
lal—la— b < {b] < |a| +|a - b,

HO TOrja BEPHO (5).

2. 3nkas 704
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§ 1.10. Orpeaok, uaTEpBAJ, OYPAHHYEHHOE
MHOIKECTBO

ITycts nciaa (Touku)a u b yAOBNETEOPSIOT HEPABEHCTBY
a<p. )

MuO02KecTBO YHCEI X, YAOBNETBOPAIONMX HEPABEHCTBAM
a < x < b, nasuiBaeTcs ompeskom (C KOHLAMU a, b) unu cez-
mermom u obosHauaeTcs Tax: [a, b).

MHOXecTBO UHCell X, YAOBJIETBOPSIONMX HEPABEHCTBAM
a < x < b, HasLIBAETCA UHMEPBAOM (C KOHLAMMU a, b) wii om-
Kpbimbiy ompesrxom u 06o3Badaercs Tak: (a, b).

MHO3%eCTBO Yucen X, YAOBIETBOPSIONIX HEPABEHCTBAM
a<x<bumua <x <b, 0003HAYAIOTCA COOTBETCTBEHHO {a, b),

. (a, b] 1 HABLIBAIOTCA NOAYOMKPLLIMBIMU OMPESKAML WY HO-
ayunmepsaramu. Ileprerit, Haipumep, 3aKpbLM CleBa W ON-
KpDblm CIPaBa.

YacTo paccMaTpHUBAIOT €111€ MHOKeCTBa, HasblpaeMble fec-
KOHEYHbIMIL URIMEPeAIaMU U NoAyuRmepsanamu: 1) (-, ),
2) (—009 a]r 3) (—00, a)9 4) (a" 00), 5) [a’ OO).

IlepBoe 13 HMX eCTh MHOXKECTBO BCEX AeiiCTBUTEILHBIX
yuces (felficTBATENbHAA MPAMAA); OCTATBHBIE COCTOST U3 BCEX
YMCeJI, AJA KOTOPHIX COOTBETCTBEHHO: 2) x < a, 3) x < a,
4Ya<x,5a < x

CHMBOJIBI —00 B +00 YAOOHO HA3BIBATL OECKOHEYRLIMU YUc-
Jamu, a OOBIMHEIE YHUCIIa — KOHEYHbIMU HUCIAMU.

OTMeTHM, YTO, HA3BAB CHMBOJLI +00 11 —00 GeCKOHEYHBIMHI
YHCIIAMHM, MBI BOBCE HEe CUATAaeM UX YUCJIaMH.

IloguepkHueM, uTo y oTpeska [a, b} KOHIEI — KOHeuHEBIE
Yyuciia, y UHTEpBana ke (a, b) ero «KOHUbI» MOryT OBITH
KOHEUHBIMH H GeCKOHeYHBIMH. ¥ noJiyuHTepBana [a, b) uue-
JI0 a BCcersia KOHe4Hoe, a b MoxeT OBITh KOHeUHLIM U 6eCKO-
neuHsiM (b < ©0). AHanoruvHO y NonyunTeprania (a, b] uncio
a xOHeyHOe MIM DeckoHeuHoe (—0 X a), & b Bcerga KoHeU-
HOE.

Ecnua nb xoneunsl na <b, To b — a HazvIBaeTCAINUHOL
cermeHnTa [a, b], mnu unTeprana (a, b), MK HONYUHTEPBAJIOR
(a, b), [a, D).
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Ecaua ub — npoussoibHBIe TOMKH NEMCTBATEIBHON OCH,
TO umeno ja — b| HasLIBaeTca paccmosruem MeHOy MOLKEAMY @
ub.

IIpouseonbpHEEIM wHTepBaI (@, ), copepxamui TOYKY
¢ (a < ¢ <b), MBI OyneM HASLIBATHOKPECMHOCMbIO mouku ¢.B
YACTHOCTH, UHTePBAJ (¢ — &, ¢ + £) (€ > 0) HasnIBAIOT £-0Kpe-
CMHOCMBIO MOYKU C.

IIyets X = {x} ecTh IPOU3BOIHLHOE MHOXKECTBO NeHCTBH-
TeJILHBIX yncen. [oOBOpPAT, YTO MHOKeCTBOX 0ZDAHUYEHO c8EPXY,
ecnu J (meitcrBuTEILHOE) UMeno M Takoe, yro Vx € X: x < M;
ozpanuveno chu3y, ecaud yuciaom taxoe, uroVx € X: x 2 m;
¥ 0ZPAHUYEHO, €CJIM OHO OTPAHMYEHO KaK CBEpXY, TaK U CHH3Y.
Yucno M (m) HasuiBaeTcs sepxHell (Huxcheil) zpanuyeil MHO-
sxectraX. Yucio M HA3BIBaeTCA TAKIKE MAHOPAH MOl MHOXKe-
cTBa X.

MoK HO erje, ONeBHAHO, CKa3aTh, YTO MHOXKecTBO X orpa-
HIUeHo, ecsM J uuciao M > 0 takoe, uro Vx € X:[x| < M, Tak
KaK HEPABEHCTEO |x| < M sKBHUBAJEHTHO IIBYM HEpaBeHCTBAM —
M<x<M,

Ecmu MmuOMecTBo X He ABIAETCA OrpaHUYEeHHBIM, TO €I'0
HASBLIBAIOT HeoZpanuYeHHbiM. Ero MOJKHO onpefeMTs CNefyo-
numM o0pasom: MHOKecTBO X ZleficTBUTENLHBIX YHUCesl Heorpa-
HIYeHHO, ecmu V M > 01 x; € X: |x;| > M. K aroit popmymm-
POBKE MOXXHO NPUHATH, UCXOAA 13 IPaBUa NMOCTPOEeHMA OTpH-
LAHUS KaHHOH JormdyecKoi dopmyIsl.

HDpumeps. Orpesok [a, b] ecTs orpaHHMYEHHOE MHO-
skecTBo. UHTepBan (a, b) ecth orpaHrYeHHOE MHOYKECTBO, €CJIH
a 1 b KoHeuHb!, 1 HEOrPAHWYEHHOE, eClIM @ = —090 Miun b = 09,

§ 1.11. CueTHOE MHOJKECTEO.

CuyeTHOCTHh MHOJKECTBA PAHHOHAJIBHBIX UMCEJl.
HecueTHoCTh MHOKECTBA HEHCTBUTENLHBIX
qHcenx

Brllle MbI OINpefiefININ IIOHATHE PABEHCTBA MHOXXeCTB.
1A xapakTepuCTHKM CTEEHN HACBHIIEHHOCTH GeCKOHETHBIX
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MHOKECTB 3JIEMEHTaMM YAOOHBIM SBJIAETCS IOHATHE 3KBUBA-
JIEHTHOCTH MHO>KecTB. MHoxkecTBo X HasplBaercs 0e€CKOHew-
Kby, ec Vne N: B MHOKecTBe X MMEIOTCSA 3JIEMEHTBI, KOJIH-
YECTBO KOTOPHIX Goubilie 71, [ira mHOKecTBa 4 1 B HaspisaloT
IKBUBANEHMHbIMU, Y IIPK 3TOM IIUIIYTA ~ B, eciu Mmexay ux
3JIEMEHTAMU MOYKHO YCTAHORUTL B3AMMHO OAHO3HAYHOE COOT-
BETCTBHE (<), T. €. CYIECTBYeT TaKkOe IIPABIIO, 3aKOH, II0 KO-
TOpoMy Va € A COOTBETCTEYET BIIOJIHE OIIpe/ieJeHHbIN SJIEMEHT
b € B.1Ipu 370M B CHIIY 3TOTO IIPABHJIA ABYM PasHbIM 3JI€MEH-
TaM @, @, € A COOTBETCTBYIOT [iBA PasHBIX aneMeHTa b, b, € B
U KaKIBIH a51eMenTdb € B COOTBETCTBYET HEKOTOPOMY 3JIEMEH-
Ty a € A.

Hanpumep, eciin A — MHOMK€ECTBO TOYEK Ha OKPYKHOCTH
panuycar, B— MHOXeCTBO TOUEK Ha KOHIIEHTDHMYECKOM OKPY -
HOCTH paguyca R > r, To ouesnzano, uto A ~ B (puc. 6).

OuepnpgHo, uTo eciiu A = B, T0A ~ B.

Ecm X = {x} ~ N = {n}, To MHO>XecTBO X HaskIBaeTCs
cuemnbtM. ECTECTBEHHO, YTO CAMO MHOMKECTBO HATyDPaJLHBIX
gucen N ABisiercs cyeTHbLIM (COOTBET-
CTBMEe YCTAHABIHUBRETCH IO CXeMe
n > n). MHOXecTBO BCeX YeTHBIX
HaTypanbHbIX wucen N, = {2n} sxBu-

l BAJIGHTHO BCeMY MHOKecTBY N, mpu-

YeM COOTRETCTBHE YCTAHABIMBAETCA TIO

cxemen < 2n. OTMeTHM, YTO 3secbN, #

# N, N, © N. Taxum 06pasoM, HCTHH-

Puc. 6 HOe NOAMHOKECTBO (aCTh) MHOXKEeCTBa

0Ka3aJI0Ch 3KBMBAJICHTHBIM BCEMY MHOXKECTBY. 3TO CBOHCTBO

pHUCyIie TONLKO GecKOHeYHBIM MHOMKECTBAM (€I'0 MOKHO IIPH-
HSTH 3a oNipefesieHre 0eCKOHEYHOI'0 MHOXKECTBA).

U3 onpenenenus cueTHOCT MHOKECTBA BEITEK AT, TTO €T0
3JIEMEHTBI MOXXHO IEPEHYMEPOBATE C IOMOII[LIO HATYDAIBHAIX
4Yuce, MO3TOMY CUYeTHOe MHOKECTBO MbI YacTO OyieM 3anuchr-
BaTh B BHJE IIOCJIe0BATEJILHOCTH €T'0 3JIEMEHTOB:

X={x,2y .. %X, ...}

Cuemmnas (meopemuxo-MHONECMBEHHAL) CYMMA
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on
E= HE”:E‘ +E*+ ...
cuemHoblx (UAU KOHEUHBLX) MHONCECTE E* ecme cuemmnoe mno-

13 k..
mecmeo.B caMoM fesre, 3arIyIIIeM aJIEMeHThI X € E (=12, ...))
B Bre Tab IMIbI:

1 1 1 1

E = 9x, x,, % },
2 2 2 2

E° = Xy Xy5 Xy ...},

3 3 3 3
E =3x, x,, X3, },

ITepeHyMepyeM MX B CIIEAVIOILEM HOPAAKeE:
1 1 2 1 2 3 1
xp xgy xp xg’ xg’ xl) x,p eeey

BeIOpachIBasl, ONHAKO, HA KaXKJOM 3Talle HyMepallué Te 3Je-
MeHTHI, KOTOPBIe YiKe ObLIIM 3aHyMEpPOBaHb! Ha IIpefbiayIneM
aTare: Belb MOKeT CIyUHUTHCH, UTO E* u E' umeror obIue ane-
MeHTH. B pesysnbrate nojaydyum OeCKOHEUHYIO ITOCJIEfOBa-
TeJBHOCTH JJIEMEHTOR {Y,, Ygs Y3, ---), OYEBHAHO, HMCUEPIIBI-
RAIONIMX MHOKecTBO E . 3710 noKaskiBaer, YToE — cueTHoe MHO-
IKecCTBO.

AHAJIOrMYHO JOKA3bIBAETCS, UYTO KOoHeurad cymma E =
= E'+ ... + EY cuemnuix unu xoHexHuix MHoMECMS, cpedu
KomopuLx ecmb Xxoms 0ot 01O cuemHoe, CHeMHKa.

Teopema 1. MRoxecmeo 6cex payUoORANbRbIX YUCET
cyemHo.

JdokasaTtenbcTROo. PaccMOTPDMM cHayasla ITOJIOMKH-
TeNLHBbIE panMoHANbHbIE Yucia Q, = {p/q}. Hazoem HaTy-
pasLHOE YuCIIo p + g BBICOTOH paiioHansHoro unciaa p/q.Ilycrs
A — MHOJKEeCTBO BCEX PALMOHAIBHBIX HKCeJI C BBICOTOM, paB-
Hoit n. MHOMKecTBa A, COCTOAT U3 KOHEYHOI'O YUCIA 3JIEMEHTOB
(paLMOHANTBHBIX YKCEN), HAIpHMep

h-0 4= (). 4= (b3 4 B30 -
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o0
Jlerxo BuzeTs, uTo Q, = U A,
n=1

Ilepenymepyem 4muciia, 3alINCAHELIE B QUIYPHBIX CKOOKax
CcleBa HANpaBO, BBIIYCKAad, BIIPOYeM, Ha Kajk[OM 2Tale Hy-
MepalMK Te, KOTOpble ObLIN yiKe 3aHYMEePOBaHb! HA 6oJlee paH-
HeM sTane. B pesysbTaTte IIOJYIUM T10CI€I0BATEILHOCTD

r1=1,r2=%,r3=2,r4=%,r5=3,

Tak Kak palMOHAILHBIX IIOJIOMKHTENLHBIX UKCes OECKOHEYHO
MHOr0, TO Mbl MCIIOJIE3ye€M BCE HATYDPAJbHbIE YHMCJIA. SHAYHT,
Q, cuerno. lanee, oueBuaHO, uT0 Q_= {—p/q} cuerno. ITosTomy
BCEe MHOYK€CTBO PAUMOHANLHEIX yncen Q = Q, U Q_U {0} Tak-
K€ CUeTHO.

Teopema 2. Mruoxecmso ecex delicmaeumenbHbiX yucen
HecyemHo.

JoxasaTenabcTBO. JInA nOKA3aTENbECTRA JOCTATOYHO
YCTAHOBHTL, YTO MHOKECTBO NEMCTBUTENBHEIX MMCEI MHTEPBAJIa
(0, 1) o6pasyer HecueTHOE MHOXKECTEO. JIOITyCTMM IPOTHRHOE, YTO
uHTepran (0, 1) ecTh CY4eTHOE MHOXKECTBO, T. €. BCE €I'0 TOYKH MOK-
HO IIEPEHYMEPOBATh:

(@
x, =0, ai)a.z) .
x,=0,d"d" ...

Ho 270 npeamnonoxenue IIpoTiBopednBo. B caMoM fiene, mocT-
poMM BelecTBeHHoe uncaox =0, a,a, ... , rae uudps a, nopobpa-

HBI TaK, 4To6b1 0 < @, <9ua, # afl"). flcHo, uto x € (0, 1), ogHako

X He COBOajaeT HU ¢ OAHHUM M3 YHCe » TAK KaK HHaye JOJNXKHO

@y
{ng)

661710 681 OBITH a, =a, ", "ITo He yMeeT Mecra.



TIABA 2 .
NPEAEJN NOCNEAOBATEJIbBHOCTU

§ 2.1. IlonaTue npegena Mocilef0BATEILHOCTH

ITyers xaxkaomMy HaTypaJabHOMY umcay n =1, 2, 3, ... mo
HEeKOTOPOMY 3AKOHY IIOCTABJIEHO B COOTBETCTBUE AeHCTBUTEIb-
HOe WM KOMILIEKCHOe YHCIO X,,.

Torna roBopsaT, YTO 9TUM ONpeneyeHa nocaedosamens
HOCMb YUCEN X, Xyy Xg, ... WIH, KOPOYE, IOCJIEAOBATENLHOCTD

{xn}z {xl’ Xgy X3y .-.}.

T'osopsaT eine, 4To mepeMeHHadA x, npoberaer sHAYEHHA
MOCAEeNOBATEILHOCTH { X, }.

Orrenbuble uncna x, HOC/I€LOBATENLHOCTH {X,,} HA3BIRA-
10TCA ee anemenmamu. Hago umeTs B RUAY, UTO X, U X,, OPH
n# m CcYUTAlTCA OTIMYHBIMH KAK BJIEMEHTHI [10CJIe{0OBATENb-
HOCTH, XOTHA HEe UCKJIIOYeHO, YTO KaK YMCJIa OHU pABHbI MeJK-
Iy co0oM, T. €. MOKeT OBITh X, = X,,.

Ecnu nonoxuts x, =y, ;, TO IOCJHENOBATEILHOCTD

{x, x5 X3, ...}
NIPEBPATUTCA BO MHOYKECTBO

{yor Yps Ugs - }s

xotopoe B § 1.6 TosKe ObLI0 HA3BAHO IIOCIEOBATEILHOCTEIO.
B 37001 riiaBe MBI GyieM paccMaTpPUBATE I1OCHE0BATENb-
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HOCTH Odeficmeumenbiblx YUces] U 3T0 00CTOATeNLCTBO He Oy-
JeM OroBapHEATH 0C000.
ITpumeps! mocnenoBaTeILHOCTE:

IIpumep 1. {1, %, l, }={%}

IIpumep 2. {%. 2,1, 2 '"}:{2(_1)::}'

ITpumep 4. {0, %, %, %, }={H;—1}
5

MMpumep 6.{-1,2,-3,4, ...} ={-1)"n}.

B npumepe 2 mepeMeHHaA X, AJIA YeTHHIX N IPUHAMAET
ORHO M TO 3Ke 3HAUeHHe:

2=X,=2,= Xg= ...

Tem He MeHee MBI CUMTaEM, UTO BJIIEMEHTBI Xy, X,, ... PA3-
JINIHBI.

Ecnu BCe ajleMeHTEI IOCNEN0BATEILHOCTH {X, } PABHBI Of-
HOMY M TOMY Ke YHCJY 4, TO €e HA3bIBAIOT NOCMOAHHOIL,

Jlerko BUzeTEH, YTO MOCHENOBATEIFHOCTY B IpuMepax 1, 2
¥ 4ozpanuienst (cM. § 1.6). B aToM ciyuae ropopsAT TAKKe, UTO
COOTBETCTRYICIIHE [epeMeHHble, npoCeramliue 3TH IO0-
¢lefoBATENIEHOCTY, OrpaHMYeHbl. UTO KacaeTcsa HoclefioBa-
TeJILHOCTEH B npUMepax 3, 5 K 6, To OHK Heorpauudensbl. Opna-
KO IIOCJIeZIOBATENLHOCTD B TIPUMepe 3, O4€BHIHO, OrpaHUYeHa
cHuzy unciioM 0, a nocieRoBRaTeIbHOCTL B PUMepe 5 orpasu-
YeHa cCHM3y uyncyioM 2. Uro KacaeTcs HOCHe[OBATENBHOCTY B
npuMepe 6, TO OHA HEOrpaHWYeHA KaK CHUZY, TAK H CBEPXY.

Beeyiem noHATHE npenena noclaeNOBATeJIEHOCTH.

Onpegenernue 1.Yucnoa Hasvieaemces npedenom no-
caedoeamenvhocmu {x,}, ecau daa eécarxoeo € > 0 naildemcs
(3asucawyee om €) Hucao n, = ny(€) Maroe, Lo 6biNOJIHAEMCA
HepaGeHCmaeo



§ 2.1. HOHATHE NPEAEJA NMOCJIEROBATEALHOCTH 41

x,—al <€ )

dna ecex (HAMYPARBLHBLY) L > N,

B sTOoM ciyuae nRUIyT

}lﬁxn=llmxn =@ wm Xx,—a

Y TOBODAT, YTO IlePEeMEHHAs X, WU [I0CIeOBaTeNIbHOCTD {X,}
HMeeT Tpefiel], PABHLIA YHCIY @, WIK cTpeMUTCs K a. 'osopar
TAKIKe, UTO TIePeMeHHad X, WK OCIe0BATeNIHOCTD {X, } cX0-
dumes K wucny a.

Ecau x, =a Vn € N, To, oueBuzHo, limx, = lima=a.

n—»w

Bameuanue. Ecau lim x, = a, 10 im x,_, = a; u 06-

paTHO. IT0 ClepyeT U3 Toro (paxTa, UTO eCIH

lx, — al<eVn>n,

TO
lx,,—al<eVn>n,-1,
» obpaTHoO.
IlepeMennasa ipuMepa 1 uMeer npeyest, pasHbi 0:
lim1=o. 2
n—wo

B camoMm zere, saiaguM npou3BofibHOe £ > ( M peluum He-
PaABEHCTBO:

}—1——0|=~1 <Eg WM l<n.
n n €

StuM fas Beaxkoro € > 0 HadiyieHo yMclo nig = ng (€) = 1/€ Takoe,
YTO HEPABEHCTBO
ll -0 l:l <g
n n
BBIIIOJIHACTCS JJIS BCEX 1 > Mg, U MBI IOKA3ATN PABEHCTEO (2).

IMpumep 7. Ilepemennaa npuMepa 4 cTpeMuTea K 1:

lim2=1 - 1. 3)

n—»>x n
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B camoM JieJie, COCTABHM HEPaBEHCTEO
Il - n_—l’ =1 ¢
n n
OHo, KaK Mbl BUAEJIH, BLINIOJHAETCH A Jborog > 0, econ n >
> ny=1/€. 3To foKa3bIBaeT paBeHCTBO (3).

IIpumep 8.Ecauig <1, To

lim ¢"= Q. ()]

n-»o

B camom fente, nycTs noka g # . HepaseHeTBO
lg" -0l=lg" <e
BepHO, €CJIH
nlglg <lge,

T. €. eCJI1

Ige
n> iglg] nye) -

Ms1 goxasanu (4) npn 0 < |g| < 1. Ecnu g = 0, To paBeHCTBO
(4) TpuBuannHo. Benb B 3TOM CiIyuae IepeMeHHAsA ¢ eCTh Io-
CTOAHHAA, PaBHAA HYJIO:

{0, 0, 0, ...}.
HDpumep 9. Pazmoxum noaoxuTe]IbHOE YHCIO a B Gec-
KOHEYHYIO JECATHYHYIO BPO0b:
a = ay, a,4,a;... .
Jlast ero n-if cpesku
n) _
a” =aya...a,

HMeeT MeCTO paBeHCTBO

"= a. ®)

lim a*

n-—on

B camom pente,

la -a"™=0,0..0 a,,a,,;,..<10™

npas
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Ho ecnu sagars € > 0, TO BCerZia HalifeTCA TAKOE 71, ITO

10" <e Vn>n,,
(cM. npenbIAYINU NpyMep, Te HaJ0 CIUTATh ¢ = 10_1). IToaTo-
My
le-a™<e Vn>n,
U Mbl foxasaiu (5).

Bameuanue. Cpesku a™(n=1, 2, ...) — panuonaib-
uele yucia. U3 (5) caenyer, 4To 6caKoe deiicmeumenbHoe Luc-
J10 ABJISIETCH OPENESIOM HOCIEA0BATEIHHOCTH PAITMOHAJILHBIX Y1~
cel.

Taxum 00pa3oM, BCAKOe UPPAIMOHAIILHOE YHCIIO MOYKHO
NPHUOIM3HUTE PALIMOHAJILHEIM YHCJIOM ¢ 000l Hanlepes 3aaH-
HOM CTeneHbI0 TOYHOCTH.

B cuy 5TOro CBOICTEA PO MHOMKECTEO Q parjuOHATBHBIX
YHCeN FOBOPAT, YTO OHO éciody naomuo B MHOxecTBe R Beex
JeiicTBUTENLHBIX YHCeJ.

HepasencTro

|lx —al <&
3KBMBAJIEHTHO ABYM HEPABEHCTBAM
—£<Xx,—~Q<EMIHA—-E<X,<a+E,
YTO 3KBUBAJIEHTHO TOMY (aKTy, YTO TOUKA X, IPHHAIJIEHKHUT K
£-0KPECTHOCTH TOIKH (2
x,€(a—¢,a+¢) (cm. §1.10).

Torpma onpeneseHHe IIpefiesla MOKHO BbIPA3UTH CIEAYIO-
LMMH CJIOBAME: YHCJIO (TOYKA) @ €CTh HpeJieNl IepeMeHHOR X,
ecli, KaxKoBo 651 Hi 66110 € > 0, HalijleTca TaKoe YHUCJO 1y, YTO
BCe TOYKH X, ¢ MHAEKCAMH 1 > N, HONaIyT B E-OKPECTHOCTD
TOYKH @2

x, €l@a-¢a+te) (n>ny.
OueBHAHO, KaKoBa 6Bl HH 6bia oKpecTHOCTE (¢, d) TOYKH a,
HailifeTcsa Takoe € > 0, uTo uuTEpBAJ (@ — €, @ + £) coflepHUTCA
B(c, d), T.e.(a—¢&, a +&) C(c,d) (puc. 7).

Tloaromy ToT haKT, uTo X, — @, MOMKHO BEIPA3UTE €Il U
TaK: KaKoBa ObI HM GbLJIa OKpecTHOCTS (¢, d) TOUKHa, BCe TOUYKHU
x,, HAYMHAA ¢ HEKOTOPOro HoMepa 1, NOJKHBI [IONacTh B 3TY
OKPECTHOCTb, T. €. BOJIIKHO CYILeCTBOBATE TAKOe THUCJIO 11y, ITO
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x, € (¢, d) (n> ny). Yo e KacaeTcsa TOYEK X, C MHIEKCAMH
n < ng, TO OHM MOTYT TPHHA[JIEKATh U MOTYT He IPUHAJAJe-
#aTb K (¢, d). Taxum oGpasom, ecny BHe (¢, d) UMEIOTCH TOYKH
X,, TO UX KOHEYHOE UHCJIO.

C npyroii CTOpOHLI, €CJIM M3BeCTHO, YTO BHE (C, d) MeeTcsa

TONBKO KOHEYHOE YMCJIO TOUEK X, ; X, -y X, ; TO, 0603HAYHE
k=max {n,, ny, ..., n},
T. €. MAKCHMYM CPeRy MHIEKCOB I, ... , 7, MBI MOKeM CKa-

3aTh, UTO TOUKH X, ¢ MHAEKCOM 71 >E NonanyT B UHTEpBas (¢, d).
ITosToMy mnoHATHe Hpezenia MoXXHO chopMyIUpOBaTL M TaK:
repeMeHHad X, MMeeT CEOUM IIPe/IeJIOM TOUKY d, EC/IU 6He J10-
00il oKpecmHOCIU IMOIL MOLKLU UMEeMC A KOHEeYHOe WU nyc-
moe MHONCECTE0 MOYEK X,.

IMpumep 10. ITepemennasn
{(_1)n+1} ={1,-1,1,-1, ..} 6)

HHU K KaKoMy Hpefielly He CTPDEMMITCH.
B camomM geJte, JOMYCTHM, YTO 3TA IEPeMeHHAasA UMeeT IIpe-
JleJI, PABHLIM MUCAY a. PAcCMOTDHM OKPECTHOCTE 3TOH TOUKH
(e-L, a+l).
3 3
Jnwua ee paeHa 2/3. OueBHJIHO, YTO 3Ta OKPECTHOCTD
He MOXKeT COZleP2KaTh B cebe OfHOBPeMEeHHO U TOUKY 1, H TOUKY
—1, HOTOMY 4TO paccTOAHHME MEKAY 9THMU TOYKAMMU PABHO
2 (2 > 2/3). [ins onpenesieHHOCTH GyileM CUNTaTh, ITO TOUKa 1
He NpUMHaAJekKUT K Haieil okpecrioetu. Hox, =1 gnan=1,

3, 5, ..., T. e. BHe Halleii OKPeCTHOCTH HMeeTcHA GecKOHeTHOe
YHCJO SJeMEeHTOB HOCIeN0BaTe/IbHOCTH.
a.& a8k . ¢ 4 ¢ 7
& ’ 7 r a ¥ FJ
Puc. 7 Puc. 8

Taxum o6pasoM, TOUKA a He MOKET OLITH IIpeJlesioM Ha-
el mocyIeOBaTeJbLHOCTH, H TAK KAK 9TA TOYKA IIPOM3BOJIbHA,
TO [IOCNIeOBaTeNbHOCTD (6) He MMeeT IIpeneA.
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Teopema 1. Ecau nepemennasn X, umeem npeden, mo
OH eJuHCMEeH HbLIL.

B camom gersie, ronyeTum, BOIIPEKH TeOPEMe, UTo X, AIMEET
ABa pasnuuHeIx npegena a u b. Ilokpoem Touku a, b coor-
BETCTBEHHO MHTepBaslaMu (¢, d), (e, f) HACTONLKO MAJION HAIH-
HBI, 4To0b! 3TH MHTEPBAJIL! He Hepecexatuch (prc. 8). Tak Kax
x, = a, TO B MHTepBaJe (¢, d) HAXONATCA BCe 5JIeMEeHTHL x,,3a
HCKJIIOYeHNeM KOHEYHOTO MX uMeia, HO Torfa HHTepBal (e, f)
He MOKeT cofiepKaTh B cebe GeCKOHeuHOoe YN0 3IeMeHTOB X,
M X, He MOXKET CTPeMUTHCA K b. MBI IPHILIN K IPOTUBOPEYHIO.
TeopeMa gokazaHa.

Teopema 2.Ecau nocredosamenvrhocme{x,} cxodum-
ca (umeem npeden), mo oHa oZpaxuieHa.

JdoxaszaTenscTrO. Ilyers limx, =a. Bagagum €= 1
" nopbepem HaTypaibHOe ng = ny(1) Tax, 9robsl

1> |x, — a| (n>ny),
HO Torza 1 > |x | — la] u BLmoONHAETCH BepaBeHCTBO
1 +la|> |«

Zus Beex 1 > ng. Iyers M — nauGoubliiee cpeny quces

%).

1+ lal, |x,, 2 BN y

Torpa, oueBugHO,
MZ>=[x| VneN.

Teopema joxazana.

SameuaHne. OrpaHUYEeHHOCT HOCTELOBATENLHOCTH
#ABNAETCH HEOOXOOUMBIM YCIOBMEM CXONHMMOCTH IOCJE[OBa-
TeJIbHOCTH, HO He JIOCTATOYHLIM, KaK MoKasbiBaeT mpuMep 10.

Teopema 3. Ecnu nepemeHHas X, umeem He PAEHBLIL
HY.I0 npeden a, mo naildemes mawoe n,, YMo
b, > lal/2 pns n > nyg.
Boavwe moeo, 6.8 yrxasannwix n, ecau a> 0, mo x, >af2,
ecau we a< 0, mo x, < a/2. Taxum ob6pasom, HAUUHAS C HEKO-
mopozo Homepa, X, COXPAHAem 3HAK d.
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HOoxazatenncrro. Iycrs x, — a. Torna ansa e =lal /2
JOMIKHO HAWTHCH TUCIIO 1, TAKOE, ITO

lal/2 > la~x,} > la| - |x,) (2> ny),

lal _ l |
2
nokazano. C npyroi CTOPOHLI, HepaseHCTEoO |a|/2 >la — x| sxBuH-
BaJIEHTHO CJIeAVIOIIMM JABYM:

laf

oTKyza |x,] > la| - , ¥ [IePBOE YTBepXKJeHue TeopeMbl

a-"-<x, <a+|2l (n > ny).

2
Torna, eciua > 0, 10
a _ la
xn>§—a——2—l (n>ng),
aeciua <0, To

x, <a+lgl—a——=ﬂ

2
¥ 9THM BTOpOe YTBepKIeHNe TeOpeMbl JOKA3aHO.

(n>ng),

Teopewma 4.Ecaux,—~a,y, —~bux, <y, dnaecexn=
=1,2,...,moa <bh.

DoxasaTtenscTro. Jonyerum, uro b < a. 3agapum
0 <& < (a — b)/2 u nogGepem uncna N, uN, Tax, 9robrra— £< X,
(n >Ny, y,< b +e(n >N,): eT0 BO3MOHO, NOTOMY YTO X, — d,
ay, —b.

Ecmn ny=max {N,, N,}, T0, OueBUAHO, , <b+E<a—-£<x,
(n >n,), ¥ Mbl IPAILIK K IIPOTHBODEUNIO, TAK KaK 10 YCIOBHIO
x, < Yy, IJIsi BCeX 1.

Cnencrteue.Eecnusnemernmo cxedaweiica nocredosa-
menvnocmu {x,} npunadaexam [a, b], mo ee npeden marice
npunadnexum l[a, b).

HoxasaTtenncTro.Bcamom gene, a < x, < b. Eciu
lim x, = ¢, To 1o Teopeme 4 a < ¢ < b, yro 1 TPeGOBAIOCEH HOKa-
3aThb.

3aMeuanue. [us uarepBana (a, b) s KOHEUHLIX a

1 b MOKHO VTBEDKJaTh TOJBKO, 4TO eciu x, € (a, b), TO
lim x, = ¢ € [a, b]. Taxum 06pazoM, HepaBeHCTBA B IIpefiesie
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COXpaHsAITCH MUIH obpamaroTcs B paBeHCcTBo. Hanpumep,
x, =1/(n+1)e (0, 1),50¢c=0 € [0, 1].

Teopema 5. Ecnu nepemennvie x, Uy, CMpemMamcs K
o0HOMY U momy KHee npederyau x, <z, <y n=1,2,...),mo
nepemMenHan 2, MAKNEe CIMPeMUNmcs K a. '

HoxasaTensbcTro. 3axas € > 0, moxno Halitu N, u
N,, Takue, 910

a-g<x, (n>N,), y,<a+e (n>N,),

OTKYJA AJs n > ng = max{N,, N,}
a-e<x, <z <y,<a+¢

|z, —alke (n>ng),
ITO ¥ TpeboBaIOCh NOKA3ATh.

Teopema 6.Eciux, — a, molx,| — lal.
IokazaTensCTBo Clenyer M3 HepaBeHctsa | |x | — |a| | <
< |x, —a|.

§ 2.2. ApudpmeTnyecKkne JeHCTBUA C
nepeMeHHBIMH, HMEIOU{HMH IIpeaest

Ilycre x, u y, oGo3HAYaIOT MEepeMeHHbIe, Npoberamuiye
COOTBETCTBEHHO mocJeposaTenvHocty {x } u {y,}. Ilo ompe-
JieJIeHHIO Cymma X, + Y., PASHOCMY X, — Y, npou3éedenue x,y,
u uacmuoe X,[y, cymb nepemerHbvie, Npoberarmnye COOT-
BETCTBEHHO Hocaefosatensrocta {x, +y,.}, {x, — y,}, {x.¥.},
{x,/y,}- B ciyuae wacTHOro mpeanosaraerca, 9To y, # 0 gna
Bcexn=1,2,....

Ecmm x,=c pnan=1, 2, ..., To B 3TOM clIydae ODHIIYT
cty,,cy, c/y, BMeCTO X, Y , X Y., X, /Y,

CripaBejJIMEBEI CNEeAYIONHE YTBEPIKICHHA:

im (x,+y)=limx, tlimy, 1)
lim (xy,) =lim x, lim y,, @)
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lim %e limx,
1m—y- lmy ,eca limy, # 0. 3

9TH yTBepKAeHIA HAJo IOHUMATE B TOM CMBICTIE, UTOEC/ U
cyujecmeyiom KoHedYHble npedenst X, U Y,, mo cyijecmeyion
maxxe u npedenvt ux cymMmbl, PA3HOCHL, NPOU3EEJEHUS U YA~
CMHO20 (€ YKa3aHHOI 02060PKOLL ) U GbLTNOJIHAIOMEA DAGECHCMNEA
1—E)-

DoxazatenscTro.llyerb x, —~ any, — b.3agaaum
€ > 0 1 monbepem n, TAK, ITOORI

jx,—al<e/2, ly,—-bl<e/2 (@m>ny).
Torpa

l(x,ty,)— (a+b) <|xn—a|+|yn—b|<§ + & =¢

o

(n > n0)9
u Mbl gpokasaiu (1).
Yrobel foKa3aTs (2), 3aMeTHM, 4TO

lx,y, — abl = |x,y, - ay, + ay, — ab| <
Slx,y, - ay,|+lay, — ab| =y, |x,—al + laly, -8 (4

Tax Kak y, UMeeT npege, To (1o Teopeme 2 IPeABIAYLUETO Na-
parpaha) cylecTBYeT OJIOKUTeIbHOe 91cno M Takoe, 4To

bl<M@®n=1,2,..) 5)
la| < M. ©)

Iloa6Gepem uHci0 N TaK, ITOOLL

lx, —al < fﬁ,

Toraa us (4) — (7) caexyer, 4TO

- ¥l< 5 (m>ny) G

+ Me
fx Y, — ab|< ZM oM =t (n>ny.
DTHM JOKa3aHO PaBeHCTBO (2).
Ilycts Teneps K yCJOBHIO, 4TO X, — a U Yy, — b, noba-

BIgeTcA ycaorue, uro b # 0. Torpa
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%, _a|_|%b-v.a|_lE,~a)b+(b-y)al
v, bl | ub v, J1b]
lx,—al _ b-y,llal
< n LR n 8
Wl bl ®)

Temeps y3xe y00HO HCIONL30BATH TeOpPeMy 3 HpeAbLIy-
mero naparpaga, B CHIy KOTOPOH

lyt>1bl/2 (n>N,) )]

JUIA focTaTouHo Gonpmoro N, . 3azaaume > 0 u nopbepem N, 1
N, Taxue, aTo0OBI

t,—al<ebl/4 (>N, (10)

lal ly, — bl <eb’/4  (n>Ny). an

Toraa, MOAMKHUB n, = max {N,, N,, N;}, Gynem B cry
(8)— (11) umers

*n_a <ib|-—2—+§=£ (n > ng),
y, b 4 bl 2
YTO KOKA3LIBAET PABEHCTRO (3).

SaMeTHM, 4TO IIpeiesbl IePeMEHHBIX, CTOAIHE B JIeBbIX
yacTax paseHcrs (1)—(3), MoryT cyijecTBoBaTh 6€3 TOro, 4To-
GBI CY1I[€CTEORAJIH OTHEJILHO IIpefies] X, 1 y,- HanpumMep, ecnun
x, = (1) y, = (-1)™, 10 x, u y, He uMeIOT NpeJiesioB, B TO
ppems kak im (x, + y,) =0, lim x,y, = —1.

TeopeMbl O IIpefiesiax CyMMbI, PA3HOCTH, IPOU3BEieHUA K
YACTHOIO BO MHOT'MX CIIYUAAX Nal0T BOSMOYXKHOCTD Y3HATE, HMe-
eT JIu ITepeMeHHas Ipenes ¥ YeMy OH paBeH, €CJIM OHA eCTb
pesyJbTAaT KOHEYHOro Yncia apudMeTHyecKHX JeficTEUR Hak
HECKOJLKMMH APYTrUMHU IlepeMeHHBIMH, CYIeCTBOBAHME M Be-
JIMUNHA IPefe/iOE KOTOPLIX M3BEeCTHEL.

OnHaKo YacTO ECTPeYaloTcd ClIydau, BEIXOAAINe 34 rpa-
HMIlBI IPUMEHMMOCTH NOKa3aHHEBIX TeopeM, U 3/iech OCTaeTcA
GoNEIIoe HOJIe AJfA UHUITUATHBL] MATEMaTAKA.

Npumep l.Iyetsx, =1+¢g+...+¢" gl <1.
Hokasark, 4TO

limx =1 .
n—you n 1——q
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Hmeem

_ 1_qn+1 _ 1 _ qn+l
"ol-g 1-¢g 1-¢°
Tak Kak lim q'Hl =0 npu |g| < 1, To, NpuMeHsisi GOPMYALL
(1), (2), monyuaem

X

n+l

limx, =lim-—1- -9  jimg"?'=_1 1 ¢o__1

now " n—)aol——q l—q n—w _Q—l—.Q—l. =q—1

B panbreiiiueM 107 CHMBOJIOM

l+g+.+q" +...= 24"
n=0

o0
OyzeM noaumars lim qu.TaRKM obpaszom,
n—on k=0

> " =1i =1 (d<.
29 =limx, =1 (d < 1)

n=0

§ 2.3. BeckoHe4YHO Majlasa U 0eCKOHEYHO
OoapNnIafg BeIMYMHBI

IlepemerHanaQ,,, MMeIOIaA NPEAE, PABHBLA HYJI10, HASHI-
BaeTcs 0eCKOHEYHO MANOIL BEAULUHOLL UAU, KOPOLE, BECKOHE-
HO MaAoil.

Taxum o6pasom, mepeMmerHan O, ecTh 6eCKOHEIHO MaJas,
ecsm ansA axoboro € > 0 Haiinerca n, Taxoe, 4ro o, | <& (n > ng).

Herpynso Bugners, 9To das mozo, umolb: nepemennas x,
umena npedel a, Heo6x00umo u docmamouro, ¥mobbt x, = a +d,,
20e o, ecmb 0eCKOHELHO MANAA.

Ilepevennanf, HaseiBaeTcAGECKOHEUHO 6ONBULOIL BENULY-
HOil 1IN TPOCTO 6eCKOHeYHO OONbULOIL, ecay ans mwoboro M > 0
Halifilerca Taxoe ng, 910 |B,| > M (n > ng). Ilpu sTom nuLIyT

lim B, = o, uan B, — 1)
H T'OBOPAT, 9TO B, cmpemumes k Geckonewnocmu.

Ecnu Geckoneuno 6onbinan 3, Ha4MHAA ¢ HEKOTOPOI'O N,
TNIPUHAMAET TOABKO IOJOMKHTeNnbHble 3HAYEHHUA IIH TOJBKO
oTpUHATeNbHBIe 3HAYEHUS, TO MHLIYT
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lim f, =+, mau B, — +00, )
COOTBETCTBEHHO
lim B, = -0, mau 3, — —co. (€3]

Taxiv obpasom, u3 (2), Tax e xax 1 us (3), cregyet (1).
Hpnmep nepemerHoii {(—1)"7} noxkasniBaer, YTO MOXET HMETh
mecTo cooTHomenye (1), B TO BpeMsa Kak He HMeeT MecTa HE (2),
HH (3).

OTMeTHM CJeAyolHe OYeBNAHBIE CBOIcTBA:

1.Ecau nepemenras x, 0zpanuyena, a Y, 6eckoreto 601
was, mo x_/y, — O.

2. Ecau abConomHuas 6eAULUNRA X, 0ZPAHUYEHA CHUSY NO-
JONUMENbHUMM YUCTIOM, @ Y, — He DABHAA HYNI0 OECKOHELHO
manras, mox, [y, — .

JToxaxxeMm TonbKO BTOpPOE cBoiieTBo. Jlano, uTo 1A HeKo-
Toporo yuciaa ¢ > 0 MMeeT MeCTO HepaBeHCTBO |x,|>a (n=1,
2, ... ) u nas Beskoro € > 0 cymecrsyer n, Taxoe, 4T0

Wl >€ (2> ny). )
Torza

o>l M (n>ng).
Yn
3amaauM Ipou3BOJILHOE IIOJIO0MKUTEIBHOe Yucio M u mojl-
GepeM 110 HeMy € TaK, uTobut M = a/g, a 1o € moabepem Taxoe
1, 9TO6BI HMesto MecTo cBoiicTso (4). Toraalx, /y,|> M (n>ny),
9710 M TPeBOBASIOCH ROKA3ATE.
U3 BhICKAa3aHHBIX JBYX VTBEDPXKIEeHUI IoJydYaioTcs
CJIeLYIOIHE CHAEeACTBUA:
lim £=0, lim%=w (c#z0).
YooY, y,—0 Y,
OTMETHM, UTO €CJIM IOCIeNOBATeNEHOCTE {X, } HEOrpAHHU-
YeHa, TO OHa He obssarenbHo Geckoneuno Gonbimnaa. Hanpu-
Mep, TOCIe[0BaTe/IbHOCTD

(" ={L 2, % 4.4

HeorpaHWdeHd, HO OH& He fIBIAeTCs OecKOHeTHo 60obIIoi, TaK
KaK B Hell UMEIOTCA KaK YrOAHO MAJIBIE YJIEHEl ¢ KAKHUM YIOILHO
GoNbIINM (HEYETHHEIM) HOMEDOM.
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3amMeuaHMUe. J00aa He paBHaa HYJIO IIOCTOAHHASA Be-
JMYHHA (LIOCJeA0BATEILHOCTE) He ABJAeTCH GeCKOHeYHO Maioil.
W3 Bcex NOCTOAHHBLIX BeJMYMH GECKOHEYHO MAJIOH SIBJISETCH
TOJILKO OflHa — PaBHaA Hymo. EC/IH IIP0 HEKOTODYIO BEIMUNHY
H3BECTHO, YTO OHA IIOCTOAHHA 1 ee abCOoMIOTHAA BeJIMUNHA MEHE-
11e Ji:o60ro NoJIOKUTEILHOTO YHCJIA €, TO OHA PABHA HYJIO.

Teopema 1. IlpouseedeHue Gecrxoneuno manoi
nocredoeamenvHOCMU KA 0ZPOHUYEHHYIO A6AReMCA 0eCKo-
HEYHO Manoil nocnedosamenvhocmbuio, m.e.ecaulim x, = Ou
l<M VneN, molimxy,=0.

B camowm peste, sagannm € > 0 1 noaGepem n, Tak, 9To0BI

€
|x"] < _IV vn> n,.

Torpa

x4, — O = x| Iyl < ﬁM =¢ Vn>n,,

YTo H Tpe6OBaJIOCL AOKA3aTh.

§ 2.4. Heonpenenennrie BrIpajkeEns

1. Hycre lim x, =limy,_ =0 (y, # 0).

Paccmorpum nocrefioaTensHocTs { X, /Yy, }. O npenese aToit
I0CJIeIOBATENPHOCTH 3apaHee HUYero OIPEeIeHHOrO CKas3aTh
HeJsb35, KAK 3TO NOKA3LIBAIOT KOHKPETHEIE IIPUMEPEI.

_1 -1 X .
ecnu x,=-, Yn=""5, T0 ~2=N — 100 Ipu N — ©;
n n A
X, 1
ec.rmxnz—l—z, yn=l, 0 == — 0 npun — oo;
n n n n
_a _1 X oo
ecau x, ==, y ==, To 2=a — aupun — o;
n
n n A
(@ 1

X, n o
JI = ’ = — = (- -
ecsn x,, h=1> TO 1)" numpegen sroii mo
n

CJIe0BaTeJIbPHOCTH He CyLleCTBYeT.
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Taxym o0pasomM, JUIA HAXOKIEHUS npefiena {X,/y,} He-

- OCTATOYHO 3HaTh, uTo X, — 0, y, — 0. Hy»H5I etije fonon-

HHUTeJbHEIE CBeleHHs O XapakTepe M3MeHeHUA X, U y,. Haa

HaXOMKJeHUs 9TOro Ipefiefia B KaXKJOM KOHKDETHOM CJydae
TpeOYIOTCS ClielHaJIbHbIe IPUEMBI.

TosopsT, YTO Bolpaxkennex,/y, npux, — 0,y, — 0 npexn-

crasaser coboil Heonpedenrennocme suda (%) .

2. Ecam x, — 00, y_— 00, TO BHIpDAXKEHHE X, /y, TaKKe
npefcTaBiaseT coboil HeolpelesleHHOCTh M €€ Ha3bIBAIOT He-
onpedenennocmpio suda (9) .

o0

3. Ecnu x, — 0, y,, — <, TO LI BHIPAMKEHUS X, Y, TONY-
yaem HeonpedenenHocmb euda (0- o),

4. Ecnu x,, — +©, y, — ~0, TO BEIpA’KEHUE X, + y, IIpea-
CcTaBASIET HeonpederenHocmb 6uda (00 — o).

JIns1 Kaskaoro U3 OTMeYeHHbLIX CIYYaeB MOXKHO IIPHBECTH
pUMepHI.

PacKphITH COOTBETCTBYIOILYIO HeollpelleJIeHHOCTE — 3TO
SHAYUT HaiiTu ipefe (€CIH OH CYITeCTBYeT) COOTBETCTBYIOLIEro
BBIpaYKeHNs, YTO, OAHAKO, He BCerAa MpocTo.

IIpuwmep 1. Ecin
x,=an" +..+an+ag
y =bn'+..+bn+b, (@,#0, b20,m>0,1>0),

TO IIPH N — OO JUISL BHIPAKEHMA X, /Y, MBI HMeeM HeoIpese-
JIEHHOCTh Byma(ﬂ) . PackpoeMm aTy HeOIIpeJeIeHROCTh.
(o 0]

a) Ecsmm | = m, To, Aens uuciauTenAb U 3HAMEHATENb HA n",
nosy4aeM

m a

a
a,+2L+. .+ %
n N

Xn _ .
Un b +-mly+
n

&}

i

=§ L.p- i:
&

mpu n — o, T. e. lim(x_/y,) = a, /b, -— OTHOLIEHHIO KO3(-
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(HIMEETOR IPY CTAPIINX CTEIIEHAX 11 B BHIDAYKEHUAX QA X, U
Yu

6) AHaOrMYHO MOYKHO IIOKA3aTh, 9T0 npum > [ lim (x,/
/Yy )=, anpum <llim (x_/y )= 0.

IIpumep 2.Ecmu x, = Jn+1, y,= Jrn, To mpun — o
IS BEIDAXKEHHUS X, — I, IMeeM HeollpelleJIeHHOCTh BIAA (0 —
-~ ®),

Packpoem aTy HeonmpeZieleHHOCTh:

x"—y"=\/l?—«/_ V—TJ_—m+Jﬁ)=m—)0

n+l++/n

IIpH n — 0. 3HAYHUT, hm(«/ \/_) 0.

n—w

§ 2.5. MoHOTOHHBIE NOCIEeHOBATEJIbHOCTH

Onpegenerue. IlocnegopaTesbHOCTD {X,) HABLIBAET-
¢ HeyObiLeauell (nesospacmarnuyeil), ecnu Vn € N cripasen-
JIMBO HEPABEHCTBO

x, < x , (x,Z x,,)

Ecnx Ha caMoM Jieste BBITIONHSIIOTCH CTPOTYe HEPABEHCTBA
x,<x, ., (x,> x,,,), TO IOCAEIOBATEIPHOCTS {X,} HA3HIBAETCA
cmpozo 6o3pacmaiouyeii (cmpozo ybuiearouleil) MM IIPOCTO 603-
pacmaroueii (yousarnweri). IlocnenoBarenbHOCTH yORIBAIOLIIHE
H BO3pacTamolue, HeyOBBalOIe U HEBO3pacTallle Ha3bI-
BAIOTCA MOHOMOKHbLMU.

3JeMeHTHI MOHOTOHHBIX nocnenoeaTenLHoc'reﬁ MOJKHO pac-

TIONIOXHUTE BIEIOUKE X; S Xy K .. € X, €X,,; S .o (2, Z 2, >
Z .. Z X, Z X, Z ...), OTKyIa BHIHO, trro Heyﬁbmammaa
TIOCJIEOBATEIEHOCTE OPPAHMYEHA CHH3Y, 4 HeBO3PacTAIoIas —
CBEpXYy.
IMIpumepsr:
nhl 1 11
s vy T3 Ty et — HEBOZPACTAIOINAA IIOCTIEHO-
2’2 n n

BaTeJIbHOCTD.
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2) {nz} — BO3pacTalas nocjaefoBaTe/bHOCTh.

Huxe MBI [JOKA3bIBa€M Ba)KHYIO TeOpeMy, YTBEPKIalo-
Y10, YTO MOHOTOHHAA OTDAHMYEHHAS IIOCJEeAOBaTeJIBHOCTH
YHces Beerfa HMeeT npegen. B mamem uanoxxenut (B § 1.7) aTa '
TeopeMa PUTYPHPOBaJa KaK OHO 13 OCHOBHBIX CBOMCTB — CBOIl-
ctB0 V — MHOJKECTB& HeMCTBUTEILHBIX YHCe.

Teopema 1. Ecau nocaedosamenvrocms deiicrmeument-
HbLX wucen

a,, Gy, ag, .. 1)

He yOvieaem (He 803pacmaem) u 0zPAHUYEHA C6EPXY (CHU3Y)
yucnom M (coomeemcemsenno m), mo cywecmsyem Oeiicmeu-
meavHoe wUCHO A, He npesuiuianuee M (He Merbuiee m), K KO-
mopomy 3ma nociedo6amenbHOCmb CMPeMUMcs Kax K cé0emy
npedeny:

lima,=a <M (2)

n—ow

(coomsemcmeenno lima, =a = m).
n—w

NoxazarenbcTso.lycrs mocaenosarenbHocTs (1) He yOBI-
BaeT M MycTh Noka @, > 0, rornauece a, >0 (n=1, 2, 3, ... ).
KasxapTii 5JIEMEHT IOCIeI0BaTeIbHOCTH Pa3I0KHM B 66CKOHEYHYIO
JMECATHYHYIO fPODOb:

a,=0, 0,8,,8;,..-(n=1,2,..). 3)
Tak Kak IOCIEJ0BATENBHOCTL {@, } OrPaHHYEHA CBePXY YucnoMM
(a, < M) 1 He yOLIBaeT, TO HA OCHOBAHUY JIEMMBI 2 § 1.6 pecaTry-
HEle Apo6H (3) cTabuIMsHpPYIOTCA K HEKOTOPOMY YHCIy d < M:
a, = a=YeY Yo s

HO TOrjia @_ CTPEMHTCH K 2 KaK K CBOeMYy Ipelieny:
n

lima, =a.
n—>x

B camom fieste, Ina 1060ro€ HalijeTcA HATYPAIbHOE MM TaKoe,
uro 10™ < &. Tak Kak @, crabmiusupyeTcs K d, To
an = YO’ 'Yl“' Yman,m+lan,m+2" -
L7l BCEX 1L > Ny, THE Ny JOCTATOYHO BENHKO, HO TOTAA
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la-a}=a-a,<0, Mymﬂmﬂ . <10"<g  (n>ny),
mpa3s

T. €. dn — a npu n— .

Ecnu a,< 0, To npubasuM K @, YHCIIO € HACTONEKO GonbIIoe,
uro @, + ¢> 0, unonoxum b, =a, +c(n=1, 2, ... ).

TocneposatenbHOCTE {b, } He yOBIBaeT, OFPAHIYEHA CBEPXY HC-
JoM M + ¢ ¥ ee 3TEMEHTHI TIOJIOKITENIbHEL. I103TOMy 10 lokasaH-
HOMY BRIl CYIIECTBYeT mpefien limb, = b < M + ¢, Ho Torfa

n—w

CYILECTBYET TaK:ke npefien lima, = lim b,-c)=b-c<M,n
n—»wx n—o<

TeopeMa AOKA3aHA JJIs IPOU3BOJILHOM HeyORIBaKOIel mocIe0Ba-
TELHOCTH.

Ecmu Tenmeps mocnenoBaTensHOCTS {a,} He BO3pacTaer ¥ orpa-
HIYEHA CHU3Y YHCJIOM M, TO NOCNeoBaTeIbHOCTb Yucen {—a, } He
yOEIBaeT M OrpaHMYeHA CBEPXY YMCIIOM —IM, ¥ HA OCHOBAHHMH ViKe

AI0Ka3aHHOTO CyIIlecTsyerT npefien lim(-a,) = —a < —m, KOTOpEit

n—wo

MBI 0003HauYMNHN Hepe3 —a. CrenosBaTenbHo, CYINECTBYET TAKMKe

lima, = lim(-q,) = —(-a) = @  m. Teopema jjokas3aHa.

n—»w n—-x

3ameuaHue . Ecnn nocaeoBaTensHOCTh AeHICTBUTENBHBIX
yucen {a,} CXORUTCH, TO UX JECATUYHEIE PA3NOMKeHUSN He 06sa3a-
TeNnsHO crabunusupylores. Hanpumep, ecin

4y, =1,0...011... , @y, =0,9...911... (k= 1, 2, ...),

T/I€ ITOCTIE 3aNATON cToNTE HyJeil niuk NeBATOK, TO IOCIEI0BATEI k-
HOCTE {a,} uMeeT mpefed, pasuki 1 (a, — 1), o[HAKO, KaK JIETKO
BUJIETH, 5Ta NTOCJIE0BATENBHOCTE HE CTAONIN3HPYETCH.

IIpumep 1. IlpuBeseM HOBOe [OKa3aTebCTBO PABEH-
cTBa (cp. npunmep 8 § 2.1)

}ll_’rg q" =0(gl < 1), (€]

Hycrs noxra ¢ > 0. Torga nepemennas ¢'(n=1, 2, ... )He
BO3pacTraeT n orpagMyera cEu3y uuciaom . Ho Torga no Teope-
me 1 cymectsyer uncao A = 0, K KOTOPOMY CTPEMHUTCSH §

lim¢" = A

n—%



§ 2.5. MOHOTOHHAIE NOCJIEAOBATENBHOCTH 57

HVimeem Taxxe
A=1lim¢™ = ¢ limqg" = ¢A,
n—»o0 n—yo0

orryra A (1l —¢g)=0uA=0, noromy uroq < 1.

Ecau terrepr g < 0, T0 Ha OCHOBAHHM yiKe JJOKA3AHHOTO
I¢"l =1g"| = 0, n — . PaBeHcTBO (4) IOKA32HO NOJHOCTEIO. 9TO
JOKa3aTeNkCTBO (4), mokanyii, 6oJiee aj1eraHTHOE, YeM TO, KO-
Topoe OBLIO ITpHBeneHO B npumepe 8 § 2.1, HO OHO He AaeT
BO3MOYKHOCTH CYLHUTH 0 CKOPOCTH CTPEMJICHMA ¢ K HYJII0 —
He faeTcs 3pDeKTUBHO THCIO0 N, = N, (€), HANHHAS C KOTOPOIo
Ig" <e.

ITpumep 2.CupaBejyinso PABEHCTBO

lim < =0, )

n—w n!

rfie @ — MPOUSBOJIBHOE YHCJIO.
Ilpu |a| < 1 oo ouyeBupno. Ilycers @ > 1. Tonoxxum

a
u, ==,
" nl
1__a
Torpa —: ol 0 (n — ). Orciona cnenyer, 9Tou,,,, <u,_

n
Vn > ng, roe n, JOCTATOYHO BEJIHMKO.
Taxum obpasom, nepeMeRHas u,, AN > 1, yObIBaeT. Kpo-
Me TOro, OHa orpannyena cHusy umucyom 0. Ho rorpa cyuecrsy-
eT mIpeje
limu,=A2> 0.
n-—»wo

llln.u 41 = lllxl u = Allln. = A N 0 = 0,

U MBI noxasa.rm paBeHcTBO (5) pnsa ao6oroa = 0. Ho oHO BepHO
¥ A goboro a < 0, moromy uro

a a
_:L:Lﬂ_,()npunﬂw.
n!l n!
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§ 2.6. Yucno e

PaCCMOTpHM II0CJIeNOBATEJABHOCTD

fed={+2.

ITokaxcem, 4TO 3TA IIOCNAEROBATENBHOCTE BO3pacTamoLias 1 or-
paumrueHa ceepxy. Ha ocrosanuu ¢opmynsl 6unoma Hriorona

Z n(n—1). kgn k+1) e

(a+b)" =

HMeeM

=(1+%)n=1+n%+...

nn-1) 1 nn-1)(n-2)
Ta oW a

=2+§1§(1—%)+$(1-%)(1—%) + e

+#( —%) (1~1lil) 9))

U3 paunoro paBeHcTBa BUAHO, YTO NOCIENOBATEIBHOCTD X, = 2
Vn. [lokaeM, 4TO IOCJIENOBATENLHOCTh {X,} OrpaHMYeHa
cBepxy. M3 paseHcTBa (1) nMeem

1 1 1 1
xn<2+§+...+;l—!<2+—+ 2k_l+...+ 2T S

1 1 1
L1l+{l++ot+=+..(=1+—= =
( 2 2 ] 1

TTokaxxem, 4To nocaeOBaTeILHOCTE {X, } BOSpacTamIad.
Tlo ananoruu c (1) umeem

=2+ 2'( n-1+1)+"'+;11_!(1_;111)"'(1—ﬁ)+

L _(1--1..(--2). @)

+ \
(n+HIV n+l n+l
Cpasrupasa (1) u (2), Bugum, 410 X, < x,,; Vi € N (8 (2)
Kaoxjoe caaraemoe Gouibile, YeM COOTBETCTBYIOIIEE CIaraeMoe
B (1), ¥, KpoMe TOro, IMeeTCsl Ha OAHO NOJOXKHUTENBHOE CJIa-
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raemoe Gouipiue). Ilo Teopeme 1 § 2.5 nocnenosarenbHOCTS {X, }
cxopurcsa. O603HaUMM ee IIpefies OYKBOH €, KaK 3TO mIpexJo-
sxua srepssie JI. Dittep®
n

lim(l + —1—) =e.

n—w n
W3 ckasaHHOro ficHO, UTO 2 < e < 3. BoJee Tounoe 3HaueHUE

e=2,718281 ... .
B oynyiem (B § 4.16) 6yner nokasana dopmyia, B3 KOTOPO

CHAEAYET, UTO

e=31_.6 (n>2), 8))
Lt

rae O — HeKoTOpPOE 3ABHCHILIEE OT 1 YHUCJIO, YAOBJIETBOPSIOUIEE
HepaseHcTBaMm 0 <06 < 1. C nomoubio 310# GopMynBl HETPYAHO
LOKa3aTh, YTO € ECTh YHCJIO HppanroHanbHoe. JlonycTyM, 4TO
e =p/q, roep ngHaTypaneHbie. Torna, monoxmus s (3)n =g, byzem
UMETh

p_v1,6
q éo! gt

YMHoxkas Ha ¢!, Tomyuaem
p(g—1) —-1=6, @

q
rael=g! )’ % — HaTypasibHOe 4iciio. Mbl oIy NpoTHBOPE-
k=0 %t:

Yue — JieBas yacTh (4) ecTh LeJIoe IHMCII0, a Ipaeas, pasuan®, ecrb
npaBIIbHAA APO6h.

§ 2.7. IIpyuHUMYI BIOKEHHEIX OTPE3KOE

Teopema 1 (IPHHIUI BJIOXEHHBIX OTPE3KOB).

ITyeme 3adana nocnedosamenbvHocmb ompe3ros (Ce2Menmos)
c,=la,b,] (n=1,2,..),

8J103eRHbIX Opyz 6 Opyza, m. €. maKux, 4mo o
2, ...), ¢c dnunamu, cmpeMAYUMUCA K HYTIO:

co,(n=1,

n+l

* JI.3unep (1707—1783) — BeaHKHI MATEMATHK, akajeMHuK Poceniickoit
aKgAeMHH HayK, MBeHnaper o NPOHCXOXAEHHIO,
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d,=b,—a, — 0(n— o).

Toz0a cyuwecmayem u npumom edUHCMEEHKAS MOYKQ
¢ (vueno), 00HOBpPeMEHHO NPUHAOREH QULAL 6CEM OMPEIKAM
c,(ceoc,n=1,2,..).

HokasaTearncTso. OueBnaHo, 9TO

a,<a,<a;,<...<bh,

pu m060M 3aaHHOM HATYPAJBHOM m. 3TO TOKA3HIBAET, YTO
4YHCla @, He YORIBAIOT ¥ OrpaHUYeHb! CBEPXY YHCIOM b, Ipu
mobom m U, coraacHo teopeme 1 § 2.5, cymecTsyer yucio c,
K KOTOpOMY cTpeMuTca repeMenHsas a, (lim a, = ¢). Ilpu atom
a, <c <, Tax kak B 3THX HEPaBEHCTB2X HaTypaJILHbBIE I U
m IPOU3BOJILHbIE, TO, B YaCTHOCTH, @, S c < b (n=1,2, ...).
CrnepoBaTenbHO, ¢ € C,, KakoBo 661 Hu O6bLI0 2 € N.

Haiinennast Toukac — enquucTeenHad. JlomyctuM, 4To cy-
ecTByeT Apyrasi TO4Ka ¢; € G, Vn. Torpa a, < c, o <b,
OTKYHRA

b,—a,Zlc—c¢|>0 Vn,

n

HO 3TO NPOTUBOPEYUT TOMY, uTOo b, — a, — 0.

3amedanBue.Breopeme 1 cyliecTBEHHO, YTO B Hell pac-
CMaTPUBAIOTCA OTPe3KH [a,, b, ], a He HATepBAJIbI, KaK ITOKA3HI-
BaeT cienylontuii npumep. Uurepsane: (0, 1/n)(n=1, 2, ..)

BJIO3K€HbI APYT B IPYTA, UX INuHA d, = 1 _o9=-1. 0, ©O HET

n n
HH OFHOH TOUKH, IIPHHAAJIEHKAILIEH OTHOBPEMEHHO KO BCEM 9TUM
HHTepBAJIAM.
B camom pgene, mobaa rouyxa ¢ < 0 He IPUHAAIEKUT K
a00omy us vaTepsasios (0, 1/n). Ecnu ke ¢ > 0, To Haiizerca
Takoe n, uTo 1 /n <cme € (0, 1/n).
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§ 2. 8. Tounsie BepXHAT U HUIKHAA IPAHHU
MHOKecTBa

PacemoTpyM Opou3BOILHOE MHOMKeCTBO E peiicTBUTEND-
HBIX unucen x. Moxer cyduThes, 9To B HeM MMeeTCsl HanGolIk-
mee (MAKCHMAJIBHOE) YHCJI0, KOTOpoe Mbl 0003HaYuM uyepes M.
B atom ciyuae muuyr

M =max £ = max x,
xeE

MoskeT CIyIUThCA TAKKe, 4To cpeny uucenx € E nmeer-
csl HauMeHBbIlee (MUHMMAIBHOE), paBHoe uncny m. Torga mu-
myT

m =min E = min x.
x ek

Ecnu mHO»)ecTBO E KOHEYHO, T. €. COCTOMT U3 KOHEYHOro

YUCIa YHUCeN
Xys Xgy ver s Xy
TO CPEU HUX BCETHA eCTh HAUGOJEINee U HaHMEHbIIee.

OpHaxko 3T0 HE Bcerna Tak, ecnu £ — OeckoHeuHOE MHO-
KeCTBO.

Ilpueenem npymMeps:

Nz=4{...,-3,-2,-1,0,1, 2, ...},

2yN={1, 2,3, ..},

HN_={...,~2,-1},

4) [a, 1],

3) [a, b),

6) (a, b).

Muoxkecteo Z He umeeT HAUGOJBINEro M HANMEHbLIETO
yucen. Murepsain (a, b) Toxxe se UMeeT HAMOOJBINEro M HaK-
MeHbIIero umcesn. IIpu arom ageck He MMeer 3HadeHun, GyayT
JIM YKCJIa d, b KOHeUHBIMH UK beckoneuHsiMi. KaxoBo 661 HI
6BL10 YHcHo ¢ € (a,b), T. €. YHCII0, YAORNIETBOPAKIIEE HEPABEH-
CTBaM @ < ¢ <b, Bcerja salgyTes YUcCa €y, C,; TAKKe, UT0 @ <c; <
<c<e,<b.

M=uosxecTBo N He MMeeT HaMOOJILILETO 3JIeMeHTa, HO MMe-
eT HaumMesbmni x = 1. MHOKecTBO e N_ numeer HauGoIbIumii
9JIeMeRT X = ~1, HO He MMeeT HAMMEHLIIIEro.
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QOuesnpHo Takxkemin [a, b]=a, max {a, b] = b,min [a, b) =
= @, OFHAKO MaKCHUMalabHOI'O Yucia B [a, b) HerT.

BosaukaeT BOITPOC O BBENEHNHN IS IPOU3BOJIBLHOIO MHO-
skectBa E 4nces, KOTOpPBIE O BO3MOXKHOCTH 3aMEHSNU Gbl
max E u min E. Takumu uucnamMu (KOHeYHBIMU MK GeCKO-
HEYHBIMI) ABNSIOTCH MOYHAA 6EPXHAA ZDAHD

sup E =supx = M

xeE

U MOYHAA HUNHAA ZPDAHb
xeE

MHONMCecmea.
IlycTs MmEOMecTBO E orpaHuveHo CBepXy.
Yneno M (KoHEUHOE) Ha3bIBACTCS MOUKOIL 6€pXHED 2pa-
Hbi0 MHOXKeCTBA K, eclu JJIs1 HEro BEIIONHSIOTCH [BA YCIOBKA:
Dx<M VxekE,
2) pnsa moboro € > 0 cymecTByeT Touka x; € E Takas, 4To
BLITONHAKTCH HEPABEHCTRA

M-e<x; <M.

ToBops apyrumu ciosamu, sup £ = M ecTh HauMeRbLIAA
M3 BEPXHUX rpaHnl (MasKOpPaHT).

IIycTte MHOMXKecTBO E OrpagiyeHo CHU3Y.

Yucno m (KOHEYHOE) HASHIBAETCA MOYHOU HUNCHED 2pa-
HbI0 MEOYKecTBa E, €C/IH IJIA HETO BBIITOJHAIOTCH ABA YCAOBUS:

I)m<x VxekE,

2) ps moboroe > 0 cyiecTByeT Touka x; € E Takas, 4To

ms<x,<m+g,

T. e. inf E = m ecTs Ranbonbllian U3 HUKHUX DaHUIL.

Ouesnano, ecau B MHOXKecTBE E AeitcTBUTENLHBIX HUCeN
uMeeTca Haubonpliee (HaTMeHELIEE) YACIO, T. €. CYIECTBYET
max E (min E), To

sup £ =max E (inf E = min E).

sup, inf — cokpalesua AaTHHCKHX CJOB sSupremum —
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HauselcluMit, infimum — saususmuit. 3Ta TepMHMHEOIOTKHA He
COBCEM yAAUHA, IIOTOMY UTO, HATIpUMED, sup E He Bceraa ecTs
HAWBBLICIIWI 3/IEMEHT B MHOMecTEe E.

IIpumep 1. Muoxectro

=123 1 [n
E={z s o1l
UMeeT HAaMMeHbLIee e, pasHoe 1/2 (min E = 1/2). Oxrako

OHO He UMeeT Haubonbiero, IOTOMY UTO 1 <§ <3< ....Bce

4
K€ OHO OIPaHMYEeHO CBEPXY YHCIOM 1 M mM06bIM ynciomM, 6GITE-
uruMm 1. Ho umcno 1 urpaer nekmounTensHYIo poas — OHO €CTh
TOYHaA BepXHAA rpaHs E (sup £ = 1).
B camom pene:

n
1) n+l<1 Vn € N,

n
m+
Mzu! pamm onpenesieHue TOYHOI BepXHeii (HHHei) rpaHn

AT MHOMKECTBA, OTPAHNYEHHOIO CBEPXY (CHM3Y).

Ecnu muoaecTBo E e OrpaHNieHo CBEPXY (cHuay), To ero
TOYHOH BepxHel (HIKHeH) rpaHbio eCTeCTBEHHO HASBATD CHM-
BOJ +00 (—00): sup E = +00 (coorBercTpenHo inf E = —0).

HWsorzna, Koraa HET OIIAaCHOCTH ITYTARUI[BI, BMECTO 00 IH-
YT 00,

2YmaVe>0 dn;eN:1-g< 1<

Il puwmepsr. [ina Muosxkects 1)—6), IpHBeleHHBIX BHILE,
HMeeT MecTO

sup Z = +0, inf Z = —o0,

sup N = oo, infN=minN-=1,
sup N_=max N_=-1, infN_=-o0,

sup (a, b) =0, inf (a,b)=a,

raea u b MoryT 6biTh KOHEYHLIMU ¥ HECKOHETHBIME YKCIAMH.

MosxHO faTs 00lIjee OITpeieIeH1e TOYHOM! BepXHell (K-
Hell) TPaHM MHOKeCTBA, KOTOpoe TOJHUTCA RIS JIOGOro MHO-
3KeCTBA (OrPaHUYEHHOTO ¥ HEOTPAHMIEHHOTO).
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Yucno M (COOTBETCTBEHHO 1), KOHEUHOE UK GecKoHed-
HOe, Ha3LIBAeTCH MOYHOIL epxHeil (HuxcHell) 2panbl0 MHOMe-
ctea E (puc. 9 n 10), ecli BLIIOJTHAIOTCS YCIOBUSA:

Dx <M(m<x) Vx € E;

2) nna moboro (koseunoro!) M, <M (m, >m) cymiecTByeT
x, € E takoe, wro M; <x; S M (m < x, <m,).
Moz M

f Bl
I”-Z"'@ &£

Puc. 9 Puc. 10

B aT10ii GopMyIMpOBKe He IIPUXOIUTCH YIIOTPebAATE pa3-
HOCTh M — £ (cyMMy m + €), 9T0 He KMeeT CMbIcia npu M = +o0
(m = —o0).

CrpaBe/yiBa TeopeMa NPUHEIUTINAJIBEHOTO 3HaYeHUA.

Teopema 1.Ecau ne nycmoe mroxcecmso E deiiemeu-
MmenbHbLLX YUCET 02DAHUNEHO c6ePXY(CHU3Y) KOHEYHbLM YUCAOM
K (coomeemcmeenno k), mo cywecmeayem wucao M < K(m =
=k), seraiouleecs moyHoil eepxHeil (HuxicHeil) epanvio E.

HorkasatenscTsBo. Tak Kak £ — He HycTOe MHOYKECTBO,
TO OHO COIEPKUT B cebe no KpaiiHeil Mepe OJHY TOUKYX,. Paccmor-
PUM OTDPE30K O, = [a, b], raea < x, b= K.

ITo ycnoBuio npasee G, Her ToueK E. PagpenuM O, Ha ABe
PaBHBIE YACTH (JJBa OTPe3Ka) U 0003HAUNM Yepe3 G, caMylo npa-
BYI0 IOJIOBUHY, COAEPsKaIlyo B cebe xora Or1 ofiHy TOUKy E. 910
HA/10 NIOHMMATH B TOM CMLICJIE, 9TO €CNIH 00e IIOJIOBHHBL COLep-
sKaT B cebe Touku E, TO O, €cTh MpaBas 13 HUX, A €CIIN TOJILKO
ONHA Y3 HUX COAEPsKUT TouKkH E, T0 NMeHHO oHa 0603HaYaeTcs
gepes O;.

O6osHayuM yepes x, Kaxylo-aubo Touky mus E, npunaznme-
JKamyw K o,. Takum obpasom, X, € C,, HO IPaBee G, HET TOYEK
E. lennmM Terephb G, Ha B PABHEIX 0TPe3Ka U 0003HaUYAeM Ye-
pes G, caMblii npaBIil M3 HHX, cofepxainuii B cebe XOoTA GBI
oxny Toury E, xoTopyro obo3HaunM uepes x,. Ilpasee G, mer
Touek E.

IIpogonuUB 3TOT HpoONEcc M0 MHAYKUUH, NOJIYy4HM
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[I0CJIe0BATENHHOCTE BJIOYKEHHEIX OTPESKOB O, =[a,, b, (0, D0, ),
JUIMHEI KOTODBIX

b —a =b=a _ o, n — oo,
n n n
2
ITpu atom npu sn06om n€ N npagee G, HeT Touek E, HO G, cozep-
*KUT B cebe HEKOTOPYIO TOUKY X, € E.

Ha ocHOBaHNM IIPHHIUIIA BIOYKEHHBIX OTPE3KOB CYILIECTBYET
eIUHCTBEHHAS TOYKA, KOTOPYIO MBI 0003HaYNM yepes M, IpuHajI-
Jiexkalas KO BceM orpeskam ©, (M € o, Vn).

Jokarxem, ITo

M =sup E. (03]

B camom gene:

1) nveer Mecto HepaBeHeTBo X < M, Vx € E, notoMy 4TO ANA
J1060H TOURM X > M Haliferca OTpesok O, INMUHE MeHbUIell, yeM
x — M. Tak rax oH cofepakuT B cebe Touxy M, To Touka X HeoGX0-
AMIMO HAXOJUTCS pasees,, HO Torza X € E, IoToMy 4To mpaBeec,,
HeT TO4YeK K.

2) pna moGoroe >0 dx'e E
M-g<x <M. @

Bens n1060#t 0TPe30K O, AINHEI MEHBIUEH, YeM £, PACTIONIOKEH
npasee TOUKU M — & U copepxur B cebe Toury X, € E, KOTOpYIO U
MOYHO CHUTATL TOUKOM x' (x,, = x').

CooTBeTCTBYIOLAA TEOPEMA, YTBEPIKAAIONIAs CyIIeCTBOBAHNE
TOYHOI HUKHEI IPaHU ¥ orpaHIYeHHOro CHU3y MHO)KecTBa E, 1o-
Kas3blBAETCH AHAJOIMYHO, OTHPABJIAACE OT cerMeHTa O = [a, b,
copepakauiero B cebe HEKOTOPYIO TOUKY X, € E takoro, ytoa =k
U x, <b. [lenumM G, Ha ziBa paBHbIX OTPE3KA ¥ Yepeas, ofosHauaem
Teleps CAMYIO JIEBYIO IOJIOBHHKY, COLEPIKALIYIO B cebe ToukKy K,
HAXO[UM B G, TOUKY X, € E U mpoposmxaeM gajee 3TOT HPOLEC 10
MHAYKIAH,

CrasanHoe BBIIIE IIPUBOAMT HAC K CIEIYIOLIEMY YTBEPK-
NEeHNI0: 8CAK0E MHON ecmneo E umeem moinbLe 6ePXHIOI0 L HUNC-
H1010 2panu. Ecau E ozpanuuero caepxy, mo sup E < o0, ecau
e E He ozpanuveno ceepxy, mo sup E = co. Angnozuuno, ecau
3. Baras 704



66 T'JIABA 2. IPEJEN NOCJHEOBATEANLHOCTH

E ozpanuveno crusy, mo inf E > —o, u ecau E He ozpaHuvero
cru3sy, mo inf E = —co,

3anaum

1. ITycTs naHel MHOXKECTBA JeficTBUTeNbHRIX uncen X = {x},
Y = {y}. Ilox MmuEOKecTBOM {x+y} OyZ€M DOHUMATH BCEBO3MOYKHEIR
cymmer yucellx € X uy € Y. lokasatk, 410

sup {x+y}=sup {x} +sup {y}, inf {x+y}=inf {x} +inf {y}.
2. TTox, mEOXKecTBOM {xy} GyleM NOHUMATEL BCEBO3MOMKHKIE

NPOUSBEACHIA HEOTPHIATeTbHEIX yuceax € X uy € Y. JlorasaTs,
UTO

sup {xy}=sup {x} sup {y}, inf {xy} =inf {x} inf {y} (x> 0,y > 0).

3. Jorasathb, uTO

sup(—x)=—-infx, inf(-x)=-supx,
xeA( ) xed xeA( ) xeA

§ 2. 9. Teopema Boaxsnano—Beitepmrpacca*®

ITycrs 3amana ITIPOU3BONEHAS IIOCHEAOBATENIBHOCTD AeHiCT-
BUTEJEHBEIX uKcen {x,}. BelbepeM u3 Hee GecKOHeTHOe MHO-
3KECTBO 3JIeMEHTOB ¢ HOMEpaMHU 1, < 7i, < ... . Toraa monyuum

HOBYIO TIOCJI€NOBATENLHOCTE {xnh }s KoTopasi Ha3kiBaeTCA 7100

nocnedosamenvHocmuio nocaedosamenvrocmu {x, }. Takux mon-
MOCJIEeR0BaTEeALHOCTEH MOXKHO BHIAEJNNTHL U3 NAHHOI IIO-
CJIEZIOBATEILHOCTH OeCKOHEYHOE MHOXKECTBO.

Ecnu mocyiexoBaTenbHOCTE {X,} CXOAUTCA (K KOHOUHOMY
THCITY, +00 MJIK ~00), TO OYE€BMJIHO, UTO U Niobasd ee mofmocaeno-
BATEJBLHOCTD TOXKEe CXORUTCS U MPUTOM K TOMY Ke YHCIY (KO-
HEYHOMY, -+00 MJIH —0).

TlocnemoBarenvuocTs

{19 '"1! 1: _19 -"} 3 (1)

MOKeT CAYXXHTbh IIPHEMEpOM He cxozmn.(eﬁcn nocnepoBaTeNlb-

* B. BonenaHo (1781—1848) — uenickHil maTemMaTHk, K. Beiiepmrrpacc
(1815—1897) — HeMenxuii MaTEeMaTHK.
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HOCTHU 4nces. Bece xe MBI BULUM, YTO 3TA MOCAENOBATEIEHOCTE
comepKUT B cee NOAIIOCIeN0BATENLHOCTD
{1, 1,1, ...},

cxopsanyocd (K 1). BosuukaeT sonpoce, Beeraa M aTO TAK, BCA-
Kas JIU [10CJ1eJ0BAaTeIbHOCTD e ICTBUTENILHBIX YHCEN COAEPIKUT
B cefe mOAIOCNENOBATEIBHOCTL, CXOAAIYIOCA K HEKOTOPOMY
YUCIy (KOHEYHOMY, +00, —c0). [JonmoxuTe IbHLIE OTBET HA 3TOT
BOIIPOC HAEeT

Teopema 1. H3 ecskoii nocredosamenvrHocmu
JeilcmeumenbHblx wucen {x,} MoXCHO 8btdenumsy nodnocaedosa-

menbHOCME { X, }, CX00MUYIOCH K KOHEUHOMY YUCRY, UAU K +00,

U K —00,

B cayuae, KOTia IOCNENOBATELHOCTD {X, } HE OTPaHHYeHa
cBepXy (cHU3y), OHa, OYEBHAHO, COAEPKUT B cebe IIOAIIOCTIE-
JOBATENBHOCTD, CTPEMAIITYIOCH K +00 (K —00), YTO HOKa3LIBAET
TeopeMy. Ecim sxe nociaeosaTebHOCTh OTPAHITYEHA, TO Teope-
Ma 1 cBomUTCA K CIEeRYIONei TeopeMe.

Teopema 2 (Bonwrmasmo-—BeiiepmTpacca).
H3z ecaxoii oepanuuennoll nocnedosamenvrnocmu {x,} MOMCHO
ébidenumd nodnocaedosamenvrhocms § X, }» cxodawyiocs x

HEKOMOPOMY YUCRY.

JdokxasaTenscTso . Tak KaK 110CIeI0BATENLHOCTE TO-
4yeK {X,} orpaHMYeHa, TO BCe OHM IIPHHAJJIEXKAT K HEKOTOPOMY
otpe3ky [a, b], KoToperit 06o3HauMM uepes G, Paspenum G, Ha
ABa PABHEIX OTpe3Ka 1 0003HaYNM Yepes O, CAMBIH IIPaBbI U3
HUX, COAEPKaMil B cebe OeCKOHEYHOE HUHCIIO IJEMEHTOB X,.
Opun us aTuX aneMenToB 06o3naunum yepesx,. [Ipasees,, ecau
€CTb, TO KOHETHOE YUCJIO TOUeH X, PaszeliM o, Ha 1BA PaBHBIX
OTpe3Ka U 0603HATHM HYepes G, CAMBIH HPaBblil U3 HHUX, COfep-
amuit B cebe GecKOHeYHOe YHCIO INIEMEHTOB Xx,. BriGepem
CPe[lH 3THX 3JIEMEHTOB OlUH X, C HOMEPOM 7, > n,. IIpaBee O,
€CJIK €CTh TOUKH X, TO UX KOHEYHOE YHCIO.

ITpomonsxumM 3TOT npollecc 110 MHAYKIUM. B pesynbrare
HOJYYUM ITOCJIENIOBATENALHOCTE BJAOXKEHHLIX APYT B APYra oT-
peskor O, = [a,, b}, nnusEl KoTOpLIX b, —a, = 0, B — o, u
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MOATIOCTIEI0BATENILHOCTE TOUEK HAIlIeH IHOCIe[0BaTeIbHOCTH Ta-
KHX, 9TO X, € G, (n; < n,<...). IIpu arom npasee Kax0ro u3

OTPe3KOB UMeeTCs He Hoslee ueM KOHEeYHOe HICJIO 3JIeMEeHTOB X,
Ha ocHOBaHMU IPHHIIANA BJIOXEHHBIX OTPE3KOB CYILECT-
BYET TOYKA ¢, IPUHaAIeKaINas K J106omy s 0TpeskoBo,. Oue-

BHUAHO, YTO IOAIIOCNENOBATENBHOCTH {x,,k } HMeeT CBOMM 1Ipene-

Jom ¢ ( X, — €), U Mbl ZOKA3aJIH TEOpEMY.

§ 2.10. BepxHuii H HUM¥KHUII TIpeIeIbl

Ecin sapana npousBoIsHA A TOCIEIOBATENILHOCTE e HCTBHTE -
HEIX yHcen {x,}, To, cornacuo Teopeme 1 § 2.9, BosMoxkHO pac-
CMATPUBATD IIOPOYK/JAEMEIE €10 PA3IHYHEIE CXOAALIecs IIOAIo-
CIIENOBATEIHHOCTH.

ITpenentl sTUX MOAIIOCIEAOBATENLHOCTEHM IPUHATO HA3LIBATE
HACMUYHbLMU NpefesaMiL TIOCTel0BaTeIbHOCTH {X,}.

ITo onpeneneHc 8epxHUM npedesom NOcaedosamensHocmu
{x,} (mym nepemennoil x,) HaseiBaeTcs uucia0 M (KoreuHoe, +00
HJIH —0), obNaaaolee CIeAyIOLUMMY JBYMS CBOHCTBAMY .

1) CyigectByeT NOANOCIeNOBATENEHOCTS { x, } nocnegoBaTeNs-

HOCTH {x,}, cXogsmanaca k¥ M:

limx, =M.
ko Tk

2) s moboii exonauieiics noLHoCIeJOBATeNLHOCTH { x, } moc-
k
JIefoBaTeNILHOCTH { X, }

limx, <M.
ko TE

Bepxuuii npegen nocregoBaTelbHOCTH {x,} 0603HAYAIOT OJI-
HUM 13 CMBOJIOB

M =limx, =limx, = lim supx,.
n—o n>w k>n

Ecan nocnezoBatensuocTe {x,} He orpaHHueHa CBEpPXY, TO,
OYEBUIHO,

limzx,, = +o0.

Tepemenuas x, = (-1)"umeer limx,, = 1.
Bor er-..« upumep:
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{n(“”"}:{l, 2, %— 4, i -}

9ra nocsiel0BATENLHOCTS (IIEPEMEHHAA) He OrPAHHYEHA CBEPXY.
CrepoBaTensHo, ee BepXHUIL nnpenes

Tim Y = oo,

A5 orpaHuYe HHO# CBePXY NOCTIeA0BATeILHOCTH { X, } ee Bepx-
HUi npezien M MoKeT GBITh OpefesieH TAKKe CIeIyIoIKM obpa-
30M: 1151 BCAKOrog > O mpagee M + £ MMeeTcs passe YTO KOHeYHoe
YHCJIO TOYEK X,,, IIpaBee Ke M — g saBeioMo UMeeTes GeCKOHeYHoe
YHCJIO TOYEK X, .

OTMeTHM, YTO eCJIH ITOCTe[OBATEIEHOCT {x,} uMeeT OOBLIYHLI
(xoreunwil) npesen lim x, = M, 10, Kak MH 3HaeM, AJs JH060TO
€> 0 nepaserctTea M — € < x, < M + € BHINONHAIOTCA /I BCEX x,,
3a HCKJIFOYEHNEM MX KOHedHoro uucia. Takum oGpasom, npasee
M + € umeetcs He GoJiee yeM KOHEYHOE HHCIO 37IEMEHTOB x,a
npasee M — € — saBenomo GeCKOHEYHOE X YHCTIO.

9T0 NMOKAa3bIBAET TaKkKe, uto M = Hr;lxn.

Wrak, ecim M =lim x,, To u li—mx" =lim x, = M.

Ho pasHunia Mexx 1y OGEITUHEIM IPEAESIOM 1 BEPXHUM MPEJeIoM
3aKJIIOYAETCH B TOM, YTO B cJIydyae npezena jiesee M — € uMeercs He
Gormee eM KOHEYHOE YHCTIO TOYEK X, & B CIy4ae BEPXHEro npezesa
nesee M ~ € MOsKeT GBITEH 1 GECKOHEYHOE YICIIO TOYUEK X,,.

Ilo onpepenenuro HuncHuM npederom nocaedoeamensHOCMU
{x,} (umu nepemenmoil x,) HASKIBAETCA YHCIO m (KOHEUHOE, 400
MM ~o0), obnafalomee CAELYIOUINMH AByMs CBOMCTBAMI:

1) CyiecTBYeT NoANIOCIE AOBATENBHOCTE {x, } mocnemoBaTens-
k

HOCTH {X,}, CXORALIAACH K M:

limx, =m.
(3
n-—ycc

2) s m060ii exonAleicsa noanocienoBaTelLHOCTH {xn } ioc-
(3

JIeNOBATENBHOCTH { X, }

limx, >m.
n—yxc &
Hr:xamii npefen nepeMeHHOI X, 0603HAYAIOT OLHUM K3 CUM-
BOJIOB
m = limx, =limx =lim infx, -
n—»=o

n—o k>n
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Ecyu nocte[oBaTeIbHOCTS { X, } He OrpaHIYeHa CHU3Y, TO, O4e-
BHJHO,

lim x, = —c0.

J 151 orpaBrYeHHOM CHM3Y HOCIEIOBATEILHOCTH HMXKHUI Npe-
JeJl M MOXXHO ONPEIENUTD TAKIKE CIEAYIOLUM 06pa30M: s BCS-
Koro € > 0 JleBee m — € MMeeTCA Pa3Be YTO KOHEUHOE YUCIIO TOYEK
(smeMeHTOE) x,, JleBee 3Ke m + £ 3aBeJJOMO MMeeTcs1 HecKOHeUHOoe
YHCJIO TOYEK (371eMeHTOB) X,.

OueBHHO, YTO

lim x, <lim x,,. (1)

Teopema 1.J[na mozo wmobtt nocredosamenvrocms {x,}
umena npeden (KOHEYHbLIL, +00 UAU—X0), Heobx0dumo u docmamoy-

Ho, ¥mobbt limx,, = limx,, u mozda lim x, = limx, = limx,.
3aMeTHM, YTO eclin l?n:)c,l =-00, To B cuay (1) limx, = —o0, mmo
Teopeme 1
lim x, = ~o0.

OueBnano Taxike, YTO M3 paBeHCTBa limx, = +0 BhITEKaer,

4yTo
li_mxn =lim x, = +o0.

SaMevyaHue. MOKHO IOKa3aTh, YTO YKCJIO €, KOTOPOE MBI
NOAYYHJIM IPY JOKAa3aTeIbCTBe TeopeMbl Bonsnano—Betieprtpac-
€4, ABJIAETCA BEDXHHM NpPeJeJIOM X,

l_igxn =c.

9T0 BEITEKAET U3 TOI'0, YTO PaBee KA JOro OTPesKas, MMeeT-
cA He 6onble YeM KOHEYHOE YMCIIO TOUEK X,

C npyroii cTopoHsl, eciii 651 MBI BUAOM3MEHWJIN MIPOLECC, BhI-
6upas HA Ka)K[OM 9Talle JeieHHusa O, HA JBa PABHEIX OTpe3Ka He
caMplll IPaBBIi, a8 caMbIi JIeBBlil U3 HHX, cofiepiXaluil 6ecKoHed-
HOe YMCJIO TOYeK X,, TO MBI OBl IOJIYYMIH, BOSMOXKHO, APYTYIO
TOYKY ¢’, COIEpPIKAIIYIOCH BO BCEX O, ¥ 3Ta TOYKA GRIa 611 HyDK-

HEM opegenoM x,(limx, = ¢').

Ecnu nepemeHHas x, He HMeeT Ipefeia, TO 3aBefloMo ¢’ < ¢,
€CJIM K€ IIpejiel X, CYILeCTBYeT, TO 0ba mpolecca HeoOXOR¥MO IIpH-
BEJYT K OJHOMY M TOMY e YHCIy ¢ =C'.
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§ 2.11. ¥Ycaosue Komu cxogumocTn
MOCIeR0BATEIHbHOCTH

Ilyers 3a72Ha DOCAeOBATEJIBHOCTD AEHCTBUTEJILHEIX YH-
cen {x,}, cxopaiasca K KOHeYHOMy Ipejeny a:
limx, =a.
n—»o
9TO 3HAYHT, YTO AAA BCAKoro &£ > 0 Haiifercs wucio n, = ng (g)

Taxoe, 4TO
£
|xn—a[<5 Vn>n,

Hapsany ¢ HaTypaJabHBIM YHCJIOM It > g, MOYKHO IONCTABHTH B
3T0 HePABeHCTBO APYToe HATYPAJbLHOE THCJIO0 M > Nyt

|xm—a|<% Vm > n,
Torga

%, ~x,l=|x,—a+a~x,| <lx,—-a|+|x,—-a|]<Z +E =¢

£, &
2 2
Vn, m > n,.

Mp! moryuHnan clenyiolee yTBepIKAeHUe: eCllU TepemMer-
HaA X, UMeelm KOHeuHblil npeden, mo Ons Hee 6bINOAHAEMCA
ycnosue (Komu*): aa arobozo € > 0 naitdemesn ny = n,, (€) ma-
Koe, Wmo

|, - x|l<&  Vn,m>n,

ITocnegoBaTeNIBHOCTD YHCeJT, YAOBJIETBOPSIONAA YCIOBUIO
Koru, naseiealoT eitie Ppyndamenmanvroii nocredosamene-
HOCMBIO.

OxasrsiBaercs, YTO MMeeT MecTo TaKsKe 0OpaTHOe YTBepaK-
[lEHHEe: eCaU NOCRedosamenvHocmy OelicmeumenvHulx YUCen
{x,} dyndamenmanvras, m. e. ydoenemsopsem ycnosuio Kowu,
mo OHa uMeem npeden, m. e. cCyujecmeyen Yucao a (KoHeLHOe)
makoe, ¥mo x, — a, n — o,

HoxkasarTesascTso. HauneM ¢ Toro, uro gokaskeM, uro ¢yH-

* 0.J1. Komu (1789—1857) — ¢paruysckuii MaTeMaTHK. B ero Tpyaax
BIEDBHIE ONpEeACSIEHE OCHOBHLIE NMOBATUA MATEMATHYECKOr0 AHAIM3A
(npezen, HenpPepRIBHOCTL, MHTEIPAJ, ...) TAK, KAK 3TO NPHHATO B CO-
BPEMEHHOI MaTeMaTHKe.
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IaMEHTANIbHAA MOCNIeJOBATENILHOCTh orpaHnyena. B camoM fene,
noJioxkuM € = 1 1 nopbepem, cornacuo yeaoeuio Ko, yiiciio n,=
= n, (1) Tak, uro

lx, - x,] <1 Vn, m > n,,

oTKyga

1>x, —x_ |2 x| —Ix,l

w
1+ix,| 2 |x,] Vi, m>n, 1)

Sadukcupyem m > n, u o6ozHAYHM

M =max {1+ |x,}], |x,]},
n<n,

T. €. MAKCHMYM UMCel Ixn[, rae n < ng, muucaa 1 +|x,|. Torga B
cuny (1)

M=>|x] VneN,

¥ OrpaHHYeHHOCTH NIOCJIEIOBATEJIbHOCTH {X } NOKasaHa.

ITo Teopeme Bosbunano—Belteprrrpacca M3 orpaHHYeHHOI
TIOCJIC/IOBATEIBHOCTH { X, } MOYKHO BBIJEJIHUTb IOAIOCIEHOBATEILHOCTD
{xnk }» cxopfAImyoca K HEKOTOPOMY (KOHEUHOMY) UMCIy @, T. €.

limx, =a.
n—ow

IToxaxkeM, 4YTO B pauHOM cJlyuyae He TOJNBKO 3Ta
NOAIIOCIE0BATEILHOCTE, HO ¥ BCA HOCJIeJOBATEJILHOCTE MMEET TIpe-
Rena:

limx, = a.
n—oo
B camom peJte, corsacuo yenosuro Komu, koropomy yrosaer-

BOpsAET Hallla IOCJIe0BATENBHOCTD, L1 Jitoboro e > ) nalineTcsn,
TaKoe, YTO
x,—x,<€/2 Vn,m>n,. (2)
C ppyroii cTOPOHEI, B CUIIY TOrO YTO x, —a, k — oo, MOoXKHO YKa-
3aTh TaKoe k,, 4T0
Ix,,k“ —dal<g/2

n,> - @)
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B cuny (2), rre Hago nonoXxuTL m = n, , ¥ (3) nmeem

£

|9c,,—a|=|x"—xn,r + X, -al<lx,— xn;.|+lxnk —al< 5 + & ¢

£
2
Vn>n,,
M MBI JOKAa3aJM, YTO [IOCJIeJOBATENILHOCTD { X, } MMeeT npefie, pas-
HBIH a.
HUrak, gokasana

Teopema 1 (kpuTtTepuit Komu cymecrtBosa-
HHAA npepeua). JJaa mozo xmobut nocredosamenvrocms
deilcmeumenbHblLx Hucen{x, } uMela KOHeuHblil npeden, Heobxo-
dumo u docmamouno, ¥mobvL ona Gvira PyHAAMEHMARLHOIL
(ydosaemeopsana yenosuio Koww).

§ 2.12. IloTHOTA M HENPEPHIBHOCTL MHOKECTBA
NeHCTBHTEJILHBIX YHCeJ

B mpearigymux naparpadax MBI JOKasalu psjf, CBOHCTE
JeHdCTENTeNBHBIX YHCeJl, BajKHeilllle U3 KOTOPHIX MBI Hepe-
wMcnsem:

1) CymecTBoBaHMe npegesa y orpanueHHON MOHOTOHHON
nocnenosateasHocty (§ 2.5, Teopema 1).

2) Ilpuniinn BJIoXeHHBIX O0TPe2KoB (§ 2.7, Teopema 1).

3) CymecTeoBanNe TOUHO} BepXHeH I'PAHN y IPOM3BOJIb-
HOI'0 OrpaHHYeHHOro MHOMKecTBa (§ 2.8, Teopema 1).

4) CxopumMocTs byHAAMEHTANILHONR MOCIEL0BATEIEHOCTH
K npefieny (kpurepwuii Komu, § 2.11, Teopema 1).

Xors nepedncIIeHHbIE CEOMCTBA ¥ BHITJALAT PasjAuHO,
Ha caMOM Jiesie MeXZy HEMH HMMeeTCA INIy0oKas BHYTDEHHSASA
cBsasb. He Tak y Tpy/HO MOKA3aTh, YTO yTBep:KAeHuA 1)—4)
(mpu mamuwyuu ceoiicts I — IV uncna) SKBMBaNEHTHBI MedXXK Iy
coboii, T. e. u3 OOOro U3 HUX CleYIOT TPH OCTANILHEIe. B aToit
kHure OBLI0 NOKa3aBo, YTO M3 1) (U1K, YTO Bee paBHO, CEOHCTEA
V, cm. § 1.6) u coitcts I— IV cnenyror 2), 3), 4).

CroiicrBa 1)—4) nHasbIBalOTCA ellle csoilcmaeamu
Henpepvl8HOCIU UITATIOJHONbL MEOKeCTBA BCeX AeHcTBUTe b-
HBIX YHCeJI.
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Y706kl YSICHUTEL MX DOJIb, PACCMOTDPHM MHOXKECTBO TOJIBKO
PaIMOHANBHBIX YMces, KoTopoe 0603HAUNM yepes Q.

CsoticTBa 1-—IV 115 paniMoHAaNEHBIX YMCeJ BRIIONHATCA. Off-
HAKO cBoicTBO V U, cllefloBaTeJILHO, J100oe U3 cBoMcTs 1)—4) aia
PALMOHAJBHEIX YHCeN, BoobIje TOBOPS, He BHIIOJHAIOTC.

ITossicauM 3TO Ha mpumepe. Insa sToro HaMm Gyaer yRobGHO
ONePUPOBATH TAK2KE ¥ MHOKECTBOM BCceX AeMCTBUTEIIbHBIX Ylce,
KoTOpoe 0603HaunM yepes R.

BagaauM GeCKOHEUHYIO HEIIePHOJNYECKYIO TeCATUYHYIO Zpobb

a™ =ay, a,a,0,... .

Taxum 06pa3soM, @ — MPppalHOHAILHOE YHCI0, T. e.d € R, Hoa €Q.
Jpobk a oposKaaeT noc/ieJOBATeIbHOCTE CPE3OK

d”=qaya,...a,(n=1,2,...)
— PalMOHANBHEIX YHUCeJ, — He YOBIBAIOINYIO M OIPaHWYEHHYIO
CBEPXY IEJIbIM YNCIIOM 4, + 1. He cyiiecTsyeT panuosaIbHOro yuc-
JI9, K KOTOPOMY HAIIIa [TOCJIEOBATEIbHOCTb PAIMOHAIBLHBIX YHCeII
{a‘")} cxoauresi. B camMoM fesie, MBI 3HaeM, 4YTO HepeMeHHAas a®
cxoguTeA K @ (cM. npumep 9 § 2.1), T. e. K HppaOHAIBHOMY YHC-
Jy, & K APYTOMY YHCJIY OH& CXOAUTHCA He MOYKET.

Mg nokazanu, uto cBoiicTBo 1) B Q, BooOie rosops, He
BEINIOJIHAETCS.

HeTpynuo nokasarb, 4TO ¥ CBOHCTBa 2), 3), 4) B Q, BooO1Ie
roBOpA, He BEIIOJHSAIOTCA.

MHOXECTBO eiiCTBUTEIBHBIX YHCeJI HAZhIBAETCANOJIHbLM
B CHIJIy TOIO, YTO JJIA HEro BBLINIONHAETCA CBOWCTBO 4), 3aKIII0-
yaonieeca B TOM, uyTo Jiobas $yHAaMeHTanbHasa IoCcienoBa-
TeJHHOCTb YHCEeNl CXOAMTCA K HEKOTOPOMY AeHCTBHTEIHLHOMY
qUCIy.

MuoskecTBO Q panMOHAJIBHEIX YUCEN He SBJAETCS moJj-
M. OHO COZIEPXKUT GYHAAMEeHTANbHEIE NIOCIeI0BATeIEHOCTH,
He CXOALTUeCs K PallMOHIBHRIM yucaam. Jlobasmnsasa K Q uppa-
IMOHAJBHLIE YHCJA, MEI [0Jy4YaeM IIPOCTPAHCTBO AeiicTBH-
TeJILHBIX YHCeJI, Y7Ke IIOJIHOe.



TJIABA 3
OYHKUUSA. NPEAEN OYHKLUU \

§ 3.1. Oyaxuua

3.1.1. PYyHEKOHA OT OLHOH mepeMeHHON.
ITycte E — MHOKeCTBO YHCEJ M IMYCTh B CHJIY HEKOTOPOro
BIIOJIHE OIpefieJIeHHOTO 3aK0HA KaXKIOMY 4ducay X us E npwu-
BeZleHO B COOTBETCTBHE (OAHO) YUCIO0 Y, TOTAA TOBOPAT, YTO HA
E sapana (pynkyua, KOTOPYIO 3aIIMCBHIBAIOT TAK:

y=f(x) (x<€E) @

TI'oBopsT eme, uTo y ecTh GyHKITNS 00HOIL nepemeHHOL X,
sajanHan Ha E, moToMy 4T0 MOXKHO, KaK MBI YBUANM HUIXKe,
paccMaTpHUBaTh GYHKI{MM MHOIHX IIepEMEHHEIX. 3TO Onpezene-
sye byakun npeniroxxero H. Y. JlobaueBckum n [Tupuxie®).
MuoskecTso E HA3BIBAIOT 001aCTHIO 3aJaHUA MM ONIPeAeeHusA
dyaxnuu f(x). FoBopaT TakKe, 4To 3ajaHa HE3A6UCUMAA Nepe-
MEHHAA X, KOTOpasa MOXKeT IPHHUMAaTDb YaCTHbIe SHAYEHUA X U3
MHOXkKecTBa E, 1 kaxKknomy x € E B cuily YIOMSAHYTOIO 3aK0OHA
NpYBEEHO B COOTBETCTBHME OIpelle/IeHHOe 3HauYeHWe (9HucJI0)
Ipyroy epeMeHHOMN i, Ha3kiBaeMoil pynKyuell nim sasucumois
nepemennoit. HesaBucrMyIo nepeMeHHYI0 Ha3hEIBAIOT APZYMEH-
mom.

JLnsa BEIparKeHUA NOHATHA (PYHKIUA YIOTPebIsI0T reomeT-
puyeckuil sA3bIK. I'OBOPAT, YTO 3a7aH0 MHOMKECTBO E ToYek x

* H. H. Jlobauerckmii (1792—1856) — Benukwmii pycckuii MATEMaTHK, Co-
37aTesb HeeBKANN0BOI reomeTpuy. Jlesxen Mupuxne (1805—1859) —
HEeMellKWil MaTeMaTHK.
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JefCTBUTENLHON IpAMOil — 062acmu onpedenenus v sada-
HUA (PYHKYLLU — ¥ 38KO0H, B CUIY KOTOPOTO Ka>KJIOH TOYKe X €
€E npuBoguUTCcs B COOTBETCTBME YHCIO Y = f(x).

Eciy MBI XOTHM FOBOPHUTE O (PYHKLMY KAK O HEKOTOPOM 34-
KOHE, TIPYBOJISIIIIEM B COOTBETCTBHE KAXKIOMY '1iiciy X € E Heko-
TOpPOE YUCJIO I, TO JOCTATOIHO e ODO3HAUMTL OJHON GYKBOI f.
CumMBoi f (x) 0603HAYAET YHCII0Y, KOTOPOE B CUJIY 3aKoHaf cooT-
BeTCTBYeT sHaveHUio x € E. Ecin, nanipumep, yucio 1 mpuHag-
nexxuT obnactu E saganus ¢yaxkuuuy f, to f (1) ectb 3HaueHue
dynryuu f B toure x = 1. Ecnn 1 He npunapesxur E (1€ E), To
TOBOPAT, YT0 GYHKIMA [ He onpedenena B ToUKe x = 1.

Ms=uoxectso E, Bcex sHaveHuit iy = f(x), rie x € E, Hasbl-
BaeTcCs1i o0pazom MaoxecTBa E npu nomoutu dbyEkipn f. Uuor-
Jia MUIIyT B TakoM caydae E, = f(E). Ho sTo obo3nauenue Hano
YIOTPEOAATE C OCTOPOIKHOCTEEO, [0 BOZMOMHOCTH pasbACHSIA
ero BCSKUH pas, KOT[a OHO yrioTpebiisieTcs, YToOkI He Ob1JIO Ty-
TaHWIB! ¢ 0003HaYeHueM y = f(x), IIe X eCTh POMBBOJILHASA
TOYKa (YMCJI0), IPHHAJIeKallas MEOKeCTBY E, a iy — COOTBeT-
CTByIOLIAs el Ipy HoMoux (PyHKINY (3aK0HA f) TOUKa MHO K e-
crBa E,. 'oopar eme, uro GyHKINA f omobpajrcaem MHOMXe-
ctBo E na muOXxecTBO E,.

Ecmu obpas E; = f (E) C A, rne A — MHOkeCTBO YHCET,
BoobIe He coBmagatoinee ¢ E,, To rosopar, uro dysxkuua f
omobpaxcaem E g A.

JOns dysxnmii f 1 @, 3aJaHHBIX HA OTHOM H TOM K€ MHO-
sxectBe E, onpenensitorcs cymma f + @, pasnocme f— @, npous-
eedenue [, vacmmnoe f/@. ITo HOBBIE DYHKITMN, 3HAYEHUS KO-
TOPBIX BHIPAYKAIOTCA COOTBETCTBYIOIIMMY (GOPMYJIaMU

)+ o), () - o), f(x)ow), % (x € E), (2)

rZe B ciy4ae YacTHOro Ipeanoiaraercs, 9ro ((x) # 0 Ha E.
JJ1st 06o3HaYeHHA QYHKIMK YIOTPeGIsIOT 1 JII00bIe IpY-
rue Oykewl: E, @, ¥, ... , Tak e Kak BMeCTO X, I MOKHO
NMCaThb Z, U, U, ... .
Ecym dynxnusa f orobpaxcaer muoxectso E B E,, a GyHK-
nus F orobpaskaeT MHOKecTBO E, B MHOMKecTEO E,, TO DyHK-
uuio z = F (f (x)) naspiBaoT@yHKyUell om QyHKLUL, WITA CAONH-
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Holl (yrkyueil, nau cynepnosuyueil f u F. Oua onpenesnena Ha
mHOXecTBe E u oTtobpakaer E B E,.

Bosmorkna cnosknas dyskuus, B 00pasoBaEny KOTOPOit
yuacTByeT n QyHKuMA: 2 = F (Fy(F; (... (F (x)) ... )))-

IlpaxTuka goCTARIAET HAM MHOIO IIPUMEPOB (DYyHKI[HIL.
Hampumep, muomans S Kpyra ects QYHKIESA ero paguyca 7,
BeIpayKkaeMasi hopmysioi S = nre. Dra GYHKOUSA onpelesieHa,
O4YEBM/IHO, HA MHOXKECTBE BCEX II0JIOXKHUTEILHEIX YUCe I.

MoxHO, He CBASBIBAsA BOIIPOC C IIOIIAALIO KPyra, TOBO-
PUTH O 3aBUCMMOCTH MEXK/ly IEPEMEHHLIMH S U ', BEIpar<eH-
HO#l dopmysoit S = . Dyukiua S = @(r), 3agaHAAsT ITOM
¢opmysoil, onpesenena Ha BCell NeHCTBHUTeNBbHOH OCH, T. €.
A5 BCeX AEVCTBUTENBHLIX YMCEJN I, He 0083aTeIbHO TONMBKO
1I0JIOYKUTENBHEIX.

Hurxe DpHBOOATCA NpHMe phl (PyHKOHHA, 3afaHHBIX
opmynamu:

Dy=V1-2, 2y=lg(1+x),

’1
HNy=x-1, 4)y.—_'7;:1,

5) y = arcsin x.

Me: umeeM B BUAY JeiiCTBATENBHBIE QYHKIINH, IPHHKMAIOIIHEe
JeiicTBUTENEHDIe 3HAYCHUS Y JUIS SEHCTBUTE/LHEIX 3HAYeHHIH
aprymenTa x. HeTpyauo Buzers, 4to o61aCTaME oOpefieeHUA
HPUBeJeHHBbIX (QPYHKIMH ABIAIOTCA COOTBETCTBEHHO:

1) otpesok [-1, 1]={-1 < x < 1};

2) muoMxecTBO X > —1;

3) BCA AeICTBUTENHHAS OCh;

4) Bca JeficTBATENEHAS OCh, N3 KOTOPOH MCKJIIOYEHA TOY-
Kax=1;

5) otpesok [-1, 1].

DyHKIM, ONpe/iesisfieMble B puMepax 1) i 2), moskHO pac-
CcMaTpHUBaTh Kak GyHKIUM oT GyHKIMU: 1) y = Ju ,u=1-wu,
v=2x% Dy=lgu,u=1+x.

BaxxabIM cpecTBOM saganusa QYHKIMK SABISETCA FpaduK.
BagaaM NPAMOYTOJILHYIO CUCTEMY KOODIAMHAT X, i (puc. 11), Ha
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OoCM X OTMETHM OTPe30K [a, b] 1 n306pasum
r J00y10 Kpusyto I', 0banarontyio cienyro-
/_4/—! II{UM cBOICTBOM: KaKOBa ObI HI1 ObL1a TOU-
f Kax € [a,b], IpaMas, npoxoaaAan yepesd
i Hee MapajulelIbHO OCH Y/, IepeceKaeT KpH-
'1 . By1o I B osinoit Touke A. Taxyro 3agaHHyIO
4 2 g npamoyromsHot (IeKapTOROIL) cucTeme
KoOpIHAT KpuBYIo I' Mb1 6yem HaskIBATE
zpadurcom. I'paduix oripeenseT PyHKIIO
y = f (x) na orpeske [a, b] cremyromntim o6pasom. Ecaix ects nipo-
M3BOJIBHAST TOYKA oTpe3Ka [a, b], To cooTBeTcTBYIONIEE 3HAUCHYE
y = f (x) onpenensiercs Kak opauHarta ToukrA (cM. puc. 11). Cre-
AOBaTeJIbHO, IPH HNoMollM rpadiKa JaeTcs BIONHe oIIpelieNieH-
HBII 3AKOH COOTBETCTBHA MeXKIy x By = f (x).
Me1 3azanu (PYHKIIUIO py IIOMOIIM rpadiKa Ha MHOMKe-
ctee E, ssnaiomemes orpeskoM [a, b]. B apyrux ciayuasax E
MOJKeT ObITh HHTEPBAJIOM, TOJIyMHTEPBAJIOM, BCEi NeHCTBHUTE b
HOH OCBIO, MHO>X€CTBOM PAUHOHAJBHEIX TO4YeK, NMPMHAJ-
JIeKAIMX K JaHHOMY MHTEpPBAIY, U T. I.
3afaayM Ha HeKOTOpoM HHTepBae (a,b) dyrkuuof (x) n
npouseossHOoe (HocTossHHOe) yncio o # 0. C nomowmpo o u f
MO>KHO CKOHCTPY¥poBaTs pag dyakiuit: 1)of (x), 2) f (x) +o;
3)f (x —a); ) f (0x). ©@yuxuyum 1) u 2) onpejieNleHBI HA TOM JKe
uaTeppane (a, b). OppunaTts rpaduka dyEknyy 1) yeeardeHsl
B Ol pa3 CPaBHUTENLHO C COOTBETCTBYIOLMMY opArHaTamuf (x).
T'padux bynxiun 2) noaydaeres us rpadprKa f NogHATHEM II0C-
JIegHero Ha BeJIMYUHYO, ecs O > 0, 1 oIlycKanueM Ha |0, ecnm
o < 0; rpaduk sxe QyHKLuE 3) nosydaercsa ua rpadrka f myrem
CIBMra II0CJIeJHeI'O BIIPABO Ha BEJINYUHY O, ecsin . > 0, 1 BjIeBO
Ha o, ecan o < 0. Hakoren, dyuxima 4) npu o > 0 onpepene-
Ha, oOueBM/IHO, HA UHTepBaJe (a/d, b/0); rpaduk ee nony4yaer-
cA 13 rpaguxa f OyTeM paBHOMEPHOI'C €ro C>XaTHdA B 0L pas.
QDOyuKIUIO [ HASHIBAIOT YeMHOIL HIIN HeYemHOil, eCJIH OHa
oIlpeziesieHa Ha MHOYKECTBE, CHMMETPHMYHOM OTHOCUTEJILHO HYy-
JIeBOl TOUYKH, ¥ 00JajaeT Ha HeM CBOMCTBOM f (—x) = f (x) wim
cBoiicTBOM f (—x) = —f (). )
I'paduk YeTHOI (DyHKIMH, OYeBHIHO, CUMMETPHYeH OTHO-

Puc. 11
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CHTEeJIbHO OCH Y, a rpapMK HedyeTHON (HYHKIIHA CHMMETPHYEH
2%
OTHOCHTENILHO Havasa koopruHar. Hanpumep, x~ (B — naTy-

pasbHOe), cos X, 1g |x|, Vi+42, f (x)) — geTHBIe byHKIMY, a

1 (B > 0 — nenoe), sin x, xV1+x°, xf (kx]) — HeueTHDIE
byEKOUN.

Herpynuo BugeTs, 4To npouseedernue 08yx vemuuvlx uiu
08yx Hewemublx QyYHKYLI ecmb QUHKYUA YemHaA, G NPoU38e-
Oenue vemnoil PYHKYUYU HO HeveMHYIO ecMb HeYemHaa QyHK-
yus.

Koneuno, GoNbIIIECTBO G YHKIMI HE YeTHHI 1 HE HEYETHEL.

I'padpux byaripm y = f (x), x€ E, MOXKHO onpefenuTs
€ellle KAK COBOKYITHOCTH TO4YeK (X, f (x)) c abcmuccoit x u op-
ZuHatou f (x), rne x € E.

Dyuxnus f Ha3pIBAETCA CMpPoOzo 603pacmaioujeil. MU
eospacmaoueil (neybuieaiouyeil) vna E, ecnm gna mobbIX x,,
x, € E, ansa KOTOPHIX X, < X, uMeeT Mecto f(x,) < f(x;)
(f(xy) < [ (x5))-

Dyuxius f HaspIBaeTCA cmMpPozo ybvieatouleil nau ybulea-
roujeil (nesospacmaroueir) va E, ecau nis mobex x,, x, € E,
JUJIs1 KOTOPBIX X, < X, HMeeT MecTof (x,) > f (x,) (f (x,) 2 [ (x).

Dysxnus [ HASHIBAETCA 0ZPAHUYEHHOL (HeozpaHuyeH-
Hott) na E, eciu ee obpas E, = f (E) ecTb orpaHmderHOe (Heo-
TPaHMYEHHOE) MHOMKECTBO.

Hanpumep, GyEKIHA iy = 1/x yORIBaeT ¥ He orpaHHYeHa
Ha (0, 00), HO orpaEMYeHa Ha [1, ©0).

DyuxnuAa f, onpejeseHHas Ha BCeil BelecTBEHHOM OCH,
HasbIBaeTCA nepuoduveckoil ¢
nepuodom T > 0, econ f (x) = g
=f(x+T)Vx.

Mo0>XHO FrOBOPHTE TAKIKE O
$YHKIIMY, NepHOAMYECKO C [1e-
puogoMm T ua unrepsane (a, b)
(cermenre [a, b]), ecau pa- 7 ”\/ A
BEHCTEBO

fE)y=fx+T) ‘ Puc. 12




80 TJIABA 3. ®YHKLAS. IIPEIET OYHKIHH

BEPHO JJIsl Bcex Takux x € (a, b) (unu [a, b)), 11sa KOTODEIX
x+ T € (a, b) (Ja, b))

Hanpuwmep, dyukuua sin x nepuoga 27. @yHKImA sin max,
roe m € N, Toxe meprona 21, HO OHA TaKXKe MMeeT MeHbIIUH
nepuopn T = 21t/m.

IIpumep 6. PyHKuUs (CUzHYM x WIH SHAK X)

1, x>0,

y=signx=4 0, x=0,

-1, x<0
3anana Ha OeCKOHEYHOM MHTepeaje (—00, 00), OHa HeyeTHA.
O06pa3 ee ecTs MHOYKECTBO, COCTOAIIEE U3 Tpex TodeK: 1, 0, —1.

IIpumep 7. Pyuxiuus

_ {xz +1, x<0,
sinx, x>0,
uMeeT rpadHK, u3obparkeHHbIN Ha puc. 12. Oga yOriBaeT Ha
(-00, 0) n umeet nepuox 27 Ha (0, ©0). Tta GYHKIMA Ha pas-
JUYHBIX YaCTAX 0BJIACTH ee OllpefieJIeHUs 3aJaHa PA3INIHbIMEI
dopmynamu.

DyEKIIMA MOXKeT ObIThL 3a7aHa B Bule Tabauier. Ha-
npuMep, MBI MOTJIM 661 N3MepsAThH TeMuepaTypy T Bo3gyxa ue-
pes Kaxxaws yac. Tormga Ka)koMy MOMEHTY BpemMenu t = 0,
1,2, ...,24 cooTBeTCTEOBAJO OB OnIpenesiennoe yucyio T B Blge
TAOJIMIIbI:

t 0 1 24

T T T, T

0 24

Taxum obpasomM, Mb1 noayunny 6el Gysrmuxo T = f (1),
onpezniesIeHHYI0O Ha MHOYKeCTBe Ielbix yucen ot 0 go 24, 3agan-
HYIO Tabnunei.

Ecmu dpysxnusy = f (x) 3agaHa Ha HEKOTOPOM MHOKeCTBe
E dopmynoii, To BCerga MOYKHO CYHTATE, YTO €if COOTBETCTBYET
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BIIOJIHE ONpelleNIEHHBIN rpathMK, OIpeIelIsiIHi reoMeTpriec-
KH 3Ty GyHrmuw. O6paTHOe COBCEM He SICHO: ecnu (PYHKIIUSA
3a/1aHA IIPOM3BONBEHLIM IPa®KOM, TO MOXKET JIH OHa ObITH BbI-
paxkeHa HeKOTOpOH (opmymoit? 310 OUeHb CJIOKHBIM BOMPOC.
Y0061 OTBETHUTE Ha HET'0, HAZIO OTAATH cebe OTUeT B TOM, KaKOMU
CMBICA MBI BKJIaAbIBaeM B cJIOBO ¢hopMyia. Beiue, Korpa Mbl
TOBOPMIIM, 4YTO JaHHaA GyHKIMAY = f (x) BEIpaskaeTca GopMy-
JIOH, MEI MOJTYEUIHBO CYHTAJIH, YTO HPH 3TOM Y NIOJIYYACTCA U3X
IIPH IIOMOII¥ KOHEUHOTO YKCIA TAKHX OIlepaliii, KaK CI0Ke-
HUe, BEIYUUTAHIE, YMHOXKEeHHE, JleJIeHNe, H3BJIeYeHe KOPHA Toi
VLTI MHOM CTeleHH, JorapH(pMIpoBaHue, B3ATHe olepalun sin,
€os, arcsin u Ipyrux aaredpandyecKux ¥ TPUIOHOMETPITYECKHX
Oorepamii.

MaTemaTiyeckuil aHAIKS TaeT CPEACTBA /I SHAUNTEIb-
HOT'0 paCHIMpPeHus NoHATUs GopMyIbl. BecbMa BayKHBIM TAKMM
CPENCTBOM SIBISETCS pasyodkenue GYHKIMH B GeCKOBEUHLIN pax
110 3JIeMeHTapHBIM (DYHKIIHAM.

Mmuorue, a MOXKeT OBITE 1 BCE, BCTDEUAIOIHECS Ha IIPaK-
THKe (GYHKIIME MOTYT ObITh mMaoOpaskeHel GoOpMYJIOH, IIpei-
cTaBAAOIIEH cO00ii HEKOTOPBIH OeCKOHEUHBIH pAll, YWICHAMU
KOTOPOTO ABIAITCA 3JIEMEHTAPHBIe QVHKIMY, KOTOPEIE Oy AyT
onpepeneHsl HKe. Ho ceiruac 06 aToM ropopuTs He Bpemsi. Mb1
eIre Be TOTOBEI K 3TOMY.

Tax niau nHave, safana Tu QyHKIUA f (x) GopMyItoii mimn
e APYTuM KakuM-jubo CriocofoM, HaupuMep npu IIOMOLIY
rpaduKa, OHa y2Ke MOKeT CIYXKUTE O0HEKTOM M3YUYSHUSs CPE-
CTBAMH MaTeMaTWYecKoro aHaJIN3a, €CJIX OHa YAOBJIETBOPSET
HEKOTOPEBIM JOIIOTHUTENEHLIM OOIIHM CBOMCTBaM, TaKMM, KaK
HEINPepBIBHOCTDL, MOHOTOHHOCTD, BEIITYKJIOCTD, AutdepeHIIUpY-
emMocTh B zp- Ho 06 sToM 6yner UATH pedub BIIEPeH.

BaskpelimuM cpeficTBOM H3y4YeHUA (GYHKIUHK SIBISETCH
NOHATHE IIPeIelIa, ABJSIINeeCA OCHOBHBIM ITOHATHEM MATEMA-
TIYecKoro aHanu3a. [{lanHad riasa IoCBAINEHa 3TOMY ITOHATHIO.

Ecau kaXkgoMy YucTy X, IPUHAJIEKAIIeMY AaHHOMY MHO-
axecTBY E uyuces, B cuiy HeKOTOPOro 3aKOHA COOTBETCTBYET
ollpe/leJIeHHOE MHOXKECTBO €, YHcesl Y, TO TOBOPAT, YTO 3TUM
3aKOHOM OIIPe/ielicHa MHOZ03HAYHAA QyHKUuA Y = [ (x). Ecmu
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OK&XKeTCHA, UTO e, HJIA KaXKJOro X MHOMECTBO €, COCTOWT U3
O(HOTO YHCNA IJ, TO MBI IOJYYUM 0FHOSHAUHYIO (DUHKYUI.
OnHO3HAYEYIO GYHKIIHIO HA3BIBAIOT npocTo «byHKIueH»
6es nobaBIEHN S IIPIJIATATENILHOTO «OQHOSHAYHA Y , €CJIH TOJ -
KO 3T0 He IDUBOAUT K HEIOPA3YMEHUIM.
Anrefpa ¥ TPHIOHOMETPMA AOCTABJISAIOT HAM IPHMEpHI

MHOT'OSHAYHBIX (DYHKII; TAKUMY SABASIOTCS GyHKIMI +/x ,
Arcsin x, Arctg x, ... .

®yuxmua +/x onpenenena nasix 2 0. Ona gBy3gayHa
Bisix > 0: KaXx0My [TOJIOKUTEILHOMY X COOTBETCTBYET ZjBA
BEeVCTBUTENBbHEIX YMcaa (OTAMYAIOMUXCA APYT OT Apyra
3HaKaMM), KBaJIpaThl KOTOPEIX PABHEI X. BipoyeM, ciMBOJ
Kx (k= 2, 3, ...) MBI 6yneM NOHMMATH BCIOLY, €CIIH 3TO HE
OrOBOPeHO 0c0b0, KaK apudMeTHUYECKOe 3HaUeHNe KOpHsk-il
creneHu U3 x> 0, T.e. Kak HeOTPUIATEILHOE YUCTO, k-2 cTe-
NeHbk KOTOporo paeHa X (cM. § 3.8). Yo 3Ke KacaeTcsa GhVHK-
nuu Arcsin x, To oua 6eckoHeuBoaHauBas. OHa TIPUBOIKT B
COOTBETCTBHE KAXOMY 3HAYEHHUIO X U3 OoTpesKa [-1, 1] Gec-
KOHEYHOE MHOXKECTBO 3HAUEeHUH I/, KOTOPbIe MOT'YT OBLITH 3a-
OHCaHEBI IO hopMye

y=(Darcsinx + kn = (£ =0, 1, £2, ...).

3.1.2.0yHKIMYK MHOTUX IepeMeHHBb X . Boime
MBI TOBOPUIM O (PYHKIIHAX OT OAHOI nmepeMerHoil. Ho MoxHO
TOBOPUTE TaKKe O QYyHKIMAX IBYX, TPeX ¥ BooOIIe n mepe-
MeHHBIX.

PYHKIMA OT IBYX [IEPEMEHHBIX OIPeIeJIAETC CIeYIOIIM
obpasom. PaccmarpuBaeTcsa MEOkecTBOE nap uucen (x, y). Tpn
3TOM MMEIOTCA B BHIY YynopsadoueHHble 0apbl. 3T0 3HAYUT, ITO
ABe naphl (xy, ¥,) 1 (X, I,) CUNTAIOTCH paBHEIMY (COBIIAAIOLIIH-
MU) TOTHA K TOJBKO TOTA, KOrziax, = X, My, = y,. Ecin B ciuny
HEKOTOPOro 3aK0HA KaKJ0ii nape (x, y) € E npuseneHo B COOT-
BeTCTBME YUCJO Z, TO FOBOPSAT, YTO 3THM ONpeAencHa Ha MHO-
wectse E pynryua z = f (x, y) om deyx nepemernnoix x u y.

Tax xax xaxnoii nape yncen {x, §) COOTBETCTEYET Ha ILIOC-
KOCTH, T BBeJleHa JeKapTOBa CHCTEMA KOODAMHAT, TOUKA C
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abciceoi x 1 OpAMHATOM I, B, HA000POT, KAXK/0lt TOUKe, Ta-
KHM 00pa3oM, COOTBETCTBYeT napa (x, i), TO MOYKHO TOBODUTE,
yto Hama Gyuxnusaf (x, y) 3ajana Ha MHOKecTBe E TOYeK 1utoc-
KOCTH.

dyuxmuo z = f (x, y) OT [BYX IePEeMeHHBIX H300pasKaioT
B TPEXMepHOM IIPOCTPAHCTBE, TAE 3aJaHa IPAMOYTOJIbLHAS CHC-
TeMa KOODAWHAT X, I, Z, B BUJ|e FEOMETPUYECKOr0 MeCTa ToYeK
(x,y, f (x, 1)), IPOESKITNM KOTOPBIX (X, /) IPUHAJIEHKAT MHOME-
ctBy E onpepenenus f.

Haupumep, TaKHM reOMeTpUYECKHM MECTOM 1A QYHKIIAH

S @FE+yP< 1),

SABJIAETCH BEPXHAS IIOJIOBHHA IIAPOBOM MOBEPXHOCTH paguyca
1 ¢ HEeHTPOM B HYJIEBOH TOUKeE.

B 370M K€ AyXe MOXKHO OIpeselINTh GYHKIIIIO TPEX Nepe-
MeHHBIX. O6JIacThIO ee OpefeNIeHUA MOXKET TeNephb CIYKUTH
HEKOTOPOe MHOXKECTBO YIOPSAAOUYEHHBIX TPOEK yucen (X, Y, 2)
WJIN, YTO BCe PABHO, COOTBETCTRYIOIINX UM TOUEK TPEXMEpPHOro
IPOCTPAHCTBA, I'ie BBeleHa AeKapTOBA CHCTEMA KOODANHAT.

Ecnu Kakuoi Tpoiike umces (TOUKE TPEXMEPHOIO IIPOCT-
paHcTtea)(x, Y, 2) € E B crry HekoTOpOro 3aK0OHA COOTBETCTBYET
YUCJIO U, TO TOBOPSAT, YTO 3TNM Ha F onlpeieneHa QYHKIIUA U =

=F (x, y, 2).
AHaormyHo MOXKHO pacCMaTPUBATEL MHOKeCTBOE yrnopsa-
JIOYEHHBIX CHCTEM (X, ..., X,) U3 Nl YHCeJ, TIe /I — 3aJaHHOe

HaTypaJbHOe Ynucyo. OnsaTh, eCIi KaXkAoH TakoH cucteMe, IpH-
Hajnexxameit E, COOTReTCTBYeT B CHIIY HEKOTOPOro 3aKOHa YKC-
JIO 2, TO FOBOPAT, YTO Z €CThb (PYHKYUA O NEPEMEHHBLY X 15 «--s
x,, ONpenejieHHad HA MHOXecTBe E, 1 3anuchiBaeTcs 3Ta PyHK-
uua B Bupe z = F (x,, ..., x,).

B cayyae n > 3 B HallleM pacnops»KeHMH y»Ke HeT pealib-
HOTrO 71-MepPHOro IIPOCTPAHCTBA, YTOOB!I MCIOJB30BATL €ro IS
n300parkeHus CUCTEM (X, , ..., X,;) B BiJle IPUHAIEKALIHX eMy
Touek. Ho MaTeMaTHKY BELIYMAJIH 7I-MePHOE IPOCTPAHCTEO, K
OHO MM 6JIATOIOJIYYHO CIIVIKUT, ¥ IPUTOM He Xy2Ke, YeM pealib-
HOe TpexMepHoe npocrpascTBo. UMeHHO, n-MepHblM npoCmpan-
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CMEe0oM HAIBIBAETCHA MHOMKECTBO BCEBOIMOMKHBIX CHCTEM 11 “Mi-

cern (X, ..., X).
Ecmm nee dysknuu f 1 (¢ OT n NepeMeHHBIX 3aJaHbl Ha
OZHOM ¥ TOM ke MHOxKecTBe E cucrem (X, ..., X,) — TOUeK

n-MepHOTO NPOCTPAHCTBA, — TO MOKHO OIIPELETIUTh CYMMY
f + ¢, pasHocTs f — ¢, OpoH3BeneHMe f¢ u dYacTHoe [/ Kak
dyHKIMY, onpesieneHHbIe Ha E pH moMolyu paBeHCTB, aHa-
JIOTHYHBIX paBeHCTBaM (2), rhe HAJi0 TOJBKO YHCJa X 3aMe-
HHTE CHCTeMAaMM (X, .-., X,,). ECTeCTBeHHEIM 06pasoM onpeze-
NAKOTCA TaKiKe CIoXKHble GyHKOWH, Taxkme, Kak f(Q (x, y),
Y (x, y, 2))= F (x, y, 2), rne (x, Yy, 2) — TPOMKH YHCEJI, IIPK-
HaAJexKallluX HEKOTOPOMY MHOXKECTRY TPOEK.

Hiuske npuBOAUTCA HECKOIBKO IIPUMEPOB MYHKIIUMHA MHO-
T'UX NepeMEHHbIX, 3a/{aHHbIX NOCPEACTBOM 3JieMEeHTaPHBIX (hop-
MYJL.

IIpumep 8.u=Ax+ By+Cz+D, rned, B,C, D — 3agas-
HbIE NOCTOAHHLIE JEHCTRUTELHBIE YHCIa, €CTH JUHEHHAA (HYyHK-
IS OT TPEX MEPEMEHHBIX (X, Y, 2). OHa 3a/1aHA HA BCEM TpPEXMep-
HOM nipoctpaHtcTBe. Bosee obuiana auHeliHaa QYHKIMSA OT 711 Iepe-

13
MEHHBIX (X, ..., X,) 3a58eTcAa GopMyJIoii U = Y ax,+b, raea, ...,
i=1

a,, b — 3ajgaHHbIE NOCTOAHHDBIE WHCHA. 3Ta QYHKIUA ONpefesieHa
B 06011 Touke (X, ..., X,) -MEPHOTr0 IPOCTPAHCTEA, MK, KaK ellje
TOBOPSIT, HA BCEM 71-MEPHOM OPOCTPAHCTEE..

IMIpumep 9.2= lg\jl--:tc2 - y2 . 9ta peiicTBUTeNbHAA QYHK-
uus 3aflaHa Ha 00JiacTu, NpeacTapadoniel coboit Kpyr paguycea 1
¢ uerTpomMm B (0, 0), U3 KOTOpOro yianeHsl BCe IPAHUYHBIE TOYKH,
T. €. TOYKM OKPY>KHOcTH pagmyca 1 ¢ menrpom (0, 0). s stux
ToyeK Hama QyHKIUsA He onpejesieHa, noromy uTo lg 0 He umeer
CMBICJA.

IMIpumep 10. dysxius .

_ _J0 mna y=20,
2=1(> ) {1 na y<O0,

reoMeTpUYECKH H300parkaeTcq ABYMSA NapaJUIEIbHBIMHE TOJIYILIOC-
KOCTAMU, HE CBASAHHBEIMH MEKAy coboii. Pacnonosenue ux no
OTHOIIEHUIO K CHCTEMEe KOOPAVHAT X, Y, 2 OYEBUAHO.
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DyHKIVA OT ONHOM NepeMEeHHON MoXKeT ObITE 3a1aHa He-

AEHbLM 00pa3oM NPY IIOMOIIM PaBEHCTBA
F(x,y)=0, 3
rae F ectb QYHKIIUA OT ABYX NEPEMEHHEIX X U .

Ilycrs Ba HexoTopoM MHOMKecTBe G TOueK (x, Y) 3ajaHa
dyaxnna F. PasencTeo (3) onpenensier HEKOTOpOe HOAMHO-
sxecTBO ) MHOKeCTBA (7, Ha KOTOpOM dyHKIUsA F paBHa HYJIIO.
Koreuno, B yactHOCTH, () MOXeT GEITL IIyCTBIM MHOKECTEOM.
Hyets {2 — HellycTOe MHOMECTBO, H IIyCTh E — MHOXECTBO
(oueBMIHO, HEITYCTOE) TAKMX 3HAYEHMI x (uucern), KOTODBIM CO-
OTBETCTBYeT XO0TA Obl OHO Y TAK, YTO NApa X, Y IPUHAIJICHKUT
Q. Taxum o6pazom, E ecTh MEHOKeCTBO BCEX YHCEIIX, KaxXKJoMy
M3 KOTOPBIX COOTBETCTBYET HENYCTOe MHOMKECTBO €, YKcell Y
TaK, 470 (%, y) € (), wiu, YTo Bce PaBHO, TaK, YTO [JIA yKA3aH-
HOH Napel (x, ) BEIIOIHAETCS PaBeHCTEO (3). 3THM onpeneseHa
Ha MHOXecTBe F HeKoTopas GyHKIuA iy = ¢ (x) oT X, BOOOIIIE
roBOps, MHOTO3HauHasA. B Taxom cnydyae roBopsaT, YTO GQYHK-
oA ¢ onpedenena HEA6HO Npu noMomy paseHcTBa (3). s
Hee, OYeBMIHO, BBIIIOJIHACTCHA TOMKIECTBO

F(x,¢(x)) =0 nnsecex x €E.

ITo aHanOrM¥ MOXKHO TAKXKe OIPEHENHUTh QYHKIMIO X =
=y (y) OT lepeMeHHOI I/, ONIpe/iesIsieMyIO HEeSBHO IIPH IIOMOII{I
paseHcTBa (3). [l Hee BHIIOJIHSAETCH TOMKIECTBO

F(W),y=0pnascexyeE|,
e E, — HeKoTOpOoe MHOXKeCTBO yucel. ['oBopsar ere, 4To GyH-
KLU y = ¢ (x) (uinu x = y{y)) yZOBNeTBOpAET YPaBHEeHUIO (3).
GyHKnUo x = Y (y) Ha3sIBAlT 006pamHoil IO OTHOUICHHUIO K
dyEKImEM iy = @ (x).
IIpumep 11. VpasaeHue

x+ y2 =r, 4)

re r> 0, HesIEHO OIIpefeAeT ABY3HAYHYIO (DYHKIUAIO OT ONHOMH

nepeMeHHOM:
y =iJr2—x2 (—rsxs<r)y

BIIPOYEM, IIPK X = +r OHA ONHO3HAYHA. ECTeCTBEHHO CUMTATE,
YTO 97a ABY3HAYHAS QYHKIUS paclafaeTcsa Ha ABe HelIpephIB-

[2 " 2 [2 2
Hble OHO3HAaYHbIe QYHKIMKN I =4+Vr" —x" ny =—vVr'—-x" (-r<
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< x <r). I'paduku ux (IOJTyOKPYKHOCTH) B COBOKYIIHOCTH JAI0T
OKPY2KHOCTBH PaZMyca r C HEHTPOM B HadaJie KOOpAMHAT. JTa
OKPY?KHOCTB €CTh NeOMETPHYIECKOE MECTO TOYEK, KOOPAMHATEI
(%, y) KOTOpEIX yHOBIETBOpAT ypasHeHmo (4). Ho MosxHo,
NONB3YSACH GopMyIoii (4), KOHCTPYHUPOBATE Pas/IMYHbIE OIHO-
3HayYHbIe (PaspHIBHBIE) QYHKIMY, VIOBRETBOPSIOIME YPaBHe-
auio (4). Hanpumep, taxoit sisasercsa GyHKIUSL

3.1.3.IlonspHas cucTeMa KOOpPAMHAT.Brio-
cKoCTH 3amanum sy OL (noaspryio ocs), BEIXOAAMMH U3 TOY-
ku O — noaroca noraproil cucmemst koopdurnam (puc. 13, a).
Tlonorxxenne npouaBoNBEHOM TOYKKA (OTIIMTHOH OT TOUKH
0) rtockoCTH ORBHO3HATHO ONpeeAeTcA Napoit wicen (0, p) —

SY

™~
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ee noaApHLLMU Koopdunamamu, riae p — paccroanue A no 0, a
0 — BoipaskeHHLIt B paguaHax yroi Mexay OA u OL. Eciu
yroa O oTCYMTRIBAaETCA IPOTHE YaCOBOM CTPENIKY OT NPAMOL
OL, TO OH CYUTAETCH NOAOHUMEAbHbLM 1 MOYKET U3MEHATHCA
ot 0 go +00. Ecsm yroa 0 oTcunTEIBaeTCA 10 YACOBOI CTPEIKe,
TO OH CUHTAETCHA OMPULAMENbHbLM ¥ MOXKET USMEHATHLCA OT
—00 10 0. Touka O ucKawunTensHaa. OHa openeisgercsa napoit
(0, 0), rme 6 — MPOM3BOILHOE YUCTO.

ITycrs B IIocKoCTH, HApALY € IPAMOYTOJIBLHOI crcTeMoit
KOOpAMHAT X, J ¢ HayasioM B Touke O, BBe/ieHA MOJNSAPHaA CHUC-
Tema KoopmaaT 0, P, TAK YTO HONAPHA OC Y IOIOYKUTENIBHAS
ock x coBnazaaoT. Torna monspabie KoopauaaTsl (0, p) npous-
BOJILHOM TOUKM.A ITOCKOCTH IIpeo0pasyIoTcs B AeKapTOBbI KO-
OpAuHATEI (X, I) 370 TOYKU 110 (popmynam (puc. 13, 6)

x=pcosB,y=psin 6. 6))

PasencTsa (5) Ha3BIBAIOT popmyamu npeofpasoeanus no-
AAPHBLX KOOpAuHam 6 derapmosst.

DYHKIHOHANBHYIO 3aBUCHMOCTE P = f(0), sagaunuyio Ha
HEKOTOpOM MHOMecTBe E 3Hauennii 0, MOXKHO MHTepIIpeTUpO-
BATh KaK MHOKeCTBO Touek (0, p) ILTOCKOCTH B ITOJISPHOI CHC-
Teme KoopauHaT, Tae 0 € E, p = f(0).

M=uorue KpuBBIEe HA TJIOCKOCTH MOT'YT OBITH OIUCAHEI B
TONMAPHBIX KOOPAMHATAX COOTBETCTBYIONMME QYHKIITNAMU
p = f (0) (MBOrosHaYHbIME WIK OfHO3HAYHbIME). fICHO, uTO B
obnacTs onpeieneHun dyakiyE p = f(0) BXoaAT TONLKO T 3HA-
yenna yria 0, mpu koropeix f (0) = 0.

ITocTpoerye rpaduka byaxumu p = f (0) MoxkHO ocyirect-
BUITB IO ToukaM. I1pu gapHOoMO nmpoeoaum J1yd 3 Touku O nox
yraom 0 K TOnApHOi OCH M 3aTeM Ha 9TOM JIyde OTMeUaeM TOY-
Ky A=(0, f (0)) rpadbuKa GyHEKIUM, HAXOAAILYIOCA Ha PacCTO-
sana p = £ (0) ot Touxu O.

ITpocTeiiieit hynxiueit B nOJISAPHOH cHcTeMe KOODAWHAT
SABASIETCS MOCTOSIHHANA GyHKIMA O = ¢. OueBHAHO, YTO ee rpa-
(UKOM ABIAETCA OKPYIKHOCTE pajilyca ¢ ¢ IeHTPoM B ToukeO.

Hpyroit npumep p = 0 (0< 6 < 00) (puc. 13, 6). Do cnu-
PaJIb, pacKpy4yuBaroniascsa us nosurwca 0.
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DyHKIUA p = 2° (- < 0 < 00) onECHIBAET B MONAPHBIX
KOOpAWHATaX cnupank Apxumena (puc. 13, 2). OrmermM, uTo
3pech pu 0 — —o0 p — 0. Crpenka Ha rpadMKe YKa3bIBAeT
HallpABJIEHME NBIKEHHS TOUKM IpadMKa IpH yBeIMYeHWH
yria 0.

Dyuxnua p =2 cos 0 (—121 <6< %) OICBIBAET OKPYIKHOCTD

pazuyca efMHHIA C meHTpoM B Touke O, = (0, 1) (cm. puc. 13,
d). Haxosen, pyHKNMA
- Po _n g
p= cos(0-6,) (9 6(90 2’ 90+2), p>0)
OIIMCHIBAET TAKYIO NPSMYI0, YTO ONYINEHHEIH HA Hee M3 I0-
nca0 nepneHAMKYJIApP HMeeT JJIMHY P, ¥ 06pasyeT ¢ noyiap-
HOI ockio yrox 0, (puc. 13, e).

§ 3.2. Ilpenen pyHKEIUN

Hucno A naseiBaeTcs npedenom yrkyuy f 6 mouke a,
€CJI OHAa OlpeesIeHa Ha HEKOTOPOH OKPeCTHOCTH 4, T. €. HA
HEKOTOpOM uHTepBane (¢, d), Tie ¢ < a < d, 3a HCKIIOYeHNeM,
OBITE MOKeT, CAMOM TOUKY d, ¥ €C/IM JIJIST BCAKOTO £ > 0 MOYKHO
YKasaTh 3aBUCHIIee OT Hero O > 0 Taxoe, YTo A/ BCEX X, JUIA
koTophix 0 < |x — a| < 8, mmeer MecTO HepaseHCTBO

If (x) - Al <e.

Tot dakT, 4yToA ecTs npefen f B TOUKe @, IPUHATO 34IHCHIBATD
CIeYIONHM 006pa3om:

Hmf(x) =Awma f (x) — A (x — a).

Hpyroe onpenenenye npenena (pyHKIVE B TOUKE MOMKET
OBITE BEICKA3aHO B TEPMIHAX IIPEENIOB NOCIeNOBATEILHOCTEH.
Hucno A HaseIBaeTCsa npedeiam (QyYHKLUL 6 MOYKe a,
€CJIM OHA ONpelleleHa Ha HEKOTOPOI OKPECTHOCTH TOYKH d,
3a MCKJIIOYeHueM, OBITH MOXKeT, CaMOM TOYKY a, M eCJIM TIpe-
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Zen nocnepopatenbuect {f (x,)} cymecTByer M paBeH A,
KaKoBa Okl HY ObLIa NOCHAE0BATENBHOCTD {x,}, cxopamasnca
K @ M TaKasd, 4TO X,, # a AnA Bcex n. Takum obpasom,
5:3.1, flx,) =A.
xnvﬁﬂ
3rech CUMTAETCH, KAK U B IPYTMX MOAOGHEBIX CIIyYaax, CAMO
coboii pasyMermuMesl, YTO CXOAAMIAACA K d epeMeHHas X,
npoferaeT 3HAYEHNA, AJIA KOTOPLIX f (X) onpeliesneHa.
Brickaszangrle onpeneneHuA SKBUBaJIEHTHBHI. B camMoM
Zene, IIyCcTh GYHKIMA f UMeeT IpeieN B CMLIC/e IEPBOTo Onpe/e-
JIeHUst, U IIyCTh 387l HA NTepeMeHHas X,,, He paBHas HE IIPM Ka-
KOM 71 YMCNY d ¥ CTPEMANAACH K a. 3aJaluM £ U noxbepem O
TaK, KaKX 3TO CKa3aHO B IePBOM OIpe/ielleHHH. 3aTeM nofbepeM
HaTypaJbHOe N, TAK, YTobHI |x,, — a| <& giua n > n,. Ho Toraa

f(x)-Al<e pnan>n,

2 3TO 3HAYHT, YTO IIOCIEAOBATENLHOCTE ynce { f (x,)} crpeMutcst
K A, ¥ TaK KaK 3TO CBOMCTBO BEPHO A1 1060 CXOLAIIEIC K
@ TIOCTIeI0BATENBHOCTH { X, }, JIMIIL O X, # @ ¥ BCe X, IPMHAL-
JIeXKANM K 00JIaCTH onpeiesieHust (PYyHKIIMK, TO AOKA3aHO, UTO
U3 IIepBOTO oNpeeJIeHUs Npejeia CleyeT BTOPOeE.

HaoGopor, nycTs Gyuknusa f (X) UMeeT Npejiel B CMBICITIE
BTOpOro onipeenenus. JlomycTuM, 4To Mpy 3TOM OHA HE KMeeT
npejieia B CMBICJIe IEPBOTO ONpeeieHUA. ITO SHAUMT, YTO CY-
IecTByeT X0Ts1 GBI OJHO €, KOTOpOe Mbl OGOSHAYMM Yepes &,
ZJIS1 KOTOPOT'O HeJIL3s1 NonobpaTs HyHoe O, T. e. 1s 1106020 O
cpepy x, YAOBJIETBOPAIOINUX cooTHomeHuAM O < |x — a] < &,
IOMKHO HANTHICH XOTSA OLI OOHO X = %® TaKoe, 4YTO JJIs Hero
IF () — Al = g,

B kauecTse d mb1 GepeM Bee uncnaBugad=1/k (k=1, 2, ...)
M JUTA KaKAOTO U3 HUX HalfleM TOuKy X, = x(&, UL KOTOPOH

0<lx,—al<1/k (x,#a)

Fx)-Alzg, (k=1,2,.).

U3 sTux coOTHOIICHU BHAHO, YTO X, — ¢ (x, # a), B TO
BpeMa Kak [ (x,) 3aBenoMo He cTpemurest K yucay A. Taxkum
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obpazoM, fonyIneHye, YTO 13 BTOPOTo ONIpeelIeHHs ITpeieia He
clenyer nepeoe, IPUBOOWUT K [IPOTHBOPEYNIO.
SKBHBAJIEHTHOCTH ABYX OLpeeNeHiii I0Ka3ana.
BriparkeHue npeden pyrkyuL 6 MOLKe 4 YACTO 3aMeHs-
10T BHIpAXKeHNEM npedes QYHKLUL NPU X, CMPEMAUEMCA K
HJIH, Kopoue, npeden gynxyuu npu x — a. Ecnu yropHo, 3to
BBEIpasKeHVe 6OJbIIe COOTBETCTBYET AYXy IIOHATHSA Ipelielia
II0OTOMY, YTO BRIpaKeHHe I}P,}  (x) roBopuT 0 noBeAedV hyH-

KIIMM B MAJIOK OKPECTHOCTH TOYKM A, U3 KOTOPOM BHIGPachIBa-
eTcsa Touka a. OHO rOBOPUT O TOM, YTO €CIH X NPHOIHIKaeTCA
K a 1o noboMy 3aKOHY, OCTaBafiCh He PDABHBIM @, TO COOT-
BETCTBYIOILNEe 3HaueHNe [ (X) B CBOIO ouepeb IIpHOIKaeTca
KA, T. e. fenaeTcsa Kak yrofiio 6auskumM K A.

IIpumep 1.Pacemorpum ysrnuiof (x) =(:}c2 -4)/(x -
— 2). Ona onpegenena s Beex x # 2. ITonpobyem HaiTh ee
-4
x-2
IIpH OIIpefieJIEHU TIPe/iesia IPUX — 2 cOBCeM He IPUHUMAIOTCH
BO BHMMaHUe 3HavyeHUA [ B Touke X = 2, TO

upenen npux — 2. Ilna moborox # 2 = x +2, a TaKk Kax

2
lim X =42
2 X—
3TO PaBEHCTBO IIOKa HAIIMCAHO B TOM CMBICJIe, YTO €CJIM OJUIH 13
IIpesiesioB CYLIECTBYET, TO CYIeCTBYeT H BTOPOil M paBed eMy,
Taxum 06paszoM, BMeCTO TOrO YTOBRI BEIMKCIATL IpeAest Gonee
CJIOXKHOM QYHKIUM (Jc2 — 4)/(x — 2), ZOCTATOUHO BLIYMCINATE
npepen 6onee npocToit GyHKIUK X + 2. IToT NOCAEnHHR 1P
x — 2, o4eBUAHO, paBeH 4. Besin eC/IH ITOICTABUTS E X + 2 BMe-
CTO X IIPOMSBBOJILHYIO IIEPEMEHHYIO X,, CTPEMSIIYIOCH K 2, TO
HEe3aBHUCHMO OT cIioco0a cTpeMJIeHHA ee K 2

= lim(x + 2).
x—2

linz1 (x,+2)=2+2=4.
Xn—™

BBI'-KKCJIGHPIH, CBA3aHHBIE C HAXOXKAEHHEM JaHHOIO IIpe-
neJia, OOBIHO PACIIONATAIOT CNeYIOUTM obpasom:

2
. -4
lim %
2 X

=lim (x + 2)=lim x + 2=4.
x—2 x—>2
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HomuepxHem, wro dyrxmau f (x) =(x° — 4)/(x — 2) u@ (x) =
=X+ 2 ABAAIOTCA pasHbIMu pyHKnuamy. Ilepsas U3 HEX onpe-
JleJleHa JUiA X # 2, B TO BpeMsi KAK BTOpAasi OIIpeiesieHa IS BCeX
x. OnHAKO TIpK BEIYKCJIEHHHN Ipeena GyHKIHI npux — 2 Hac
COBEPIIIEHHO HE UHTEPECYET, ONpPEeesIeHbI MM He Olipelle/eHb]
aTH PYyHKIMK B CAMOM TouKex = 2, 11 TaK Kak f (x) = ¢ (x) nua
x# 2, 70

lim f(x) = lim@(x) = ¢(2).

IIpumep 2. 0ueBngHO, arolimx® = 1, moromy 4aTo, ecsiu
-1

x,~ 1, x, # 1 10 limx> = limx, limx, = 1- 1 = 1. Bror dakr
MOYKHO [OKAa3aTh M Ha AsblKe £ u 0. Onpegenum Kaxoii-mu6o
uHTepBaJ, cofepxamuii Touxy 1, Hanpumep (1/2, 3/2). Ina
J1000r0 X, IPUHAIJIEIKAINET'0 EMY, O4€BHIHO, BHIIIOJIHACTCS He-
PaBEHCTBO

=1 =lr+ 1 -1 < %lx 1),
Bamagum Teneph npousBoNbHoe £ > (0 M moNoKHEM O =

= min {%, %s}.Torna IJisl BCEX X, YIOBJIETBOPAIOIIUX He-

paBeHCTBY |x —1| < 8, 6yZieT uMeTh MECTO COOTHOLIEHUe

-1 < %%s =&

IIpumep 3. @Pyuriua sin (1/x) onpegenena aJjis Bcex 3Ha-
yeHnd x # 0 1 ABnseTcA HevyerHOM (rpadmxk ee yuia x > 0 nso-
6paxkex Ha puc. 14). Oua ompe-

IeineHa, TakHMm o0pasoM, B OKpe- ‘%P
cTHOCTM TOYKH x = (, 3a ucKIro- 7
yeHneM caMoii Touku x = 0. 3rta ﬂ
GYVHKIMA He UMeeTt Ipelesa Pyl
x — 0, moToMy 4TO HOCJNENOBa-
TeNBHOCTh OTJIMYHBEIX oT Hyna ¢
sHaueHMiix, =2/% (2k+ 1) (k=0,

1, 2, ...) CTPEMHTCA K HYJIIO U B TO

JKe BpeMs 7

fx)=ED* Puc. 14

I
A nop- —————
&
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He CTPEMUTCA IIPU B — OO HU K KaKOMY IIpefiey.

Beenem erne cnepyioinee omnpegenedyie. Bynem nmucats

A=lim f(x)
xXx—x

M TOBOPHTB, UTO RUCNO0 A ecmb npeden ¢ynryuu [ (x) npu x,
cmpemauemcs Kk 0eCrOHewHOCMU, eciu [ onpeleneHa IJis
BCEX X, YAOBNETBOPSAIOIUX HEPAaBeHCTBY |x| > K Ipu HEKO-
TopoM K > 0, u gnsa nxoboro £ > 0 moxxuo HailTh yucyo M > K
Taxoe, 4To |f (x) — A] < € pna BCcex X, YIOBJIETBOPAIOIIUX
HepaBeHCTBY |x| > M.

MoskHO [OKA3aTE, YTO 3TO OIpeAeNeHHe SKBHBAJIEHTHO
CaenyIOLIeMY.

Yucrno A ecmv npeden pynryuu f (x) npu x — 00, ecau
dyHRUuAT (X) onpeneneHa a1 Becex x ¢ |x| > M npu HEKOTOPOM
Mu

lim f(x,)=A

Ius m0boit cxopAmeiica k O ocae[0BaTeNsHOCTH {X, }.

JloKka3aTenbCTBO 3KBUBAJIEHTHOCTH 3THX ABYX OLIpeleNie-
MU IIPOBOAMTCS II0 TOMH e cXeMe, YTO U B pa300paHHOM BhIIIe
cayuae npejena f B KOHEeYHOI TOUKe d.

Boobine, mHorue cBoiicTBa npenenos [ (x) npu x — a, rae
a — KOHEYHOE YU CJIO0, U IIPK X — 0O ABAAIOTCS AHAJIOTHYHBIMIU.
MorKHO M3JI0KHUTE 3TU CBOMCTBA €UHBIM 00Pa30M, TAK UTO M3-
JoKeHue OyieT Ol HOBpeMEeHHO OTHOCHTELCA KaK K CIydanx—a,
TZie ¢ — KOHEYHOe YHCJIOo, TAK ¥ K ciyuaro x — o0_ Jlna sroro
non GyKeol a Halo MOHMMATh G0 yucxo (KoHeuHoe), aubo
cumBog ©. Ecny a ecTh 4ucio, TO 0 OKPECTHOCTELIO TOYKH a
noHuMaerca nwboil uETepBan (¢, d), coepskanuii B cebe To4-
ry a. Takum o6pazom, oxpecmuocmb(KOHeLHOIL) MOYKU a €CTh
MHOJKECTBO BCEX TOYEK X, Y/IOBJIETEOPAIOIIIUX HeDABEHCTBAM
c<x<d.Ecum e a = o0 (Mnu + 00, UK —00), TO IOJ OKPECT-
HOCTBLIO 4 MBI YCJIOBUMCS NIOHUMATHL MHOMKECTBO BCEX X, VIOB-
JIETBODAIOIIINX HEPABEHCTBY

x|>M (umx>M,nmux<-M,M>0).
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Mg1 6yeM r11caTh
lim f(x) = A,
x—a
rie a MOKeT OBITh KOHEYHBIM YNCJIOM WK 00 (MU + 00, Unu
—00), ecnu YHKILA f (X) onpeyieneHa Ha HEKOTOPOi OKpeCT-
HOCTH &, 38 UCKJIIOYEeHUeM, OBITE MOKeT, caMoif TOYKH a (3Ta
OrOBOPK& Hy XHA TOJIBKO B CJy4Yae KOHEUHOM TOYKII ), 1 eCJIH
s aroboro € > () HaiigeTes Takasa OKPeCTHOCTE TOYKHY d, YTO
JU1S1 BCEX X, MIPHUHAJJIKAINUX K Hel U OTJIMYHEIX OT d, UMEET
MeCTO HepaBeHCTBO
[0 - Al <e.
ITo onpenenenue o6benumseT B cebe, OYeBHIHO, 06a pa-
300paHHBIX BBIIIE CJOYYas pefiena f: KOTrua X CTPEMUTCS K KO-
HEYHOMY YKCIY 4 ¥ KOTJia X CTPEMUTCS K 00, 400, —00.

PyurIuA f, Aasa koropoiilim f(x) =0, HasbBaeTcabecko-
x—a

HEYHO MANOL npt X — a.

IpucTynmm K H3I0KeHMI0 CBoiCTB dyHKpuf (x), Mero-
eit Ipefiesibl P X — &, TlIe 4 €CTh YNCJO WIH 00, +60, —CO,
Vea0BMMEA IPOM3BOIBHYIO OKPECTHOCTE & 0603HAYATH CUMEBO-
oMU (a). Jlerxo npoBepUTD, YTONEPECeueHLLe BYX OKpecmHo-
cmeir U, (a) u U, (a) ecms cnoéa nekomopas okpecmuocms U (q).

Teopema 1. Ecru lim f(x) = A, 20e A — koneunoe

x—~a
uucno, mo va Hexomopoit okpecmuocmu U (a) ¢gynryua f (x)
OzpaHuYeHa, M. e, CYULeCmayem noaoxcumenvroe wucao M ma-
KOe, wmo
f(x)) S M odnsecex x € U(a), x+*a.

HoxasarenscTso.Haycnosus TeopeMsl cieiyeT Cy-

IecTBOBaHue oKpecTHocTH U (a), Takoid, uTo
I1>[f@)-AZfx)l-1A (xeU), x#a)
OTcrona anst yKasaHHbIX X
If (x)] <1 +4,

rzre Hazgo cunutats M = 1 + |A|. Teopema Jiokaszana.

Teopema 2. Ecau lim f(x) = Au A+ 0 — KoHeunoe

x—=a
HUCRO, MO cYujecmeyem okpecmuocms U (a) Takas, uro
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f@I>A/2  (eU@, x#a).
Boaee mozo, 015 yKka3aHHbLX X
T (x)>A/2,ecau A>0,
u
f(x)<A/2, ecau A<O.
Hoxasatensctso .3 ycroBusa reopeMsl CIegyeT Cy-
mecrBoBaHue ;Ui € = |A|/2 oxpecTrOCT! U (@) Taxoii, 4To
/2> A-F @)= A~ fx)] (reU@, x+#a),
orryza |f (x)] > |A|/2 pra yrasanaeix x. IlepBoe 13 3THX Hepa-
BEHCTB MOKHO 3aMeHHTD CJIeYIOLIMM:

A—%J <f(x)<A+‘i24~|.
IIpu A > 0 orcroza ciaegyer
A _ 4, Al
& =a-T<f,
a npu A < 0 cirepyer

Al_A
f(::r)<A+2 o

qyTO 1 TpeboBaIOoCH JOKABATS.

Teopema 3. Ecau
lim fy(x)=A4,, lim fyx)=A4,,

x—a x—a
u Ha Hexomopoil oxpecmuocmu U (a), x # a,
f1(x) <fp(x),

moA, <A,
HoxkasaTtenscrBo.Ilyetsx, — a, x, # a; TY0T)A AN
JIOCTATOYHO GOJIBILIOTO 7l MMEET MECTO HEPABEHCTEO

fi(x) <fh(x,)  (n>ng)
1 TocJle Iepexofia K npenelly HepaBreHcTBO A, < A,.

Teopema 4.Ecau

lim fy(x) =4, lim fy(x)=A @
u Ha Hexomopoil oxpecmuocmu U (a), x # a,
fi(x) <@ x)<fp(%), 2
mo
lim @(x)=A4A 3)

xX—a
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Hoxasarenscrro.Ilyers x, — a, x, # a; Torna Opu
JOCTATOYHO GOMNBIUOM N, AL 1L > 1,

f(x) < @x) <7,(x,)

u B cuity (1) cywecTByer nipesien @ (x,), PaBHBIA A, & Tak Kax
{x,} ecTE NPOU3BOMLHAN CXOAAAACA K @ HOCJIeZI0BATeTEHOCTD,
TO MMeeT MecTo (3).

Teopema S (kputepuit Komiu cymecrBOoBa-
HuA npepena). [lna mozo umobol cyuecmeosanr npeden

(KoHeunwiit) lim f (x), Heobxodumo u docmamouno, ¥moovl gymn-
x—a

rkyus f (x) 6vina onpedenena e oxpecmuocmu a, 3a ucKLioYe-
HUeM, Oblme MoHcem, camoii mouku a, u ona ecakozo € >
cyujecmeogara marxasa okpecmuocme U (a), umo, karxoevt Gol
Hu 6btru mouku x', x" € U (a), x', x" # a,
I n
If(x)—F (") <e.
HoxasaTtenscTBoO. Ilyctslim f(x)=A, roneA — KOHey-
x—a

HOE YHCJIO; TOT/la CYIECTBYET OKPECTHOCTS a, Tye f (x) ompejie-
JeHa, 3a UCKJIOYeHUeM, ObITE ModkeT, camoil Touku a. Kpome
Toro, AndA nwboro € > 0 vaiiyierca Takas okpecTaocTs U (@), uto
ecmu x € U (a), x # a, 10 |f (x) — A| <&/2. Hyers x', x” € U (a)
u x', x" # a; Torga

FE) -FENSH ) -A+A-FE)<E+ £ =5,

]

K MEI IIOJYYMIH, YTO YCJIOBHE TeOPEMEI HeOBXOMMMO.

Hoxaxem fiocraTouHOCTb 3T0r0 Yetosua. ITyers dyuxnusaf (x)
ONpE/IeNIEHA B HEKOTOPOM OKPECTHOCTH A, 38 UCKJIFOYEHIIeM, OBbITE
MO)KeT, CaMOk TOUKHU a, ¥ OyCTH A4 Jo6oro £ > 0 MOKHO yKa-
3aTh OKpecTHOCTE U (@) Takyto, uro |f (x') — f(x")| <€ nns Beex
X', x" € U(a), x', x" # a. BagaguM OpON3BOILHYIO MOCIIENOBA-
TeJILHOCTE {X,}, X, # a (n=1, 2, ...), crpemsamyoca k a. Torna,
coryiacHo KpuTeputo Koy, jpis nocne[oBaTeibHOCTH, CTPEMS-
Lelics K Ipefiesly, HaliieTCs YHCO 1y TAKOe, YTO AA 1, M > 1,
6yzer x,, x,, € U (a). Ho Torna

iFx)-fx)l<e (n, m>ny),
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¥ mocjejgosaTeapHOCTE {f (X,)} yHosrerBopsier Kpurepmio Komu
U, CIEeOBATEJILHO, HMEeT IIPESeJl.

Me1 gokasanm cnepyroliiee CROMCTBO pACCMATPUBAEMO (DYH-
KOUM f: 1A 1000 cxogsAleiics K a ToCaeJOBATEILHOCTY YMCesT
x, # a cymecTByer lim f (x,). M3 sroro ceoficTBa aBTOMaTHYeCKH
cleptyeT, yTo npegensilim f (x,), COOTBETCTBYIOIIVE PASHBIM CXO-
OAIVMCA K a noc.rxeuoBa-rem,HoéTnM, paBHEI Mmexxay coboii. Ho
TOrAa cymecTByert lim f(x). B camom zene, nycrex, — @, X

x—a

14
n

- a;
x,xhxa(n=1, 2, ..). Torza no foKasaHHOMY CYI[ECTBYIOT
uncaa A u A’ Takue, uro f(x,) — A u f (x;) — A'. CocraBum
HOBYIO ITOCJIEIOBATENIBHOCTD: { X, X}, X5y X3, Xy ...}. OHA CXOZMT-
cs K umeny a. o JIoKazaHHOMY BBIIIE KOJKHA CXOAMTRCS K He-
KOTOPOMY SHCIIY ¥ COOTBETCTBYIOMIA MOCAEAOBATENILHOCTS {f (X,),
fx), F(xy), f(x}), -..}. Ho ar0 BosMOMKHO, TOIBKO ecu A = A'.
Tarxum o6pasom, A = A'. Teopema fokazana.

Teopema 6. Ilycmey
limf (x) = A, limg(x) = B,

x—a x

20e A u B — rorneunwvte yucaa. Tozda

lim [f ()£ ¢ (x)]=A%B, lim f (x)o (x)]=AB

x—a
u npu ycnosuu, wmo B* 0,
lim 7@ _ A
x~a@(x) B’
Hoxaskem a1 npuMepa Bropoe pasencrso. Ilyctsx, — a,
x,#a(n =1, 2, ...); Torma
lim f (x,)=A,lim¢ (x,)=B,

HO TaK Kak Ipeies IpOM3BEIeHHA JIByX INepeMeHHBIX, Ipo-
Geraoiux NocleA0BaTeILHOCTH, PABEH NPOMIBEIEHMIO X IIPe-
JeJIOB, TO

lim [f (x,)) ¢ (x)] = lim f (x,) lim ¢ (x,) = AB.

9To paBeHCTBO AOKa3aHO AnA nwoboil nepemeHHoit x, — a,
x, # a, noaromy lim[f(x) p(x)] = AB.
x—a
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Ilo onpenenenniolim f (x) =co, ecnu pyHKUA f (x) onipe-
xX—-a

IeneHa Ha HEKOTOPOY OKPECTHOCTH @, 3a MCKIIOYeHHEM, ObITE
MOKET, CaMoi TOYKH 4, U €CJIM IS BCAKOro HOJIOKUTEIIBHOIO
yrcna M Haiigercst Takas okpecrHocts U (a) TOYKH a, YTO

f(>M (xeU(a), x*a)

PyHKIMIIO, 1151 KoTopoii lim f (x) = o, HassIBalOT Gecko-
x—a

HeYHO 60AbLUoUL npu X — a.

Ecnu lim f (x) = © 1 B HeKOTOpPOii OKPECTHOCTH TOYKHU G
X—a

¢yuanuda [ (x) > 0 (cootBercTBeHHO f (%) < 0), TO eme muuryT

lim f (x) = +0 ( coorBeTcTBeHHO lim f (x) = —00).
x—a x—a

Jlerko 0KasaTh CIASAYIOMIYE TeOpEeMBI.

Teopema 7. Ecau ¢pynxyus [ (x) ydoeremeopsaem Ha
HeKOmOopoil OKPeCmHOCMU G HEPAGEHCTEY

If (x) >M >0,
a 0na gynryuu @ (x) umeem mecmo

lim ¢ (x)=0 (@ (x) # 0 dna x # a),
x—a

mo
lim——= 1) = 00,
x-~a (%)
Teopema 8. Ecau lim f(x) = A, hm Qx)=00 A —
x—a
YUCN0), MO
1im @ _o.
x—a @(x)
CnenpcrBue. Ecaug(x) = 0(x —a, ¢ (x)#0), mo
lim—1_ = 00,
x—a (p(x)
u ecau @ (x) —~ o (x — a, ¢ (x) #0), mo
th =
x—a ()

MosKHO erne OIpeNenuTs npefien Gyukiun [ B TOYKe a
(xoHeusHoIt) cnpaBa (cneBa).
4. 3axas 704
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Ilo onpedenenuto wucno A nasvieaemcs npedenom Qymi-
yuu f 6 mouke a cnpaeéa(creaa), €CIv OHA ONpPeneIeHA Ha HEKOTO-
poM nonyurTepsade (a, b] ([b, a)) u nsa Hee cyluecTtByer

lim f(x,)=A (coorBercrBerHO lim f(x,)=A)
x,~a x,—~a

X, >a X,

n n<a

Ans1 000l yKasaHHOM NOC/IeJ0BATENIEHOCTH {X, }.
IIpenen cpasa (coreBa) GyHKINH [ B TOUYKE @ TPUHATO 060-
3HAYATH TAK:

f (@ +0)=limf(»), @
f (@~ 0)=limf(x). ®)

Ecym f onpeneneHa Ha uHTepBane (a, b), To B ToUKe @ Mo-
YKeT MMeTh CMBICH TONBKOo Yncyof (a + 0), a B rouke b — ToybKo
yucno f (b - 0).

3ameuaxnue. Pasencrsa
flet+t0)=f(a-0)=A (6)
SKBHUBAJIEHTHEI CYIIIECTBOBAHUIO IIpeieia
lim f (x) = A. 0
x—a

B camom zene, (6) MoxHO BhIpasuTs Tak: Ve > 0 38 > 0:
If (x)—Al<g, Vx: 0<|x —a|< 8, x> a; |f (x) - A] <&, Vx: 0 <|x ~
— a| < &, x < a. Ho sT0 MOoKHO BRIpasuTh 60ee kpaTKo: VE > 0
38> 0: |f (x) — 4] <g, Vx: 0 <|x — a| <8, uro axBuBaIeHTHO (7).

§ 3.3. HenpephIBHOCTE QYHRKIMH

Ha puc. 15, a nzobpaxxen rpadpuk dyExumu y = f (x)
(a < x < D). Ero ecTecTBeEHO HA3BATL HETTPEPEIBHBIM I'padKoM,
IOTOMY YTO OH MOJKeT ObITH HAPVMCOBAH OHUM ABIIKEHIEM Ka-
paHzaia 6es OTpesIBa OT 6yMaru. 3aJa uM IPOUIEOILHYIO TOY-
Ky (uucno) x € [a, b]. Biuskasn k Heil apyras Touka x’ € [a, b]
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Puc. 15

MOMKeT GLITEL 3ammcana B Buae ¥’ = x + Ax, rue Ax ects uncio
HONICXKUTEIbHOE WIKM OTpMIATeN:LHOe, Ha3kEIBaeMoe npupaiye-
Huem x. PasHOCTH
Af=Ay=Ff(x+Ax)-f (x)

HASLIBAETCA npupdijeHueM QyrKyuu [ B TOYKe x, COOTBET-
CTRyIOIUM Nprpainenuio Ax. 31eck uMeeTcs B Bugy Ax Taxoe,
uro x +Ax € [a,b]. Ha puc. 15, a Ay paBHo pmune orpeska BC.

Bynem crpemuts Ax K HYJIIO; TOrZia AJA paccMaTpHBae-
Mol PYHKIUH, OUEeBHUAHO, 1 Ay Gypet cTpeMUTBCS K HYJIIO:

Ay — 0 (Ax — 0). 1

PaccmoTtpum Teneps rpadmi Ha puc. 15,6. OH cocTonT 13
ZBYX HeItpepbIBHEIX KyckoB PA 1 QR. OnHako 3TH KYCKH He
CoeJMHEHEI HENpPephIBHO, ¥ TIOTOMY rpaduK ecTecTBEHHO Ha-
3BaTb PasphIBHLIM. YT0GHI rpadiK n300parkall OAHOIHAYHYIO
dyuripo y = F (x) B ToUKe X, yCHAOBUMCA, 4TO F (X,) paBHO
JJIHe OTPe3Ka, COSAUHAIOEro A U X,;; B 3HAK 3TOro TOYKa A
u300parkeHa Ha rpadHKe KpY:KKOM, B TO BpeMs KaK y TOYKH @
HApUCOBAHA CTPEJIKa, YKa3hBaIoas, YTo @ He IpUHaIeIRKUT
rpadpuxy. Ecim 661 Touka @ IprHaeana rpaguky, To QyH-
kuusa F 6pina 6Bl ABYSHAYHOM B TOYKE X.

IMpugagum Teneps X, npupaesne Ax, 1 onpe/iesuM co-
OTBeTCTBYIOIIee IIpupalleHye (PyHKITAN:

AF = F (x, + Ax) — F (x,).

Ecmu M1 6ynem Ax, cTPEMUTD K HYJIIO, TO TeTlePhb YXKe HEeNb3A
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ckasarb, uTo AF Gyzer crpemursesa K Hymo. A orpura-
TEJLHBIX AX,, CTPEMSAIUXCA K HYJIO, 3TO TAK, HO ISl LIOJIO0-
JKUTEJIbHBIX BOBCE He TaK: U3 PUCYHKa BUIHO, 4TO ecan Ax,,
OCTABASICh NOJIOMKUTENLEHBIM, CTPEMUTCH K HYJIIO, TO COOTBET-
cTByIOINee npupaigelue AF Opu 3TOM CTPEMHTCS K IOJIOMKU-
TEeJILHOMY 4YMCIy, PABHOMY AJIMHE OTpesKa AQ.

Ilocse aTX paccMOTpeHHH eCTECTBeHHO Pyuryuwp f, 3a-
Oannyo Ha ompeske|a, b], Hasvleamy HenpepPLIBHOIL 8 MouKe X
9mozo ompesKda, ecau npupaweHue ee 8 3Moil movKe, coom-
semcmeyruee npupaweHio Ax, cmpemumesn Kk Ry NPU 110
Oom cnocobe cmpemaenus Ax K Hya10. ITo (CBOIICTBO HEIIPePHIB-
HOCTH f B X) BAIIUCHIBAETCA B BHJE COOTHOIIEHMUA (1) nnu ewge
TaK:

AliranAy =0. @)

Sanwmce (2) ynraercs Tak: npenes Ay paBeH HYJIO, KOTIa Ax
CTPEeMUTCA K HYJIIO 110 j1060My 3aKoHy. BripoueM, BuIpaskeHme
«II0 J1060MY 3aKOHY» OGBIYHO OITyCKAIOT, IOAPA3yMeBasd ero.

Ecym orrpepientestnast Ha [a, b] dyaknus f He siBnsiercs He-
IPEPEIBHOM B TOUKeX € [a, b], T.e. eciu 15 Hee He BEIIOIHAETCA
CBOMCTEO (2) x0T Obl mpu OfHOM criocoBe cTpeMieHNA Ax K
HYJIIO, TO OHa HA3BIBAETCS PA3PLIBHOLL B TOUKE X.

DyHKIYA, N300paskeHHaa Ha puc. 15, a, HelpephIBHA B
moboii Touke x € [a, b], yHEKnuA *Ke, usobpakeHHAas Ha pPUC.
15, 6, oueBu/HO, HenpephbIBHA B JIOGOH TOUKe X € [a, b], 3a
MCKJIOYEHUEM TOYKM X, IOTOMY YTO IJIA IOCJIefHeil co-
oTHOLIeHwme (2) He BRiNoNHAeTcsA, KorgaAx — 0, ocraBasich no-
JIOIKUTEJIHHBIM.

DyHKIUA, HEPepHIBHASA B JII060M TOUKe OTpeaKa (MHTep-
BaJa), Ha3bIBAETCA HeNpPePyLSHOIl Ha 3TOM Ompeske (LHmepaa-
JL€).

HenpepriBHas QyHKIHA MATEMATITUECKH BBIPAYKAET CBOM-
CTBO, C KOTOPBIM HAM IPUXOAMTCSA YACTO BCTPEYATHCA Ha IPaK-
THKe, 3aKJIIOYAIOMIEECcs B TOM, YTO MAJIOMY IIPUPALIEHUIO Hega-
BHCHMOIl TIeDEMEHHOII COOTBETCTEYET MAJIOE YK€ IPUPAIeHUe
33BHICHMOI1 OT Hee epeMeHHOH (GyHKuyn). IIpeKkpacHLIMu Tpy-
MepaMH HEIPEPHIBHON (MYHKITMM MOI'YT CJY)KHUTH Pas3jMdHble
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3aKOHBI ABMXKEHUS Tesl 8§ = f (t), BhIpakalolque 3aBUCHMOCTH
IyTHU S, IPOUAEHHOIO TeJIOM, OT BpeMeHut. Bpemsa u npocTpas-
CTBO HeIpepeIBHEL. Tor Miau WHOH sakoH ArvKeHuda s = f (f)
YCTAaHABIHBAET MEXKAY HUMM OINpene/IeHHYI0 HellPepLIBHYIO
CBA3b, XAPAKTEPUSYIOLIIYIOCH TE€M, YTO MAJIOMY IIPHPALIEHIIO
BpeMeHH COOTBETCTBYET MaJjIoe NpupalleHue Iy TH.

K abcrpakiyy HellpepbIBHOCTH YeI0BEK IPHIIelT, HabIio-
Jasi OKpYJKaloIqye ero Tak HasbiBaeMble CILIOIIHbBIE Cpeabl —
TBepjble, KUAKHE UINU rasoo0pasHble, HAIPHMeP MeTaJlIb,
BOXy, Bo3yX. Ha caMom fnieste, BeAKas QU3HUeCKas cpefia npej-
craBisieT co0oi CKOMeHre GOJBINOT0 YHCAa OTAEIeHHBIX JpYT
OT Apyra ABMKymMXcA yactuil. OgHaxo 9TH YacTHIBI U pac-
CTOAHUA MEXAY HUMH HACTOJBKO MAaJIbI 0 CPABHEHUIO ¢ 00b-
€MaMu Cpejfi, ¢ KOTOPLIMI NPHXOAMTCA HMeTh [eJI0 B MaKpo-
CKONMYECKUX (WMSMYECKUX SBJICHUAX, YTO MHOT'HE TAKHE SABJIe-
HUA MOMHO JIOCTATOYHO XOPOIIO H3YYATh, €CJIM CIATATE IIPUOIT-
JKEHHO MacCCy H3yUaeMoi Cpe(bl HEIIPEPLIBHO PACIIPeie/IeHHOMN
6e3 BCAKHMX IIPOCBETOB B 33HATOM €10 npocTpascTee. Ha Takom
JONyIIeHUHN GasMpPYIOTCsi MHOTUE (QU3WYeCKHe NHUCIAILINHEL,
HallpyMep FHAPOAVHAMHUKA, a3pOqUHaMHKa, TeOPUA YIIPYTroc-
TH. MaremMaTHyecKoe IIOHATHE HEIIPEPLIBHOCTH, €CTECTBEHHO,
Urpaer B 9TUX JUCUHIIIMHAX, KAK U BO MHOTHX APYTUX, GOJL-
IIYIO POJIb.

HenpepreisHbie GyHKII 00PasyIOT OCHOBHOM KJ1aCC (PyHK-
Ui, ¢ KOTOPBLIM ONEPHUPYET MaTeMATUYECKHHN aHaIu3.

IIpumMepamy HeNPePEIBHBIX (PYHKITHI MOLYT CILy?KHUTh 3J1e-
MeHTapHble (ByHKITY (cM. Huoke § 3.8). OHn HenpepHIBHBI HA
UHTEPBAIAX U3MEHEHUA X, I'/le OHH OlpeesIeHbl.

PaspriBHble QYHKIUYM B MATEMATHKE OTPAXKAIOT CKAYKO-
ofpasHkie IPONECCH], BCTpeYaouuecs B mpupoze. Ilpu yaape,
HalpuMep, BeJIMYMHA CKOPOCTH TeJla MeHseTCA CKauKoo0pas-
Ho. MHOrue xayeCcTBeHHEIE TIEPEX0bI COIPOBOMIAIOTCA CKaY-
kamu. Hanpumep, sapucuMocts @ = f () Medky TeMnepaTypoit
OJHOTO I'pPaMMa BOALI (Ibpfia) U KONMUYEeCTBOM @ Kasopwuii
Haxo[AINErocs B Hell Ternna, Korgat MaMeHsieTcst Meskay —10°
+30°, ecai mpUHATH YCIOBHO, 4To npu —10° Benuunna @ = 0,
BBIpaXKaeTCsA CAeAYIOHNIMHU (hopMyIaMU: -
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_ [05t+5, -10<t<0,
QW= {t+85, 0<t<30.

Mg1 cuuraem, yro TenmoemMxocTs nbaa pasta 0,5. Ipu t =0 ata
GYHKLIES OKASLIBAETCS HEOIIpPEAENICHHOM -— MHOIO3HAYHOI;
MOYKHO JIIS1 yAOGCTBA YCIOBUTLCA, UTO pK ¢ =0 OHA MpHHUMAeT
BITOJIHE OllpefelleHHOe 3Havenue, Hanpuwmep f (0) = 45, @ysxk-
mua @ = f (t), oueBnaHO, paspeiBHas nput = 0, H3o6pakeHa Ha
puc. 16.

Jagvm onpezeseHye HenpepbIBHOCTH (hyHKIMH [ B TOUKe.

Pynryuaf (x) Hasviseaemcs HenpepuLIBHOLL 8 MOUKE X, €CIU
OHa onpedeneHa 6 HEKOMOPOll OKpecmHOCMU 3MOoil MoYKU, 8
moMm wucne 8 CamMoll MmouKe X, U €CAU €e NPupaujeHue 8 Imoil

g4 mowKe, coomeemcmeayuiee NPUPAWeHu0 ap-

54— zymenma Ax, cmpemumes K nyaw npuAx — 0:
1' = i — = .

85 lim Ay= lim[f(x, + A2)—fx)} = 0 @3

Ecm nonoyxurs x = x, + Ax, To momyunm
CeAYIOIIee 3KBUBAJIEHTHOE ONpeAeleHie He-
DpepHIBHOCTH f B X pyHKYyuA f HenpepvieHa e

5 moukKe X, eCau ona onpedesena 8 Hexomopoil
._..4___._1_4- .
Z0lo 30 1 OxpecmHOcmu 3mOU MOYKU, 8 MOM YUCAE 8
camoil mouKe x,, U ecau

Puc. 16 ilrif, fx)=1(xy); (4)

451

UL euje Ha A3bIKE €, O: ecau 0 ecaxozo€ > O Haildemcad >0
maxoe, ¥mo
If () - flx))l <€ Vax:lx—x<d.
PasercTBO (4) MOXKHO €I1je 3aAIMCATE CIIEAYIOINUM OOpa-

30M: .

lim f (x) = f (lim x)- "

x—2xy x—%
OHO NOKASHIBAET, YTO 700 3HAKOM HEnpepwvi8HOil (yHKyuu
MONHO nepexodume Kk npedeny.

IIpumep 1. Ilocroaunasy = C ects QYHKIMA, HETIpe-
pEIBHaA B mi00oil Touke x. B camom pene, TOuke X COOTBET-
cTByeT 3uayenre pyaruuny = C, rouke x + Ax cCOOTBeTCTBYET
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TO JKe 3HavYeHue ¥ (x + Ax) = C. Iloaromy Ay = y (x + Ax) —
Yy(x)=C—-C=0mn

lim Ay = hmO 0.
Ax—0

IIpumep 2. PyHKIUA y = X HelIpepbIBHA A1dA J06Oro
3HaYeHHA X, OTOMY uTo Ay = Ax u, cnenoBarensno, Ay — 0
opu Ax — Q.

IIpumep 3. Pynruus y = sin X HellpepbIBHA IJIA JIEO-
6oro x. B camowm zere,

|Ay| = |sin (x + Ax) —sin x| = l2sin%cos(x+%)l <

<2 [sin (Ax/2). (5)

Ho pi1a moGoro O MeeT MeCTo HepaBeHCTBO
lsin o < |o. 6)
Eemm 0 < a < /2, T0 3TO A
cnepyer u3 puc. 17, rie usobpa- .
JKEHA OKPYIKHOCTH paguyca 1 «
(nyra gunae 200 GonkmIe CTATH-
BaeMoOil €I0 XOpAbI, uMeromeil
AnvBy 2 sin o). IIpm o = 0 me- V] 7
paseHcTBO (6) oOpaaercs B pa-
BeHcTBO. Ecom ke O <o <7®/2,
To |sin 0 = sin |a| < |a|. Hako-
Hew, ecau |o > t/2,70 |sin O €
<1 <7/2 < |0. Uz (5) 5a ocHO- Puec. 17.

BanmH (6) cnenyer

Sinee

&Y

IAxl

a1 < 2sinl%| < 212 _jay,

Ayl < |Ax|.
Ho torpa, oueBnpgno,

|
fim by =0.

MoxHo e1ne CKasaTh, UyTO Aud Beakoro Ag > 0 MokHO
HaitTu 8 > 0, umenHO & = € TaKoe, YTO
Ayl <e VAx:|Ax| <8 =¢.
OTMeTNM BAXKHYIO TEOpeMy.
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Teopema 1. Ecau ¢pyuryuu f u ¢ HenpepuisHbL 8 mou-
Ke x = a, mo Henpepul8Hb. MAKMe 8 IMOil mouKe ux cymma,
basnocms, npoussedenue u vacmuoe (npu @ (a) = 0).

JTa TeopeMa HEIOCPE/ICTBEHHO BEITEKAeT U3 TeopeMbl 6
§ 3.2, ecau yuecTs, YTO B JAHHOM CJIy4dae

fla)= }Ci_r)r;f(x), o(a) = iiir;¢(x).

CripaBeiyBa TaKIKe BEYKHASA TEOPEMA O HEIIPEPBIBHOCTH
GYHKIHY OT QYHKIHMH (CITOMKHOM QYHKIINK).

Teopema 2.ITycme 3adana pynxyus f (1), Henpepois-
Haa 6 mouke u = A, u ewe dpyzaa PyHryus u = @ (x), He-
npepvieHas 8 mouke x = d, u nycins @ (a) = A. Tozda cronrnas
oyunryusn F (x) = f [¢ (x)] Henpeprisra 6 moure x = a.

JokazarTenscTBO. 3aMeTUM, YTO II0 OIpenesIeHHIO
HepepRIBHOCTH (DYHKIOUM f B TOUKE A Clle/lyeT, YTO OHA OIpe-
ZJeNeHa B HEKOTOPO OKPEeCTHOCTH 210 Touxku. ITosromy

lim F (x) = lim o (x)]= lim fW)=f) = flo @] =F (a)

x—>a

3peck BBefeHa MOACTAHOBKA U = () (x) M VUTeHa Henpe-
PHIBHOCTS ( B TOUKe X = a: ¢ (x) — ¢ (a)=A.

IIpumep 4. Pyuxuus
P@)=ayx"+ax ' +...+a,

rzie a, — MOCTOSAHHEBIE K03 dHUIMeHTE], HASBIBACTCA MHOZOYTE-
Hom crenieHd n. OHa HeNpepHIBHA AJ1A Jixoboro x. Bemgs 4To6E1
nonyamTh P (x), HaZ10, MCXOA s U3 MOCTOSHHBIX YHCe ag, ..., 4,
¥ (pyHKIINH X, TPOH3BECTH KOHEYHOE YNCI0 APU(PMETHYECKMX
JelICTBMI1 — CJIOMKEeHHA, BBIMUTAHNA ¥ yMHOKeHus. Ho mocro-
AHHAsA eCTh HenpepblBHAA (OYHKIUA (cM. pumep 1), a QyHK-
U Y = X TOXe HellpephIBHA (CM. IpuMep 2), IO3TOMY Hellpe-
prisHOCTE P (x) cnepyer us Teopemsr 1.

IIpumep 5. PyHKUUA Y = COs X HemlpepripHa. OHa siB-
JIAeTCs KOMIIOSHUITUEH ABYX HENIPEPHIBHLIX (DYHKIMI: Y =sin u,

u==1 —x

2
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IIpumep 6. Pysrnus

sinx
cosx
HeIIpepHIBHA JIIA YKA3aHHBIX X, [0TOMY 4TO (CM. Teopemy 1)
OHA PABHA YACTHOMY OT JAeJIeHHWs HelPEPBIBHEIX (DYHKINE U
IPH 3TOM fieJINTe)s He paBeH HYJIo (IPH YKa3aHHBIX X).

y=tgx= (x¢g +Ekn, k=0,x1,%2,.),

MNpumep 7. Pyuxnusa
y= sin® x° .
HellpepbIBHA AJIs1 JII0DOro X, IMOTOMY YTO OHA SIBISETCH KOM-
I03HUIell HeIIPpEPhIBHBIX (OYHKIIH: | = u3 u=s8sinv, v = x°
(cm. Teopemy 2).

IHpumep 8. PyHrIMAY = |x| HeIpepBIBHA V X, IOTOMY
4To
Ayl =||x + Ax| - |x] | < |x + Ax — x| =|Ax| = 0
npu Ax — 0.

IIpumep 9. Ecom ¢pynkums f (x) HellpepbIBHA B TOUKe
Xg» TO HENPepEIBHA TAKIKE B 9TOM TOUKe M QyHKIUA if ().

Dro caeayeT U3 TeopeMHl 2 M IpHMepa 8, MOTOMY YTO
dyHKDUA |f (x)| €CTh KOMIIOSULMS IBYX HeNPePHIBHEIX (HYHK-
s g = fuly u = £ (2).

OTMeTHM ellle [IBe TeOpeMbl, KOTOphble HellIOCPEeACTBEHHO
CJIEYIOT U3 COOTBETCTBYIOMMX TeopeM 1 1 2 § 3.2 ana npenena
yurnun.

Teopema 3.Ecau ¢gynryus f Henpepvisna 6 mouKe a,
mo cywecmsyem oxpecmuocms U (a) amoi mouku, Ha Komo-
poil f oeparuvena.

Teopema 4.Ecau ¢yuryus [ nenpepvieHa 8 mouke au
f (@) # 0, mo cywecmeyem oxpecmruocms U (@) mouKku a, Ha
Komopoil
If ()1 > If (a)l/2.
Boavuwe mozo, ecau f (a) >0, mo
f@/2<f(x) (xeUla),
a ecau f (@) <0, To

fx<f@/2 (xeUla)
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§ 3.4. PaspuIBEI IIEPBOrO U BTOPOTO poaa

o onpeneneruio hyHKIVSA [ HenpepuleHa 8 MOYKe X = a
cnpasa (cnesaq), ecau

f (@) = f (a + 0) (cooTBercTrerHO f (a) = f (a — 0))

(cM. xorern § 3.2).

HenpepbiBHOCTE f B TOYKE @ MOKHO OHPENIENIUTh TaKXKe
cIeryIoum obpasoM: ¢yrkyus [ Henpepeieta 6 mouke x = a,
7 A JA
Ae .

Avr
/ r—‘

el e yl

7 2 7 0 a ] 0 2 T

Puc. 18 Puc. 19 Prc. 20

ecau oHa onpedeneHa 6 HexXomopoi. OKPeCMHOCMU 3MOoil moy-
KU, 8 MOM YUCTE U 8 CAMOIL MOuKe X = @, U CYULecmsyom npe-
deavt f (a + 0)u f (a - 0) marxue, umo

f@=f(@a+0)=f(a-0). ¢y

Ecau ¢pyaKnua f takoBa, YTo ZJIs1 Hee CYIIECTBYIOT IIpefe-
Jnl f (a + 0), f (a — 0), onHakro paseHcTBa (1) He BRINOJIHAIOTCH,
TO, OYEBHIHO, OHA paspbléHa (He HenpephBHA) B TOYKe a. B
BTOM CJIy4ae I'OBOPAT, YTO PYHKIMA [ B TOUKe a UMeeT PA3pbié
nepaozo poda.

Ha puc. 18—23 npuBegeHb! 1uecTb rpadpuror GyHKIMIA,
MIMeIOLUX paspbiB IIePBOro pofa B ToykKe a. BykBa A obo-
aHayaeT Touky A = (a, f (a)) rpaduka pysxuuii. Crpenka Ha
KOHIe KYCKa KpHMBOI 0DO3HAYAET, YTO KOHIUEBAS TOYKA, ke
HAXOJUTCA CTPeJIKa, BHIOpoIeHa.

Ha puc. 18 — 21 gans! rpadwku GyBRumid, 17158 KOTOPBIX
sce Tpuyucaa f (a), f (a +0), f (a - 0) umezor cmpica. Ha puc. 18
Tpu yucyaf (a), f (a +0), f (@ —0) nonapHO pa3aM4HE — HYyHK-
IUA He TOJLKO PasphbiBHA B 4, HO PAIPBIBHA TaK)Ke CIIpaBa ¥
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cnepa. Ha puc. 19 ¢pyuxnusa HenpeprsiBHA clieBa B 4, HO pas-
peiBHA cripaBa. Ha puc. 21 f(a + 0) = f (a — 0) # f (a). B arom
ciy4yae rOBOPAT, UTO (yHENUA [ uMeeT B TOUKe G YCMpaHu-
Mbtil pa3pbie — Begb €e MOXKHO BUIOM3MeHUTh B TOYKE d, [10-
Jqoxus f (@)= f (a + 0)= f (a — 0), u ona cenaercsa HenpepuIB-
HOii B aToil Touxe. Ha puc. 22 GyHKuMA He onpeeela B TOU-
ke a. Ha puc. 23 $yHKIUA TOMKE He OIIpefiesleHa B TOUKe @, HO
f (@ +0)=f (a—0), nosromy, eciu oONPeZIeIUTS f B 3TOH TOUKe,
nonoxxus f(a) = f (a + 0) = f (@ — 0), To pyaxnua f cramer
HEIIPepBIBHOM B TOUKE d.

g g g
A —
/;/_‘ ,\y/'
. a 2 g 7 K 0 2 F3
Puc 21 Puc. 22 Puc 23

B cnyyaax puc. 22 u 23 @pyHKIUsA f OllpesesieHA B OKPECT-
HOCTH TOYKH, 38 MCKJIIOUEeHHEM CaMoil TOUKH a. B raxnux ciy-
4asx 4acTo roBopAr, YTo [ paspbiBHA B @, XOTHA Hues Helpe-
PHIBHOCTH M PA3PEIBHOCTH B TOYKE d €CTh ULEes COIOCTABJIEHHA
f(a)c f (x) npm x, 6musKux K a.

Ecin y dyrxnun f He cyiecTsyer IIpagoro npexesia Hin
JIEBOTO Ipefleia B TOYKE d, VIH He CYINEeCTBYeT KaK IIPAROro,
TAK U JIEBOT'O IIpeesia, MU JKe 3THU npeaenbl 6eCKOHeUHbI, TO
TOBOPAT, YTO OHA MMeEeT PAa3pblé 8Mopozo poda 8 smoil mourke.

MIpumep 1. Pysxnus

sinl, x#0,
fx)= x
0, x=0

B To4Ke X = (0 He MMeeT IPaBOro M JIEBOI0 HpeAeNoB (CM. IIpH-
mep 3 § 3.2). CirenoBaTenbHO, OHA UMEET PA3PEIB BTOPOTO POLA
BTOUKe X = 0.
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IIpumep 2. DysKIUA

1, x>0,
sign x =4 0, x=0,
-1, x<0,

OYEeBUJHO, HeNpepHIBHa I1A X # 0, a B Toure x = () uMeer pas-
PEIB niepBoro poga. ITpu sromsign (0 + 0)=1,sign (0-0)=-1.

IIpumep 3. PyHKIWMA [x] — Uenasn 4acTsx — OIAX >
20 umeer rpaduk, n300paKEeHHLIN Ha puc. 24. OHa HerlpepkIB-
HAa /1A HEUEeNBIX X, 8 ecJId X [eJIoe,

A [x+0]l=x=[xlu[x-0]=x-1,
3t —> ¥, CJIEIOBATEJIBHO, HMEeT MECTO pas-
| PBIB IIEPEOTO POZA.
S R
F IIpumep 4. DPyurnua
e i sinl/x, x=20
g1 7 2 3§ 4 ) = ’ ’
Y { 2, x=0
Puc. 24 HenpepbiBHa Jus x # 0. IlpaBerit u

JIEBBIH IIpegesibl B Touke x = 0 pas-
HEI 66CKOHEYHOCTH, TI0ATOMY (DYHKILUSI HMeeT PA3PHIB BTOPOro
poza B 9T0i1 Touke. B 3T0M ciiyuae TaKiKe FOBOPSAT, YTO (DYHK-
U uMeeT GecKOHeyHbiil pas3pul8 8 91O MouKe.

Teopema 1. Ecau ¢pyurxyus f He yousaem Ha ompes-
ke [a, b], mo cywecmsywom npedenevt f (a+0) 2 f(a)u f(b-
- 0) < f(b).

HJoxasaTenscTsBo . Y3 yclioBus clrenyeT, YTO

fx)<sf® Vxelab),

1. €. f orpanuyena ceepxy yuciaom [ (b) Ha nonyunTepsaie {a,
b). Ho Torpa cyiecTByeT ToYHAS BEPXHAA rpadb f Ha 9TOM MHo-
JIyUHETEpBAJIC:

sup f (x) =M< f ().
xcfa,b)

B cuny cBoiicTBa TOUHOM BepXHeN rpaHH AJsA BCIKOTO
€ > 0 malinercsa x, € [a, b) Taxoe, yTo

M-eg<f(x) <M, 2)
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a B CIUTY TOrO, YTO f He yOLIBaeT, MeeT MeCTO
flxg) Sf(x) Vx:xy<x<b. 3)
Wz (2) m (3) cnenyer, uTO
M-ege<f(x)<M Vxix,<x<b,
U MBI JIOK83aJY, YTO CYI{eCTBYeT JIeBblii ipeaen f B Touke b:

limf(x)=f(b-0) =M <f ).

x<b

Amnanormyso, paccMarpuBas HepaseHCTBOf (a) < f (x) ans
x € (a, b], noxakeM CylieCTBOBAHHE

f(a +0)= inf f(x) > f (a).
xelab]

CnenctBue. Ecau Qpynryua f ne yﬂbteaém Ha ompes-
xe [a, b], mo 8 nwboil moure x € [a, b) cywecmsyem npasvtii
npeden f (x + 0) 2 f (x) u 8 ar06oii moure x € (a, b) cyujecm-
eyem neswtil npeden f (x — 0) < f (x).

B camom pnerne, nis ToueK X = a, b 3T0 yTREpKAEHUE NO-
kasaHO B Teopeme 1. ITyerh x € (a, b). Ha orpeskax [a, x] u [x,
b] hyrxuusa f He y6uiBaer, moaromy mo Teopeme 1 cymectsyior
npegentl f(x —0), f(x +O)uf{x—OLfX)<f(x+0).

B paHHOM ciyuyae, OYE€BUAHO, YTO JIJIs TOr0 YTOOL! (DyHK-
nuAf 6bLa HellpephIBHOM B TOUKe X, HeOBXO0AMMO 1 JIOCTATOYHO,
y1o0s! f (x — 0) =f (x + 0).

Eenu f (x — 0) <f (x + 0), To dyuruus f umeeT B TOUKe X
paspbiB IIEPBOTO POia.

Teopema 2. Muoxmecmeo mouex pa3pviéa GyHryuu f,
Heybblearwuyeil Ha ompeske [a, b], He Gonee wem cuemHo.

HokazareabcTso.Hyers dyaknusaf nmeeT Gonbliie yeM
OfiHY TOYKY PaspeiBa, HOycrhkx’ U x" (X' < x') — pee Kakne-nmubo
us Hux. Tak Kax

fx’+0)= inf f (x),f(x"~-0)= sup f (x),
xe (X, x") x e (x',x")
TO
f(x+0)<f(x"-0)

u ueTepBaisl (f (x' —0), f (x' + 0)), (f (x" — 0), (f (x" + 0)) ocu y He
[ePECEKAIOTCS.



110 TJIABA 3. ®¥HKIHS. OPERE] @YHKIHA

Kaxnoit Touxe x’ paspriea dyHKIIUU f COOTBETCTBYET HHTED-
Bax (f (x' — 0), f (x' + 0)). Buytpn ero BeifepeM ofiHY paI{HOHANb-
HYIO TOUKY (.. ITocsie CKa3aHHOrO ACHO, YTO PASHBIM TOUKAM pas-
PbIBA X' COOTBETCTBYIOT pasHble TouKH a,.. Ho MHOMKecTBO Beex
PauuoHaNEHBIX YMces cuyeTHo. IJoaToMy MHOMKeCTBO BCEX TOYEK
a,, TaK e KaK i MHOXKECTBO Beex ToueK X' (pasphiea f), He Gonee
yem cqeTHO. Teopema noxasana.

§ 3.5. DyHKUMM, HeIpepHIBHLIC HA OTPe3Ke

DyHKIUA [ HABBIBAETCA Henpepoi8Hoil Ha ompeske [a, b],
€CJIM OHA HeNpepHIBHA BO BCeX TOYKAaX MHTepBaua (a, b), He-
IIPepLIBHA CIIPaBa B TOUKE & W HEIIPEPHIBHA CJIeBa B TOUKe b.

PyHKITMY, HeNpepHIEHBIE HA OTPe3Ke, 00JafaiorT PsijicM
3aMevaTe hHBLIX CBOMCTB, K M3NO0KEHMIO KOTOPHIX MBI ceifuac
IIpHMCTYIINM.

Cravasia MbI cHOpPMYIMPYEM TEOPEMbI, BHIPAXKAIOLIHAE 9TH
CBOMCTBa, 1 pagbACHUM UX Ha rpadHKax U NpuMepax, a 3aTeM
JOKaXXeM UX GopMaIbHO.

Teopema 1.Ecaudynryus f HenpepvisHa na ompeske
[a, bl, mo ona ozparuvena Ha wem, m. e. cyujecmeyem KoH-
emanma K > 0 maras, umo uinonnsemes Hepagencmao

FOI<K Vx €la,bl

Ha puc. 25 usobpaxen rpadux I' HenpepsieHoil GyHK-
uuu f Ha orpeske [a, b]. Ouyeenzno, cymjecrByer uucio K > 0
Taxoe, 4yto I' naxoputesa Huke npsimoity = K, HO BEIIIe IpAMO#

y = —K. B 3roM u 3axkiiouaercs

4 Teopema 1.
K 3aMeTUM, 4TO ecau (PYHK-
IIVs1 HelIpepbIBHA HA WHTEpBaJe
J\ a > (a, b) wm Ha noyrynHTepBane [a,

01 a W £ otz b) uau (a, b], To oHa He 0bsA3a-

TEJILHO orpaHnyeHa Ha HeM. Ha-

K npuMep, ¢oyHKUMa 1/x wmeripe-

Puc. 25 phieHa Ha nosxyunTepsae (0, 1],
HO He OrDaHMYeHa HA HeM.
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Ecu 3Ty QYHKIIUIO JOOIPEAEINTS, IOJIOMHMB f ®=0,10
ona 6yzer koreunoil B 1106oit Touke orpeska [0, 1], oneaxo, ne
orpaHuYeHHOM Ha HeM.

Teopema 2 (BeitepmTpacca). Eciu gpyrryus f
xenpepvtena na [a, bl, mo cywecmeyem ee MURUMYM U MAKCL-
mym Ha [a, b, m. e. cywecmeyom moiKuQ., B € [a, bl makue,
ymo f (o) < f (%) < f (B) 24 6cex x< [a, bl. Hnaue zoeop4,

minf (®)=f(@), maxf @)=
xeab) x€{a,b)

Henpepwisaas pyaximay = f (x), usobparkeHHasA Ha puc.
25, KOCTHraeT CBOoero MuHumyMma Ha [a, b] B TouKe x = A H
MaKCUMYMa B ToUKe X = 3. B faHOM ciry4yae o0e TOYKHU O K B
NPUHALIEHKAT K UHTepBaty (a, b) (o, B € (a, b)). HenpepuiBHas
dyaxnusa y = f (x), nsobpaskeHHas Ha pUC. 26, mocTuUraeT MH-
HUMyMa Ha oTpeske [a, b] na seBomM ero KOHIe B MAKCUMYyMa —
B HEKOTOPOI1 BHyTpeHHell Touke [3 3Toro oTpeska.

Bameuanue l.IloTeopeme 1 HenpeprIBHAA HA OTPE3-
ke [a, b] dyHKnRA orpandena Ha HeM. CreJioBaTesbHO, CyLiie-
CTBYIOT KOHEUHbBIE TOYHbIe HUDKHAS U BEPXHAA IPAHU f Ha aTOM
oTpesKe:

inf f (x) < sup f (%)-
xefab) xela,b]
Teopema 2 yTBepeKIaeT, YTO 3TH rpanm Ha [a, b] mocTu-
raiTes, T. €. 3gechinf ¥ sup MOXKHO 3aMEHUTH COOTBETCTBEHHO
Ha min 1 max (MEHAMYM B MAKCHMYM).

Bamevanne 2. PDyHKOUAY = X HellpepbIBHA Ha MH-
repeaye (0, 1) 1 orpaHMyeHa HA HeM; BEepXHAA €€ rpaHb

sup ¥ = 1 He gocTHUraercsd, T.e. HET TAKOTO X, € (0, 1), pna
xe(0, 1)

KoToporo ata ¢yskuusa pasHa 1. Taxum obpaszom, B TeO-
peme 2 ycioBue HenmpepelBHOCTH [ HG 3aMKHYymMOM
(comepaxaiiem B ceGe 06a ero KOHIA @ U b) ompesxe cymye-
CTBEHHO.

OvueBunHO, uTO Sup arctg x = /2. OAHAKO HET TAKOIO X
xz=0
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Kz 7y

WA
Nae f 5 2 VG \/

Puc. 26 Pue. 27

Ha ayde x 2 0, ana xoToporo @yHKIUs arctg x npuEEMaer
3HaveHue /2, 1 OHA He HOCTHUIaeT MaxcuMyMa Ha x = O.

B zanHOM ciydae ycJOBHMS TeOpeMEl He BBITOJHAOTCH:
ofu1acTe 3aJiaHNA HelPePLIBHON GyHKIUY arctg X HeorpaHu-
YeHa.

Ecmu dyuxnua f paspelBHa Ha {a, b], To oHa He 06s3a-
TEIBHO JOCTUIraeT CBOeil TOYHOII BepxHell rpanu. IIpumepom
MOXKeT CIYKUTb QYHKIMA

)
Qe
8

x, 0<x<1/2

fx) = {0, 1/2 <x<l.

Teopema 3.Ecru¢ynryus f nenpepviera na ompeske
[a, bl u uucaa f(a) u f (b) ne pasuubr HyAlo U umerom pasmbie
3naxu, mo Ha unmepsane (a, b) umeemen no kpaiineii Mepe
o0na mouka ¢ markas, wmo f (¢)=0.

Dynaxnus, rpadux I' koropoit n3obparxen ua puc. 27, yaos-
JIETBOPSET YCJAOBUAM TeopeMtul 3. OHa HenpeprIBHA Ha [a, b] 1
f (@)<0, f (b)> 0. VI3 reomeTprdecKHX COOBpasKeHIil O4eBUIHO,
yto rpaduk I' 1osKen nepeceys OCh X IO KpaiiHeil Mepe B Ofi-
HOH TouKe ¢ € (a, b). IT0 U yTBepIKIaeT TeopeMa 3.

Cnepncreue 1. Ecau ¢pynryus f nenpepotena na [a, b),
f (@) =A, [ (b)=B (A# B)u C — npoussonvhoe Yucao, Haxodaueecs
Mexncdy yucnamu A u B, mo na unmepsane (a, b) naiidemes no
Kpaiineii mepe o0na mouka ¢, das womopoil f (¢) = C.

3TO CJIEACTBIE MOYKHO ChOPMYJIHPOBATDL K TaK: HENpepble-
Hasa Ha ompeske [a, bl pyHKyLA npuHUMaem ece npoMeNcymonHble
SHaxenua mexncdy ee 3HavenuAMU Ha KOHYax ompeska [a, b].
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HJoxasaTeanseTBo. OnpegeauM HOBYIO (QYHKIMIO
F (x) = f (x) — C, rne C — KOHCTaHTa — YHCJIO, HAXOAAINEeCH
mexyA u B. Tax Kak f — HenpeprigHad Ha [a, b] dyEknua, TO
u F — HenpeprIeHas Ha [a, b] dyrrnua. Ilpn sTom, ouesuaso,
F npuupMaeT Ha KOHIax OTpeska [a, b] 3HaUeHns pasHEIX 3Ha-
rogB. Torza o TeopeMe 3 AOJKHA HairTycs Ha (a, b) Takas To4-
kac, auro F () =0 wm f (¢)- C =0, 1.e. f (¢) = C. 310 u Tpebo-
BAJIOCH LOKA3ATb.

Cnepcteue 2.Henpepvienas na ompeskela, b] gymr-
YLLA NPUHUMAETN 6CE NPOMENCYMOYHbLE SHAMEHUA MeHTY ee Hau-
MEHbULUM U HAUCOABLWUM 3HaueHUAMU (KOTOPEIE CYIIIeCTBYIOT
10 Teopeme 2).

Jns fOKAa3aTENLCTBA AOCTATOYHO IPUMEHUTE caeficTBHe 1
K [0, B], rze o, p — Toukn, B KoTOpEIX GyHKIMA f (X) BOCTH-
raeT cBoe HauMeHbHIee 1 HauOoJIbIIee 3HaAYEHHe.

IIpumep 1. VYpasueuwex -—cos x =0 umeer KopeHE Ha
unrepsaie (0, m)

B camom pexte, pyuxnua f (x) = X — cos x HellpepblBHA Ha
otpeske [0, 7] 1 Ha KOHIIAX ero NPMHYMAET 3HAYUEHUA PASHBIX
spaxoB: f(0)=-1,f(m)=m + 1.

Huxe My foKaseIBaeM TeopeMb! 1-—3 hopmansHo.

HJoxkasaTtenbecrBo Teopemul 1. Jlonycrum, 4To
f He orpanudena Ha [a, b]. Tornma gna KaAOTO HATYPAILHOTO
uucna n Hafifercs Touka x, € [a, b] Takas, 4yro

fx)>n®m=1,2,...). €))

TocnenoBaTenbHOCTE {X,} orpanndeHa (@ u b — Koney-
HEle!) M U3 Hee MOYKHO BBLIEJIUTS IIOAIIOC)IeIOBATENIEHOCTD {xnk} ’
CXOISIYIOCA K HEKOTOpoMY uMenya € [a, bl (cm. caencteue ua
Teopemsbl 4 § 2.1). Ho B Touke oL byHKIHA f HenpepeIBHA (€CIH
o =a (o =b), To B oTO# TOUKe [ HENpPepHIBHA CIIpaBa (C1eBa)), 1
OTOMY

lim f(z, ) = f(c)- @

CgoiicTso (2) mporreopeunT csoiictsy (1). IToaromy f mMo-
sxeT GBEITL TOJNILKO OrpaHYeHHOH Ha [a, b].
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JorxasartenrceTBo TeopeMmbl 2. Tloopegbiayieil
Teopeme HemnpepbiBHaA Ha [a, b] dyHKuuA orpasuyeHa, cle-
JOBATEJILHO, OHA OrpaHHYeHA CBEPXY HEKOTOPHIM yHesioM K:

f(x) <K (x € [a, b)).
Ho Torna cymecrsyer TouHAs BepxusasA rpaus [ ua [a, b]:
sup f(x)= M. 3
xefa,b]

Yucno M obnagaeT cIeAyIOIIM CBOMCTEOM: AJIA 13000r0 HATY-
pANBHOrO yucna n Haijgercs Ha [a, b] Touxa x, Takas, 4TO

M-l<fx)<sM @n=1,2..).
n

ITocnenosaTenpHOCTS { X, }, KAk NpHHaAIIekKAILaA K [a, b],
orpaHUYeHa, U IIOTOMY M3 Hee MOXKHO BBHIJIENIUTH ITOIIIOCIIe-

ROBATeNLHOCTE X, , CXOAAIIYIOCH K HEKOTOpoMy uucay [3, Ko-

TOpoOe 3aBeZloMO NpuHAAIEKUT [a, b]l. Ho dyukuusa [ He-
TIpephIBHA B TOUKe [3, 1 oTOMYy

limf(x, ) = f ().
C Apyroii cTopos, M — ;1; <f(x,) SME=1,2,..)

,lzi_ﬂf(xm) =M.

Ho rax kaxf (xnk ) MOKeT CTPEMUTECA TOJBKO K OZHOMY IIpefie-
ny, ToM = f (B). Bepxuas rpass (3), TakuM o6pasoM, JOCTHIa-
eTCsl B TOUKe J, T. e., Kaxk FOBOPAT, Qyrkyus f docmuzaem 6
mouke [} ceoez0 maxcumyma na ompesxe [a, b]. Mu1 nokasann,
4To cymmecTeyeT Touka 3 € [a, bl, Aiua xoropoit

- maxf@®)=fEP.

HoxazaTenseTso Apyro YacTyl TEOPEMbl 0 MEHHMYME aHAa-
JIOTHIYHO, HO €r0 MOKHO CBECTH K JOKA3aTEeILCTBY IEPBOIt Yac-
TH T€OPEMEl, YIUTEIBASH, YTO

minf (x)= - max {-f (x)}.
xela, bt xea,b]
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HokasaTenscTBO Teopemsul 3. 00o3HAYUM OTpe-
30K [a, b] 4epes G,. Pasnenum O, Ha ABe paBHEIe YacTu. Eciu
B cepeinHe O, OYHKI{Ms paBHA HYJIO, TO TeOPEMA AOKA33HA;
€CJIH 3TOT'0 HeT, TO O[IHa U3 NOJIOBUHOK G TAKOBA, YTO HA KOH-
I1ax ee Halua (PYHKIUA NPUHUMAET 3HAYUECHUSI PA3HEBIX 3HAKOB.
Ob6o3nauuM MMEHHO 3Ty HOJIOBHHKY epe3 G, ¥ PasmeNlM ee
Ha ABe paBHbIe YacTH. MoJKeT CIy4uThCH, YTO B CepefNHe O,
Haiua GyHKIUs paBHA HYJIIO, ¥ TOTZA TeopeMa fokaszaHa. Ecan
HeT, To 00O3HAYMM uYepe3 O, Ty M3 IOJOBMHOK, HA KOHIIAX
KoTopoii [ nprHUMAaeT 3HAYEeHUs PasHEIX 3HaKoB. Paceyknasn
TAK 110 HHAYKIMK, MBI 60 HATKHEMCHA HA OYepeJHOM 3Tale
paccyskaeHuil Ha TOuKy ¢ € (a, b), anst koropo#i f (¢) = 0, u
TOTAa TeopeMa JOKAa3aHAa, JTUG0 0Ty IUM NOCIEA0BATEIBHOCTE
(6ecroHEUHYIO) BIOYKEHHEIX IPYT B IPYTa OTPE3KOBC, D Gy D
D0y D ..., HA KA /AOM M3 KOTOPHIX [ MeeT 3HAUYECHUS PASHEIX
3HaxoB. Torpa cyinmecTsyeT TOYKa C, IPHHAAJEIKALNAA BCEM
G,,; CJIeJOBATENLHO, U [a, b]. OueBnpgHoO, f (¢) = 0, noromy uro,
€cJIi JONYCTHTE, Haupumep, 4o f (c) > 0, To marunack 651 OK-
pectHOoCeTh U (€) TOUKH ¢ TaKas, 4TO st BCeX X u3 [a, b], upu-
Hagnexaiqux U (¢), byuruusf (¢) 661512 G651 HOJOXKUTEIHLHOM,
HO 3TOr0 He MOYKeT ObITE, IOTOMY YTO IPH AOCTATOYHO GONb-
moM n oTpe3ok G, < U (c), a [ He coxpanser 3HaK Ha G,.
Teopema KoKasaHa.

§ 3.6. O6paTHasa HenpepsIBHAA QyHKIUS

PaccmorpuvM HenIpepHIBHYIO CTPOrO BO3PACTAIOLIYIO HA OT-
peske [a, b] dbynxnuro y = f (x) (puc. 28). Ilycrs

f@=a, f@®=p.

I'padux aToit GyHKIMYT ecTh HeIPepEIBHAA KpyuBas. M3
€ro paccMOTpPeHUA BHAHO, UTO eCIIK X HellpepPEIBHO Bo3pacTa-
€T ot a 40 b, Toy ipu 3TOM TOYKe HEOPEPHIBHO BO3PACTAET OT
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o é@\_ﬁ_, _1npober e 3HAYeHHUR Ha oTpedke [Q, ] 110 oxHOMY
yaa } pasy. Ho
7 |  TorZa KakIoMy sHaueHHp Y € [d, P
2 TS = COOTBETCTBYET €JHUHCTBEHHOE 3HAYe-
%’ -— : : { Bue x € |a, b] Takoe, yro ¥ = f (x).

) { !z Brum onpepernena na orpeske [o, fi]
&

dyHKIIHHA

x=g®, yela, Bl

HaseIBaeMas Qyrkyueil, 06pamHoil K

Puc. 28

dyaxnum ¥ = f (x).

OueBngno, Gyskua x = g (J) cTPOro BO3pacTaeT HA OT-
peske [a, B], oTo6paxaeT 3TOT OTPE30K HA [a, b] 1 BLITIOJNHAOT-
€A TOXKAECTBA

flel=y Vy € [a, B]’
gif(®}=x Vxela,b],

Fpadbux pysxruuu x = g () MOKHO NIONYYHTh, IIOBEPHYB
Ha 180° paccMaTpHBaeMyI0 ILIOCKOCTE BOKPYT GHCCEKTPHCHI I1ep-
BOTO KOOPAMHATHOI'O YIJIA CHCTEMELY, Y. Tak Kak B pe3yJIbTare
IoBOpOTA rpaduK OCTAETCA HeNPePHIBHEIM, TO 3TO NOKA3hIBa-
er, uTo dyHK1uA x = £ (y) HenpepbiBHa Ha [a, B].

Takum 06pa3oM, OIb3YHCh THCTO NEOMETPUIeCKIMM c006-
PaYKeHUAMY, Mhl YCTAHOBIIH CIIPABEIIMEOCTD CIIEAYIOLIel Te-
OpeMBbl.

Teopema 1. Mycme pynryus f Henpepoigra A ompe3sxe
[a, bl, cmpozo eospacmaem na vem u o = f (a), f =1 ()

Tozda: 1) o6pas ompeaxa [a, b} npu nomowu f ecme om-
pesox [a, B], 2) cywecmeyem o6pamnas k [ Qpynkyus x =
=g (y), 00HO3HAYHA A, CIMPOZ0 603PACMAIOUAS U HENPEPLIBHAS
Ha [a, B]-

NoxasaTenscrtso. llycrs Y =[f([a, b]) ecTs 0Gpas(a, b]
npu nomorge dyHruuy f. Tak kax o, B € Y u pyuruns f He-
npeprisHA Ha [a, b], 0 dysknua [ npoberaeT Bce sHAYEHUA
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MexAy YUCIaMH O, U B ¥ ZpYTUX 3HAYEHWHA TPUHUMATE He MO-
JKET, Bellh IO YCJIOBHIO OHA BoapacTtaer Ha [a, bl u o = f(a), f =
= f(b). Hoaromy [, B] =y, T. e. orpesoxk [a, ] ecTs 06pas orpes-
Ka [a, b] npu nomonqu pyuxuuy f. Orcona cienyer, YTo KasKJo-
My Yy € [a, B] cooTBeTCTBYeT M IIpH TOM eIUHCTBEHHOE 3HAYUEHIE
x € [a, b] Takoe, uro Yy = f(x). Eq¥iHCTBeHHOCTE CEAYyeT K3 TOro,
uto [ Ha [a, b] BospacTaer.
9tum Ha [0, ] onpegenena obpatnas K f Gyaxmus

x=vy() yeElo,pl

T'padurom ee momxHO cuurars rpaduk [ (puc. 28), ecan
CYHTATH, YTO OCh I €CTH OCh He3aBHCHMOI TepeMeHHOR.

@ynrnus ¢ Henpeprsha. Iyers noka y, € (a, b] 1 x, =
=y(y,)- 3amamum & > 0 Tak, yTobBLa < xXg—E< Xg+E<bm
NONOKKM I, = f(xXg — €), Yo =f(x, +€). Torma d <y, <Y, <y, <
< . Orcropa cxeayerBCJIEACTBIE MOHOTOHHOCTH M HETIPEPHIB-
HocTH f, 9YTO 1A 3aJaHHOro HaMK £ > () HAIIIIACH OKPECTHOCTL
Y1s ¥) C [0, B] Tourn y, Taxas, uro Bee ee ToukU y(y € (¥,
1,)) TIEPEXOAAT NPH NOMOLH PYHKIIMKM Y B E-OKPECTHOCT (X —
— &, X + £) TOYKH X,. A 9TO 3HAYNT, YTO GHYHKIIMA Y HeIpe-
PBIBHA B TOYKE Y.

JoKasaTeNILCTBO AJ1A TOYEK I, = L1 Y, = [} ananormuso,
ONepupys HOJIYMHTEPBAIAMM EMECTO MHTEPBAJIOE.

HesraunTensHO U3MEHsisi IPUBEIEHHEIE BRIITTE PACCYKae-
HUA, MOXKHO JOKA3aTh CAEAYIOINMII aHAJIOr TEOPEMEI 1.

Teopema 1'. ITycme ¢pynryus f Henpepviara u cmpozo
gospacmaem Ha (a, b) (uau ra[a, b), uau (a, b)) u

o= xiqrg_fb)f(x), B= sup f(x).

xela,b)

Tozda obpas3 unmepeana(a, b) (coomeemcmeennola, b),
(a, b)) ecme unmepean(a, f) (coomsememeenno [a, B), (., B])
u obpamuas x [ @ynkyua x = g (y) 00HO3HAHA, CMPO20 603
pacmaem u Henpepuisna Ha (o, B) ([a, B), (o, B])-
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3ameuanue. Crporo ybrBawInad HeNpepEIBHAA Ha
[a, b] dysKIMA f (X) UMeeT OOpATHYIO CTPOrO YOBIBAIOIILYIO He-
npepruiBHYIo GyHkIMo Ha [, o], rre o = f (@), f = f (b). 3o
JIErKO YCTAHABIUBAETCSH, €CJHU PACCMOTPETHs QYHKITHIO —
f (%) nim sxe pynrnumo f (—x).

Ecnu e menpeprisHasa Ha [a, b] dyuxuus y = f(x) He
ABJIAETCA CTPOro MOHOTOHHOI Ha [a, b], T0o MOKHO onipenennTsh
sl Hee oOpaTHYO (MYHKIUIO, HO 9TA& IOCIeHAA yiKe Oymer
MHO203Ha4HOIL BO BCAKOM CJIY4a€e [JIsi HEKOTOPHIX ¥f.

IIpumep. Pysguma
y=sinx (x € (-00, o)),

HenpepLIBHA, HO He MOHOTOHHA. MHOKeCTBO ee 3BHAYEHHIH I/ 3a-
nonHseT oTpesok [-1, 1]. Kaxxkaomy v U3 31010 orpeska cooT-
BeTCTBYeT DeCKOHEYHOE MUCIO 3HAMEHUWH X, [JIS KOTOPhIX J =
=sin x.

Bnpouem, Hanpumep, Ha orpe3ke [-11/2, /2] dyHKIUA
Yy = sin x HenpepLIEHA M €TPOro Bo3pacTaer U MMeer o6par-
HYIO HEIIPEPHIBEHYIO PYHKIIUIO, KOTOPAasA, KAK MBI 3HaeM, 000-
3HAYAETCH TAK:

x=arcsiny (1<y<1l).

§ 3.7. PaBHOMepHAA HENPEPHIBHOCTE (DYyHKUHH

Ilyers dyurnua f menpepsiena Ha orpeske [a, b] (win
HMHTepBaje, nonyuaTepsasie). Torxa nyis Kax ook TOUKK X, 9TO-
T0 oTpe3ka (MHTepBaJIa, HOJYUHTEPBAJIA) 10 3ajaHHoMy € > 0
Haiigerca O > 0 Taxoe, uTo

If ) —F (xp)l <s,
KaK TOJILKO

x - x, <0, x € [a,b] (unu (a,b), [a, b), (a, b)).
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Ilpu uameneHun x, npu no- A
CTOSIHHOM € YKCJI0 6, BooBIme roBo-
P, U3MEHAETCA — OHO 3aBUCHT He | £
TOJILKO OTE, HO M OT X,,. Kak Buaso
u3 puc. 29, yrcna06, npurogHoe Ha
YYacTKe C HOJIOrMM rpadukKom,

i
ai g} Y
MOYKeT OKa3aThbCs CIMIIKOM 00JIb- ——i 4 L -
g B0 HoalE 2
LINM I yHACTKA ¢ KPYTO IOIHH-
MarwImuMes rpaguxom. Puc. 29

B cBs3M € 3THM ecTeCTBEHHO
BEIJIEJIUTE T HeOpephIBHbIE (hyHKUKY, [JIs1 KOTOPEIX OPH IaH-
HOM € > 0 MO2KHO ykasaTs 6 > 0, npurogHoe cpasy AJid BCeX X,
NPHHAAJIEKAIMX TOMY MHOXKECTBY, i€ 3aJlaHa (PyHKIHA.
Haurnem ¢ onpenenenns.

Onpenenenue 1.dynxyuaf,onpedenennas Ha MHo-
wecmee X, HA3LL6ALMCA PUEHOMEPHO HENPEPbIGHOLL HA 3TMOM
MHONMCECMBE, ecaU Ina ecakxozo € > 0 naildemea & > 0, 3aeu-
cAulee moabKo Om £, MaxKoe, Ymo

If(x)-F(x")<e

dan scex x', x" € X, ydoenemeoparowux Hepagencmay
X' — x"] < 8.

Jlerxo BuAeTh, YTO eclu GYHKUMSA PAaBHOMEDPHO Hemnpe-
pEIBHA Ha MHO>KecTBe X, TO TeM 0osiee OHA paBHOMEPHO He-
npephIBHA Ha Jiro6oM ero nopmuodxkectse X' (X' < X). O6par-
Hoe, BooDl11ITe TOBOPs1, HEBEPHO.

Teopema 1.Ecau ¢pyrryus f onpedenena u nenpepuis-
Ha Ha ompe3ke [a, b],mo ona pagHOMEPHO HeNPePbLBHA HA HEM.

HokasarenbcTro. JomyeTuM, 4To TeOpeMa HeBep-
Ha. Torzga cymecTsyer Takoe £ > 0, uro ajs yuoboro & > 0 maii-
zeTca napa touek x', x” € [a, b], yaoBieTrBOpAIOIUX He-
paseHcTBy |x' — x"| < 8, A KoTopEIxX

If&)-fE")>e.

SafaauM CTPEMALIYIOCA K HYJIIO IIOCJAER0BATEILHOCTE 110~
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NOKUTENBHBIX yucen O, (n= 1, 2, ...). Jlus xazmoro §, Haii-
AyTCA TOYKH X, , X, € [a, b] Takue, yTo

|, — x| <8, HO |[f(x))—f(x])] = €. n

Tax Kak TOYKH IIOCIEJO0BATENLHOCTH {X!} IpHHAIIeKAT

K [a, b], To 3TA NIOCKEOBATENILHOCTS OFPaHITUeHA 1 13 Hee 10

Teopeme Bosbriano— BeliepurTpacca MOXHO BBLIEIUTS IIOAIOC-

JIeJOBATEJILHOCTD {x:. }, CXOAAINYIOCH K HEKOTOPOH TOYKe X, €
.
€ [a, b]. Tax kax x; —x; — 0, k — 00, To noxANOCIE/OBaTEE-

I
HOCTb {xnh} TOKe CXOMHUTCH K TOUKEe X. Ilo YCJIOBHIO (DYHKIIHH

{ HenipepbIBHA Ha [a, b] 1, ceaoBaTeNbHO, HEIIPEPRIBHA B TOUKE
xy. Koneyno, ecnm x, = a mnu x, = b, To HAZO cYUTATE, UTO [
HenpepeIBHA B X, CIPaBa MJIM COOTBETCTBEHHO cieBa. IloaTomy

limf(x,) =limf(x) = (xp)
ITocne nepexona k npepeny B (1) npu B — 00 noay4yum

& < lim|f, )~ 1)

= {f(xg) — fx) = 0, )]

¥ MBI IIPUINIIE K OpOTUROpeunio: € < 0.
3aMeTHM, YTO B (2) MBI BOCIIONL30BAIKCEH HEITPEPHIBHOC-
ThI0 PyHKIMHM || (cM. § 3.3, npumep 8). Teopema nokazaHa.

INDpumep 1. Oyuruus
y=sin (1/x)

HeIpephIBHAa Ha oTpeske [6, 1] V8 > 0, noaroMy Ha OCHOBaHHUHK
TeopeMbI 1 OHA PaBHOMEPHO HENPEepHIBHA Ha 3TOM OTpesKe.

C npyroii cropossl, Ha nonyunTepsaie (0, 1] ata pyHxuma
XOTS 1 HelIpepbIBHA, HO He SABJIACTCA PABHOMEPHO HEIIPEPHIBHOL.
9TO NMOKAa3kIBAET, YTO TpeboBaHue B TeopeMe 1, gTOBEI Hempe-
preIBHAA (hyHKIUA 6bliIa 3a1aHA Ha OTPesKe, 4 He Ha MHTEPBAJe,
CYILIECTBEHHO.

V6egumca B ToM, 4T Hala GYHKITUA fe SBJIAeTCA PABHO-

2 _(p=0,1,

MepHO HellpepsIeHO# Ha (0, 1]. Touxu x, = 2k+1)
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2,...), oueBnpHO, npuHaAIeKaT noxyunrepsary (0, 1], u ans
HUX

If (xg) = F (x)| = 151 B 9

=DM - 1= 2.
Ecnn sagaTs € = 1, To npu aobom 8 > 0 maiinetca Taxoe k, 4To

| .nn(2k+3) —sin 1r(2k+1)% _

x4 5
P = 2l = o Yok ety <O

MeXny TeM Kax

if(x, )~ F(x)=2>e=1
M3 cra3aHHOIO CI€LYeT, To Harny (GyHKUMIO HeTb3A Hpo-
JOJKUTE Ha otpesok [0, 1], noonpenenns ee B Touke x =0 Tax,
yToOBI OHa CTasta HenpepslsHOIT Ha [0, 1], moTomy uTo Torma,
corsacHo Teopeme 1, oHa 6bu1a 681 pABHOMEPHO HEIpPEepPLIBHOM
Ha [0, 1], a crexoBaTebHO, ¥ Ha (0, 1], Yero GEITL He MOXKeT.

§ 3.8. 9nemenTapusie GyHKIMM

@yukuuu C (nocrosuuad), x”, a”, log, x, sin x, cos x, tg x.
Arcsin x, Arccos x, Arctg x MBI GyzeM HasbIBATbRPOCMEILUML
NEMEHMAPHBIMU PYHKYUAMU.

IIpumensist K aTuM QyHKIHAsSM aprdMeTHdecK e eHCTBIS
WM onepanuy GYHKIUY or QyHKIMY (CYIEpHoanIiuy) B KO-
HEYHOM UNCJIe, MBI Oy/IeM NOJIyYaTh HOBbIe 6ostee CIIoyKHEIe (hyH-
KIINH, KOTOPEle HA3BIBAIOTCH /e MEeHMAPHbIMU (PYHKYUAMLU.

Hanpumep, y =In (¢ +sin® x + 1) — sneMeHTapHaA DYHK-
.

OnemeHTapHBIE QYHKIMHA HAM H3BECTHH! M3 INKOJIBLHOM
MateMaTUKH. Tam yaenanocs 6oMblloe BHUMAHYE UX CBOMCT-
BaM, HO ONpeeAIrch OHU He BCerya CTPOro, IIOJArasch Ha
UHTYUITHIO VYAIIEerocs.

Hawm OyzeT nosesHo yAeauTs HeKOTOpOe BHUMAHHE 3THM
BOMPOCaM C TOYKM 3peHUsA O0IUX (GaKTOB MATEMATHYECKOrO
aHAIN3a, KOTOPEIMU MBI YK€ YCIIeIHd OBJIaJeTh.

a)IlocrossaHras dyrxnusa C.Kaxaomy neiictei-
TEeJIBPHOMY YHCIY (TOYKe) X OHA IIPHBOJUT B COOTBETCTBHE OLHO
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u To xe uncyo C. 'paduk ee ecTh npsiMasi, NapajlyleIbHAS OCH
X, OTCTOSIIAs OT 9TOk ocu Ha paccrosiHue |C] Brillle aTO OCH,
ecanC >0, n Huxe, ecauC < 0. 3to HenpepEIBHAA QYHKIMA Ha
Bceil AeficTBATENEHOI ocH (cM- § 3.3, npumep 1).

6) CtenenHass QYHKIHUS x" (n — nocrosHHAaN).
IIpu mHaTtypansHoM n € N ara GyHKIUA onpeAeseHa Ha Beed
JeticTBrTenbHOI ocH. UTOBLI BEMUCIMTD ee (TeopeTH4ecKu!),
pasnaraeM X B JIECSITHYHYIO Apobb (x = 10, O;0; ...) U nepe-
MHOKaeM 3Ty Apobh caMy Ha cebs n pas, IPUMeHAS KaXKIhil
pa3 PaBIJIO YMHOIKEHNA JeCATHYHbIX Apobeii (cM. § 1.6, (11))
U IpaBWJIO 3HAKOB.

DyuKIMs X" HenpephIBHA, IIOTOMY YTO OHa €CTh IIPOH3Be-
fleHVe HelpepRIBHBLIX (yHKIuME (¥ = X), B3ATHIX B KOHEYHOM
yucire. OHa erporo Bodpacraer Ha [0, 00), YTO BEAHO U3 COOTHO-
ImeHInt

n n n-1 n-2 n-1
Xy—x] =(xp— 2 )Xy +x5 X +..txy )>0

pH x, < x,. Kpome Toro, ona c'rpemm'ca K+ 00 npux — + 00,
B camom nere, ec.wm x21,rox"=x" x> x (n>1)nnppux —
— 00, x = 00, x" — 00,

Wrax GyHKIMs @ (x) = X" IpK HATYPAILHOM 71 HENPephIB-
Ha, cTpOro Bospacraer Ha [0, o0) 1 gnstHee ¢ (0)=0, Ss}gp)(p(x) =

X €]0, o]

= +00. Ho Tora Ha ocHoBaxyiy Teopemsl 1’ § 3.6 dynxuuay=x"
orobpaskaer noxynuTeprat X = [0, 00) Ha noryurTepsan Y = [0,
00) K CylllecTBYET OOpaTHAA K Hell OHOSHaMHAA HePepEIBHAA
cTporo Boapacraiomas PyHKIMA. ITY QYHKIIO 0003HAYAIOT TAK:

x=y"" =2y @=0)

U HA3HIBAIOTAPUPMEMULECKUM SHAHeHIeM KOPHA N-iL cTenenu
u3 y.
Otrmerum, uro mpu y >1 (n 2 1)

Hfy > =1 0]

TlomuepkHeM, YTO eCAll @ eCINb NPOU3BONbHOE HeOmpuya-
menvroe wucno (0 < a < 00), mo 018 Hez20 HA OCHOBCHUU CHA-
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30HHO020 cywecmeyem u npumom eOUHCIMEEHHOe Heompuya-
menvHoe wucnob=a'’" (apugpmemuuecroe 3HaA EHLE KOPHS n-il
cmeneHu u3 a) maxoe, umo b" = a.

Mer ceftuac doxkazanu cywecmeoeanue KOpHA n-ii cmene-
Hu u3z a (a = 0).

3Toro yTBepIKIeHUs B IITKOJIBHOI MaTeMaTUKe He XBaTa-
Jso. Tam BBOAMIIOCH IOHATHE KOPHSA n-if creneHn n3a (a = 0) n
H3YUAINCHL CBOKCTBA KOpHEI n-if cTeneHU, OOHAKO He IOKa-
3EIBAJIOCH, UTO TAKHE KOPHU CYIIECTBYIOT — (QaKT CYIIECTBO-
BAHUSA CUYUTAJICH CAMO cOD0I1 pa3yMeonumMcs.

OrmeTM, uto eciun = 2k + 1 — uucio Hevyetnoe (=0, 1,
2,...), To dyskmua y = x" HederHad ((—x)" = —x"). Ona Hempe-
PBHIBHA, OYEBHIHO, CTPOTO BO3pacTaeT Ha (—00, o0) i obiajgaer
CBOMCTBaMH

inf x"=-00, sup x"=40c0.
x€(—00,09) 209, 09)

Iloaromy Ha ocHOBaHUM Teopemul 1’ § 3.6 byukuua y = Pl

oroGparkaer (—00, 00) Ha (—00, 00) 1 uMeeT Ha ( — 00, 09) oGpar-
HYIO HETIPEPBLIBHYIO CTPOT0 BO3PACTAIOIYIO QYHKIIIO

x =%y (y € (-, ©), n=2k+1).

3neck BRIpaXkeHUe W npu y > 0 norumaercsa Kak apudme-
THYeCKOe 3HAYEHKE KOPHS n-i cCTeneHH U3y, T. €. KaK I10JIo-
JKHTEJNLHOE YHCJO, -1 CTelleHb KOTOporo ects y. Ecin ke

y <0, To
'\1/.17 =_@’

I7ie B IpaBoil YacTH KOPEeHb NOHHMAaeTcsa B cMbicie apudme-
THYECKOr'o 3HAYEHHA.

IOnst versoro n = 2k(k =1, 2, ...) y = x" ecTs YeTHas
HenpepuisHaA dyuxmusi. OHa orobparkaeT MHTEPBAJ (—00, +00)
Ha nosnyuHTepsat [0, 0). Ho ona He MOHOTOHHA Ha (—090, +00) 1
obpaTHas K Hell QYHKIIN ABYSHAYHA:

x=+y (y e0).
3Hauenne y = 0 eguHCTBEHHOE, JJIA KOTOPOTI'O OHA OXZHO-
SHaJHa.
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Ha puc. 30 i 31 nsobpaskeHn! rpaduKH HEKOTOPEIX (hYHK-
it 7, X

o e
7 —/_—i %
:i/”' T
1
' —3'—>4\_\-
Puc. 30 Puc. 31

B mkonbHOH MareMaTHKe QYHKITHA X' ONPEAENseTCs U
IS panuoHaNbHEIX n. ITycrs p, ¢ € N. Honarator pist x 2 0

=
1 IOKa3BIBaKOT, YTO
P19 = P = (9(/_—,(;_)“7 (x = 0).
HonararoT TaKyxe

x-p/q — 1 (x > 0)

H emme
L=1.

IIpu sTOM FOKA3BIBAIOT AJisi JIIOOOro pallMOHAJBHOIO I
CBOIICTBO, XapaKTepHOe [IJIsi CTeNeHHO QYHKIMN:

(xy)"=x"y" (x,y>0).

Ormerum, uTo dyHKIMA ¥ = 77 (p, ¢ € N), Kax aTO He-
TPYAHO YCTAHOBUTL, HENPEPHIBHA U CTPOrO BO3PACTAET Ha II0-
nyunTepsane [0, 00) u orobpaskaer [0, o0) Ha [0, ©0), noaToMy
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OHa MMeeT O0PATHYO HelIPEPHIBHYIO CTPOr0 BO3PACTAIOLIYIO (pyH-
KIINIO, ONpeeNIAEMYI0, OYeBUIHO, PABEHCTBOM

x=y"" (0<y<o).
Yro e Kacaercs Qyrkmuu y = x 7 (p, ¢ € N), To oHa
cTporo ybeIBaeT ¥ HenpephlBHA Ha uHTeprane (0, o0) u oTo6-
paskaet (0, 00) Ha (0, 00). IToaTomy oHa uMeer Ha (0, ©0) obpar-
HYIO CTPOro yORIBAIOLUYIO HENIPEPBIBHYIO QYHKIINIO, OTIPEesis-
eMyI0 PaBeHCTBOM

x=y?" (y>0).

OueBugHO,
lirgx*”" =400, lir{)ly*”" =400,
x— y—
x>0 y>0

CrenenHas QyHKOMs X" MOeT GHITEH OnpeeneHa (A
x>0, anopu n2 0 u puiax =0) Taxksxe U I UPPALMOHAIBHBIX
n, HO 3TO Jy4llle cAesaTh IIPYU IIOMOIIY NOKA3ATENLHOHM (HDYHK-
auu a” (CM. HEKe B)).

OrMeTuM, YTO HAC HHTEPECOBAM TOMBKO AEIICTBITEIbHEIE
KOpHHU ypaBHenns y = x". Ho ecsiir 651 MBI HCKAJIM KOMILIEKC-
HBble KOPHH, TO ISt KaKporo y # 0 samnu 661 1 pasmmiasIx
KopHe# (cM. Hike § 5.3).

IIpumep 1. Iloxaxkem, uro
lim%¥n = 1. (2

B camom gene, byuruus x = y” ", y € [0, ) HenpepEIBHA
n Bospacraetr. Begb OHa ec'rb obpaTHasI K HelIpEepPRIBHOIT BO3pac-
Tatomeit dyskiuu y = x", x € [0, ). Iosromy gasay> 1, y'/">
>1"" =1,
Tlosoxxum Tenepsn

Yn =1+ €,
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TAe, B CHIIy cKa3aHHOro, £, > 0. HMeem

+ ... >

n=(1+£")"=1+n£+n—(nzll—)efz

nn-1) »

>1+ 2 n

Orkyna

4T0 U TpeGoBaJOCH JOKA3ATH.

B)I[lokasaTtenbHas byHKnus a (a>0,a#1).B
HanpHekmeM OyfleM panuoHaJbHBIe ynuciaa 0003HAYaATH rpe-
yeckumu Gyxeamu q, f3, 7, -.. . Ilyers orka a > 1.

Yro taxkoe a@* npy x pamuoOHAJNLHOM, HaM HIBECTHO H3
INKOJBLHON MaTEMATHKM (CM. erue 6)).

Ham u3BecTHO TaKKe U3 UIKOJLHOIO Kypca MATEMATHKH,
Tro:

1)a%>0,

2) a°%® = a®*F,

3)a®<d® (@<P,a>1,

4) @ =a’.

Hobasmm eme

5)a" — +00, a, — +00,a>1.

CgoiicTBO 5,) MEI cefiyac noka’keM. 3anulleM a B BUAe
a=1+A(A>0N. Torna

a=0Q+N'=1+nA+..>1+n),
ITpasas 4acTh 3TOr0 HEPABEHCTBA CTPEMHUTCA K GECKOHEYHOCTH
fp n — 00, CIEROBATEJIbHO, 1 JeBas. Nasee, cuuras, uro [o,]
ecTh IleJast YacThb A, 6yzem umeTs

> o

L

a

loz}

H ecsu a, — +09, o [a1, ] — +00, cnegoBaTensHO, & T — +00.

a,
Ho Torpa ¢ " — 400,
IlycTh X — NPOM3BOJILHOE PAIlHOHAILHOE uuciao. Jloka-
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3KEeM, YTO YUCA0 G MONCHO Onpedenims Kax MOLHYI0 6ePXHION
zpamb
supa” = a* (€))

a<x
yucen a®, pacnpocmpaneHHYI0 HA 6CE PAYUOHANbHbIE HUCAA
o <x.
B camom piente, Ha ocHOBaHuH 3,)

a® <a® Va<ux, )

T. €. BEIIIOJIHAETCA NIePBOe CBOYCTBO TOUHOI BepxHeii rpanu. C
JIPYTOI CTOPOHEL, IIOCTPOMM KaKYI0-IM00 CTPOrO BOSPACTAOITYIO
[IOCJIe[OBATEILHOCTD PAIIMOHANBHEIX YMCEN O, CTPEMALYIOCH

a, -
Kx(a, — x). [Inaueea " — a”, n— 00. 310 CBOUCTBO /IOKABKI-
BaeTca HiKe (cM. (8)). Iloaromy ziura sxoboro € > () MoxkHO Hailt-
TH TaKoe 1, YTO

a-g<a™ <d”, (6)
T. €. BRIIIOJHEHO BTOPOe CBOMCTBO TOYHOM BepxHeiil-rpanu. U3
(5) u (6) cnenyer (4).
ITyers Tenephb X — NPOKU3BOJILHOE MPPAIMOHAIEHOS YHC-
JIo, ¥ MyCTh m — HATYPAITBHOe YHCJOo, Bonbluee x (m > x).
HmeeT MecTO OYEBHIHOE HEPABEHCTBO v
a® <ad",
a<x
T. e. MHOYKECTBO YHCEJ a°, PACIIPOCTPAHEHHOE Ha PAIHOHAb-
HblE YHCJa O < X, orpanudeHo. Ho Toraa cyumiecresyer TouHas
BepXHAS TPaHb 5TOr0 MHOYKECTBa
supa”

a<x
9T0 eCTh BIIOJIHE OOPeEIEHHOE YKCJIO, KOTOpOe MBI 0603HAYM
yepes a”:
a® = supa”. )
a<x

drum byHKIuA a” onpeseNeHa NS BCEX AefiCTBUTENHHEIX
x (x € (00, 00)). OHa HASLIBAETCA NOKA3AMENbHOLL (pYyHK-
yueil.

Wrax, ¢yrrxyui a* onpelensierca KaK TOYHAS BEPXHAA
rpaHb yucen a”, pacnpocmpanenHas Ha PAyLOHALbHbE O < X.
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Eciu x — paimoHAILHOE, TO 3TO OLIPEfeIeHYIe COBIIAIAET
€O cTapreiM (ZaeT OZHO M TO ¥Ke YNCJIO), IPH UPPAIMOHAIBHEIX
3Ke X OHO AgaeT HOBbIE YHCJIA .

MoskHO HOKa3aTh, UyTo QYHKIMA 4, ONpefelIeHHAS IIPH
oMol paserersa (7), 00JIaaeT CIeyIONIMI Ba)XHBIMU CBOH-
CTBAMM:

a" >0,

2)a*a® = a™?,

Na " <d'(x<y,a>1),

Ha"—1,x—0,

5a* — 00, x — o (a>1),

6)a*— 0, x — - (a > 1),

7 a™ =(a”y.

OrMeTM, uTO 13 CBOHCTE 2) 11 4) ciiexyeT HelIPePHIBHOCTH
dysrmuy a* s moboro sHaYeHus X, € (—00, 00):

e

a —1!—'0 mpax—x— 0 (8)
B aanvHelinieMm 6yzeM cauTaTh, YTO A > 1.

HdokraszatenscTBO 1). lna moboro x cymecTsyer Q, < X,
H [IOTOMY

on
O<a™<supa”=4g*, r.e. O<a”.

a<x

HoxasatenbcTBo 2). [lyctha<xuf <y; rornac + <
< x + y. C gpyroii CTOPOHBI, OYCTE Y €CTH IPOM3BOABHOE Paliuo-
HAJIBLHOE YHCJIO, YAOBJIETROPAIOIEe HEPABEHCTBY

y<x+y. &)

ITokaskem, YTO Iy MOXKHO 3alIMCATEH B BHJE
v=a+B, rmea<x, B<y.

Hs (9) cnepyet, uTo

Y-y<x
Ionfepem pannoHaIBEHOE O, AJI KOTOPOTO

Y-y<oa<x, an

1 TIOJIOKUM

B=y-a 12)
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Torza us neproro wepasenctsa (11) caenyer, uro
P<y. (13)
Takum o6pazom, MHOMKeCTBO Beex cyMM O + B, rne au < x, B <y,
PABHO MHOKECTBY BCEX Y < X + Y-

{a+B}={v} -

a<x Y<xty
B<y

TToaromy

a™ = supa' =supa®'’ = sup(a“aﬁ) =supa®supd’ = a*a
T <xty a<x a<x a<x B<y
By B<y

(cm. § 2.8, 3agaua 2).

HorasartensctBo 3). Ilyctex <yuf, uf,, — kaxue-
ubo panuoOHabHbIE YKCIIA, IS KOTOPhIX X < f3, < B, <y. Torma
a" = supa® <supa® = d” <a™ < supd® = &',

a<x a<p, By
¥ MBI IOKA3aJTH, UTO
a” <d.
HoxasarenscTro 4). llng varypanseoron > a (a > 11)
mentm 1

n—oo

(cm. npumep 1 0.6)) ¥ MBI AoKa3aH IOKA, 9TO

1<a

lima'”™ = 1. (14)

n—ao
3a/a/IIM TEIEPH [IPOU3BOJILHYIO ITOCIEAOBATEILHOCTE HOJIOK U~
TeMbHBIX yMcea X, < 1, cTpeManiyrocs K Hym0 (x, = 0, x,> 0).
Ilycts k, =[1/x,] — nenas wacts 1/x,. Torna 0 <x, < 1/k, m

1,
1=aO<ax"<a/k".

Ilosromy B cmny (14)
lim ax" =1.
n-—ro
B ety IporsBEOIEHOCTH IIOCIEAOBATENBHOCTH {X,, }, TTie x, >0,
STHUM JOKA3aHO, YTO CYMIECTBYET HpaBLIi IIpejesn
lima™=1; 15)
x-0
x>0

3. Bakas 704
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HO TOrZIA CYIHECTBYET U JIEBBIM npefe

lima*=lim-1 = —1 211
o ZRe” lime® 1 (16)

u>0

Hs (15) u (16) crenyer, yto li_I-l(}ax=1 (cM. § 3.2, (6), (7). Stam
CBOMCTBO 4) JOKa3aHO IIOJIHOCTHIO.

JoxasaTenbscTBo 5). 3agaguM Kak yrogHo 6osbuioe
yncnoM > 0. CymmecTByeT pariioOHAILHOE YHCIO X TAKOE, YToa’ >
> M, noaromy

M<a%*<a* Vx>a.
CrnepoBaTenbHO, a° — ©0 mpu x — 00,

HJoxasaTtenscTBO 6).

lima®= lim L.=—1 __p,

x—=—00 =—+0g™  lima”
U—r+6

HJoxkasaTenscTBo 7). OTMETHM, YTO DY HATYPLIHLHOM
m, B clny 2),

=2\ x  x oz,
a"=a"..a" =@y |a"| =a™..a”=a™ =a%
—_— —_—
m m
x 1
m

o ().

JIiia pauioHAJIBHOIO YHCIA 5 >0

Ianee, eciiu y — OPOHU3BONLHOE IOJIOIKHUTEIHEHOE YHCIIO H
o, — Y, TAe O, — PaluoHAJbHElE YHACIA, TO B CHIY HelPEPHIE-
HOCTH TIOKAa3aTeNsHO0N QyHKINM

- . Oy
a® =lima™" = l1m(a") =(a®y,
n—oc

n—o

¥ MBI JoKasasm 7) paay > 0.
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Ecmuy <0, To (y = —Jy))

axy = a—xl yl: llyl = 1 7l = (ax)_M = (ax)y.
@ (@)

Ecnu 0 < a < 1, To mosaraem

S
(1/ay

CeoiicTra 1), 2), 4) nmpu aToM coxpausitoresi. CroitcTso 3)
¥uMeeT BUL A" > a” (x <y).

CsoiicTso 5): a® — 0, x — + 00,
CaoiicTBo e 6) muMeeT B @™ — + 00, x — —00.

r) @yexnua log, x. ByaeMm cunraTh a > 1. Tak kak dyn-
KIOHA § = a° HempepeIBHA M CTPOTO BO3PAcTAeT Ha (—00, 00)
orobparxaeT MHTepBaJ (—00, o0) Ha uuTepBax (0, 00), To cylre-
CTByeT OOpaTHAA K Hel DYHKI[UA, HEIPEPHIBHAA K CTPOTO BO3-
pacraromas Ha (0, 00). Ee HaspIBatoT 02apupmom y npu ocHo-
éanuy a u 0603HAYAIOT CHUMBOJIOM

x =log,y, y € (0, x).
U3 ckasa”HOrO clenyeT, YTO (MBI 3AMEHAEM I HA X)
lim log, x =+00, lim log, x =00,
n—+o n—0
n>0

Ilpma < 1 paccyxelus asasornunsl. Pyaxnuaa” makx-
e oTobpaskaeT feHCTBHTEIBHYIO OCh (—00, 00) HA moayock (0,
©), Ho cTporo ybmiBas. OGpaTHas Gymxius log, x, ompe-
AenenHas Ha (0, 00), takke Gyzer cTporo yOuIBaTh, 1 Tenephb

lim log, x =00, lr}_pg log, x = +00.

n—+o
n>0

Hwmeror MecTo To2Kq€CTRA (cM. § 3.6)

d=x (0<x<+00),log,a*=x (~00<x<+00) (17)

(a# 1). Orcrona Ha OCHOBaHNH CBOMCTB PYHKIWM a” pu X, Y >
> 0 umeem

log,(x; log x log log, x +lo,
a g4 y’:xy:a 2o 1By _ 1B ¥ Hlogay
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log, (xy) =log, x + log, y-
Ecym B 3TOM paBeHCTBE 3aMEHUTH X Ha X /i, TO IONYYUM

log, x —log, y =log, (x/y).
Hanee (cM. 7))

Y
P (al"g"x) =a"%*  (x>0),
TI03TOMY
log,x*=ylog,x (a#1,x>0). (18)
HaxowmeI1, OTMETHM, YTO JUJIST IOJIO?KUTEBHBIX He PABHBIX
1 yucern a u b ¥MeeT MecTO

log,a
log,b-log,a log, b\'%8b log,a
a 2a b _—(a ") =b s »

M, CJIefOBATEJIBHO,
log, blog,a=1.
JlorapnmM 4ncia @ Ipr OCHOBAHHU € HA3BIBACTCA Hamy-
paabHbLM R0zapupmomurcaa g u obosradaerca Tak:log, a =1n a.
1) BepreMcs k cTerteHHOH QYHKIIMU
y=x" (0<x<o)

Iocne u310KeHHOro BhIIle MBI MOYKEM CKasaTh, UTO 2Ta
DYHKIMA UMEET CMBICJ He TOJIHKO AJIA PALOHAILHBIX 11, HO U
IAA uppanyoHaJbHEIX. Ee MoskHo sanucarts (eum. (17) u (18))
TAK:

xn: en In x, (1 9)

OTKYJa BUJHO, YTO OHA HENPEPHIBHA, KAK CYIIEPIIO3UIIUA He-

TIPEPRIBHBIX (HYHKITHIL
IIpu n > 0 oHa cTPOro BosdpacTtaeT 1 00J1a4aeT CBoicTBaMuU

limx" =0, limx" = +o00.
n—Q n—+a
n>0
IIpu n > 0 ecrecTBEeHHO cyuTaTh, uro (" = 0, Torma QyHk-

IMA #eJIACTCA HelPephBHOI cipasa B Touke x = (.
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IIpnn < 0 pyurImua x” HenpepLIBHEA 1 CTPOTO YOBIBAET HA
TIOJIOMKHTENIbHOM ITONTyocH M 00IaaeT cBoicTBaMu
limx"=+00, limx"=0.
n—0 n—+s
n>0
W3 dopmyne: (19) crenyer xapakTepHoe CBOMCTBO CTEIIEH-
HOM yHKIIN
n
(xy) =

en In (x) - en In xen Iny - xnyn

(x, y > 0).

e) PyHKIUA y=u (x)"("). ITycTe dyurmuu u (x) 1 v (x)
38/IaHb1 B OKPECTHOCTH TOYKU &, 38 MCKJIIOUEHUEM, GLITh MOKeT,
camoit aTol Toukm, & (x) > 0 u limu (x) =A > 0, limv (x)= B
(A 1 B — romeunsie yucsa). Torna

lim u (x)"® =A% (20)

X—a

B camoM gerne (cm. (17), (18)),

lim u (x)°® = lim ¢

x—a x~—a

v{x)Inu(x) - elif,',['{x)ln u(=)}

_ 1im o) lim Inatx) — FnA _ 4B

Bo BTOpOM paBeHCTBe 3TOi [IEITH UCIIOIbL30BAHA HENPEPEIBHOCTD
QyHKIMM €, a B YeTBEPTOM — HeIIpepeIBHOCTDL PyHKHuH In 2.
Ecnu u (x) 1 v (x) HerlpepwIBHLI B TOuKe x = a u u (@) > 0,
TO B HEKOTOPOUA OKPECTHOCTH 3TOH TOYKH u (x) > 0 (em. § 3.3,
TeopeMa 4) u A = u (@), B = v (a). Tloaromy B cry (20)
lim » @x)°P = u (@’

OTMeTuM HMHTEpeCHBIE CIy4YaH, HE OPEAYyCMOTpPeHHble
pasercTeoM (20), xorpa (pu x — a, u> 0)u — + o0, v — 0;
v—oo,u—1;v—-0,u—0.

B arux cmy4aax He meficTByeT Teopema o mpegese v In u.
3apanee, He UMest Gonee TOYHOU HMH(POPMANUE O XapaKTepe
CTPEMJIEHNA U ¥ U K YKASAHHBIM [Ipefle)laM, HeBO3MOYKHO AaTh
dopmyny A lxl_I_l;l u’. DTU cIryuau aroT 1A BRIpAXKeHNs 1 B

0 0
OKPECTHOCTH TOUYKH a HeollpefelIeHHOCTH BrAa 00 , 17, 0°.
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) TpuroEoMeTpHuUYeckune GyHxuUE sinax,
cos x, tg x u Ap. M3BECTHRI UUTATENIO U3 Kypca TPUTOHOMET-
puu. OHHU OIIpeNe/AIOTC TAM U3 MEOMETPHYECKHX coo0pasKe-
Huii. Me1 6yneM ToXke GasupoBaThCA HA 3THX ONPele/IeHIAX.

Mosxro 65110 6B AaTh YMCTO aHAJINTHUYECKOe OlipefeJie-
Hpe TPUTOHOMETPUYEeCKHMX QYHKIIMI, HO Mbl 3TOTO JejlaTh He
bynmem.

OrmeTuM, YyTo ByHKUUAY =sin x menpeprieua (cM. § 3.3,
npumep 3) ¥ cTPOro BospacTaer Ha orpeske [ ~1/2, ®/2], oTo-
Opaykasi 9TOT OTpe3oK Ha oTpesok [—1, 1]. Ho Toraa osa nmeer
00OpATHYIO OSHOSHAYHYIO HEIIDEPHIBHYIO (DYHKIIIO

x=arcsiny (y e [-1, 1)D.
OpHaxko dyakua y = sin x, paccMaTpMBaeMas Ha BCeil ocHu
(00, ©0), MMeeT MHOTO3HAYHYIO, JaxKe OeCKOHEYHO3HAYHYIO,

00paTHYIO (pyHKIMMIO Arcsin y, Bce sHaYeHNA KOTOpOLi BEIYYIC-
JIsI0TCA 110 hopmyne

x=Arcsiny=(-1)Farcsiny+kn (k=0,%1,%2,..), (21

T. €. KaxJaoMy y € [~1, 1] cooTBeTCTBYeT MHOXKECTBO €, 3Ha-
yeHMII x, ollperesisgeMuIx hopmyJroii (21).
TlopoGuBIM 00pa3oM AjiA QyHKLIH
y=cosx (0<x <m),
y=tgx (n/2<x<m/2)
obpaTHLIMU OYAYT GYHKIHH
x=arccosy (ye€[-1,1],
x=arctgy (y € (-0, ™)),
a 1S 3THX JKe (HYHKIME, paccMaTpHBaeMbIX Ha NeHCTBUTENb-
HOH ocn, obpaTHEIe (GYHKIININ MMEIOT COOTBETCTBEHHO BH
x = Arccos y = tarccos y + 2kT,
x=Arctg y=arctgy + kn
(k=0,11,12, ..).
3)Tunepbonnueckue pysxuuu. PyEKHHU

X —~X
e —-¢e

€+€  thx=ShE oy, chx

,chx=
chx 2 chx shx

shx=
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A

ghe cthz

the

|

Puc. 32 Puc. 33

HASRIBAIOTCH COOTBETCTBEHHO 2UNEPOONULECKUM CUHYCOM, KO-
CUHYCOM, MAH2eHCOM U KOmaHzeHcom. HayepTyM ux rpaduxn
(puc. 32 i 33). dyuxngunsh x, ch x, th x olipeJiesieHEI Ha (— 00,
©9), acth x — Ha aTOM ke MHTepBale, 38 HCKIIOUEHIEM TOYKH
x=0.

Jlerko NpoBEpHTEH, YTO AAA ITUX (DYHKLMIE MMEIOT MECTO
bopmyJisl, Of06HEe GOpMyIaM OGEIYHON TPUTOHOMETPHH (o
He Becerpa coBlanaromnue). Hanprmep,

sh(x+y)=shxchy+shychux,
ch(x+y)=chxchy +shxshy.

Ionaras B mocsieiHeM paBeHCTBe y = —x, IIOAYIUM
2
ch®x -sh®x=1.

OTmeTHM, YTO BCe pACCMOTPEHHEIE 31eCh (PYHKIAK HeIlpe-
PEIBHEI B CBOMX 0bnactax onpenenenus. [{nash x, th x cyme-
CTBYIOT OOpaTHRIE DYHKIIHI apeacuHryc zunepboauiecKuil x =
=Arsh y u apeamanzenc zunepbonuneckuii x = Arth y, xoro-
pble ofiHO3HAaYHEL. O6paTHasn GyHxus aasch x opux > O tax-
JKe ONHO3HAYHA.
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§ 3.9. 3ameuaTexbHBIE IIPE/IEISI

Teopema 1.

lim 810X _ 1
x—~0 X -
HorasarenscTBo. Tak kak GyHKUMA Y = gin x AB-
JsieTcA HeIpephLIBHO#, Tosin x —

V4 — sin 0 = 0 mpux — 0. ITosTomy
pripaskenne $18X npencrasiaer
x

M coboii HeoIpeReIeHHOCTh BUIA

(%) Packpoem 3Ty Heollpehe-

o ] IeHHOCTh. V3 onpenesneHIa TpH-
g # 7 A « romoMeTpuYeCKMX (DVHKIUH K

reoMeTpMYECKHUX cOOOparkeHuid
Puc. 34 umeenm (puc. 34)

O<sinx<x<tgx

mpu 0 < x < /2 (MN =sinx, AM 1 OM, AM =1tg x, OM =1.
CpasHuTe ruowaay TpeyronsEukaOMN, cexropa OM]1 u Tpe-
yronpauxa OMA). Orciopa, fens Ha sin x > 0, noaydyaem

X < 1 wiu 1>

sinx cosx

1< sinx

>cosx (1)

Hepapencrsa (1) BepHb! 1 s —1t/2 < x < 0, Tak Kax QyH-
sinx
KINE cos x ¥ 210 yerneie. Jlanee pyHKIMA COS X HEIIPEPEIB-
x
HA, [I03TOMY

limcos x =cos 0=1,

x—0

U, cIefOBATEILHO, IEPeXofs K npenerny B (1), B ClIy TEOPEME]
4 § 3.2 nomy4um, 4TO

x~0 x
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IIpumep 1.
2sin’ X
lim1=C0S _jipmy 2 _
x—0 x x—0 x
x ¥ - x Y
1y smE 1 limsmi 1.1
20| x 2| »=0 x 27 2
2 2
Teopema 2.
Lim{1+1) <. @
X—o b o

HoxasaTenscTBo. B cuty onpeseneHus npegpeia
QYHKIIUM MH JOJDKHBI IIOKA3aTh, YTO

Xn
(1+—1—J —e Vx,—» o 3
x
n

Ecin x, = n — HaTypanbsHoe, TO 3TO yiKe fokasano. Yto-
0bl AOKA3aTH (2), AOCTATOYHO YOEAUTHCA B TOM, 9TO (2) BEPHO B
AIBYX CJIydaAX: Korpa x, — +00 g Korpa x,, — —09, ripoberas He
00A3aTeIPHO IesIble 3HAYEHUS (CM. 3aMeyYanye B KoHIle § 3.2).

Ilycrs x, — npousBonbHAS IlepeMeBHAS, CTPEMAILAACH K
+00 (x, — +00), u mycts [x,] = k, — nenas yacTs ymca x,,.
Torma k, < x,<k+1<x,+1<k, +2m

k+t X, +1 k42 2
1+ 1 <1+ 1 < 1+i <e 1+l .
E +1 x, E k

Ilpu x, — +00 [x,] = k, — +00, OTKyza nepsEIi 1 nocies-
HHI1 YWIEHB! LETIOYKH HEPABEHCTE cTpeMaATes K e. IlosToMy

X+l
(1 + —LJ — e,
xﬂ

1

H TaK KakK npu atoM 1 + -~ — 1, ro muI gokasanu (3) gns
x

n

x, — +00.
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’
Ecm Teneps x,, — ~00, T0 x, =—x, = +00 &

lim 1+lJ =1i1d1——1,] = lim —’-‘ﬂ-) =
X x e x x -1

1 Y™ 1
SHISS (OER

7. e. (2) mokasano.

IIpumep 2.
liﬂ)x(1+u)" Y=

Ionxyuaerca us (2) samenoit 1/x = u.

IIpumep 3.
Hm{1+2) = ¢, liml+an)” = ¢* V.
xl_xg( +x) e, 1m( +au) o

ITpu 0. = 0 aTo BEIpaxKeHUe CBOOMTCH K IIpefeny liml* =
X—rco

=1=¢" IIOTOMY 4TO II0 OIpefeeHHI0 cunTaeTes, uro 1% =1,

Ilycts Teneps o # 0. Ecau x — 00,'1'021"’g — 00 n

x xfo
1+2) =1+ =u" - e
e M=
Hapo yuecTs, 9To cTeneHHaa QYHKINA 1° HeIpepLIBHA B TOYKE
u=e(cM. § 3.8, 1)
IIpumep 4.

1n(1+x) 1, lim log (1+x) —log,e=-L 1
x—-O x—-O In a

Tax kax In u ects menpepbiBHasA ¢yuxiua gHa (0, 00), To

(cM. ipumep 2)

lim ___ln(1x+ ) _ l1mln(1+x)”‘—ln11m(1+ 2 =lne=1.

x—0
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IIpumep 5.

lim% =Llolna (@>0), lim€=1-1.
x—=0 X =0 x

B camom pene, nonoxum ¢ ~ 1 = u. B cuJly HenmpepsIBs-
HOCTH IIOKa3aTesibHo# dyrkmmu v — 0 npu x — 0. daxee,
xIna=In(1 + u), noaTomy (cM. mpumep 4)

Em® ~lolim— % _ng—ina-lim—%
o M g e e iy =n e

§ 3.10. ITopagox nmepeMeHHOM.
JKBMBAJIGHTHOCTH

Bynem paccMaTpHBaTh fiBe QYHKUMHQ (x) 1 (x), 3a/8H-
Hble B HEKOTOPO#1 oKpecTHOCTH U (@) TOYKM @, 3a HCKIIOUE-
HIEM, OBEITH MOXKeT, camoil Touky . TOUKa @ MOIKeT GRITH
KOHeUHas 1M GeckoHevyHasn ( +00, —00, myu ©0), ByneM cum-
TATh ewe, uro Y (x) # 0 Ha U (a). Ecanx

1im 93 — o, )
o y(x)
To 6yfeM aToT DaKT 3aNIKUCHIBATD TAK:
e(x)=0(y(x), x~—a, (1)
¥ TOBOPMTE, UTO (¢ (X) €CTh 0-Mafioe om \J (X) npu x — a.
Hanpumep:
=0 (%), x — 0;
x"=o0(x"), x—0,ecrum<n;
x"=o0("), X — 00, ecnu m > n;

(x-a)'=o(x-a)), x-—a

1-cos x =0 (x), x — 0, moToMy uTo hm—li’—Sl =0.
=0 x

Bripasxernne o (1), x — a, o6osHavyaeT GECKOHEYHO Ma-
JyIo IpR X — 4, T.e. HEKOTOPYI QYHKIMIO @ (x), KoTopas
CTpeMUTCH K HyJo upux — a (¢ (x)— 0, x — a). Haupumep,

(p(x)=ﬁ; =o0(1), x — +0.

CgoiicTEo (1), oueBUiHO, BEHIPAYKAET TOT (PAKT, UTO (QDYHK-
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HUI0Q (X) MOXKHO 3ailicaTs B BUAE) (X) =€ (1) (x), raee (x) —
— 0 opu x — a.

Ecm ¢gyuxnuu ¢ u y, yuactryronue B cooTHoleruw (1)
(11, 4TO BCe PaBHO, B (1), cyTs GeCKOHEYHO MaJble IpUX — 4,
TO TOBOpAT ele, ynorpebnsas Gojee cTapUHHYIO Tep-
MUHOJIOTHIO, 4YTO ¢ (X) npu x — a ecmb GeCKOHeYHO Manas
8blCULeZ0 NOPAOKA No OMHOULEHUIO K (GECKOHEYHO MATIOW)Y (X).
Ecnu e ¢ u y B (1) GeckoHeyHO Gonbluve IIpu x — @, TO
TOBOPSIT, YTO ( (X) Ipu X — a ecmb beckoHewHO Gonvuias 60-
Jlee HU3K020 Nopadka, wemy (x), HIu emme 9roy (x) ecmb Gec-
KOHeuHOo Oonbuias 6onee 6biCOK020 NOPAIKA, weMm ¢ (x)).

BynewM eire nucate

P@=y(x), x—a ()
W HasbIBaTh QyHKUuH @ (x) 1 Y (x) axeusarenmuvimu (Acum-
nmomuiecKu paeHbvlMu) npu X — A, €CJIH BHIIIOIHSETCA CBOI-
CTBO

lim(L(xl =1. 2"
x—a W(x)
Hanpumep,
sinx =~ x, x — 0, 3

wiH eife (cm. npumept! 1, 4, 5 § 3.9)

1-cosx= x2/2, x— 0, )
In(l+x)=x, x—0, (5)
e€—1=x, x— 0, 6)
a“~-1=xlna, x—0. €]

OrMeTHM, 4TO ecu
limf(x)=A=#0,
x—a
TO 3TO 3KBHBAJICHTHO QaKTy

. X
lim 7®) _ 1,
x—~a A
YTO MBI YCJAOBIINCH 0003HAYATD TAKKe TAK:

fx)=4A, x—a (A=0). ©®)
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TepMuHOIOriA, KOTOPYIO MbI 3/16Ch BBEJIH, HY3XHA JUIS TOTO
YTOOH! YIIPOLIATE BRIYHCIIEHUS 1 COKPAIATE 3aIHCH (GopMyJL.
BaxxHO IpK 9TOM YCBOMTE HECKOIBEKO NPOCTHIX CBOMCTB ACHMII-
TOTMYECKH PABHBIX (SKBHBAJIEHTHBIX) QPYHKIHUI, KOTOPbIE BEI-
Pax<eHbl B TeOpeMaXxX HHXKe.

Teopema 1. Ecnu

PX)=y(x), x—a )]
mo

V(x)=0x), x-—a -(10)
Horkasarenscrro. lleno B ToM, 4To ecym \f (x) # 0

Ha U (@) 4 seinonuserca (9), To, oueBunHo, u ¢ (x) # 0, GeITh
MOYKeT, Ha HECKOJIBKO YMEHbLIIeHHOH oKkpectHocTi. Ho Torma

Teopema 2.]/lnasvinonnenus ceoitcmea (9) Heobxodu-
MO U Bocmamouno, wmobul

P)=y @) +o(y(x), x—a. (1)

Pagenctso (11) Hago unraTh eneayomum obpasoM: cia-
raemoe, KOTOpoe Zo6aBisieTcs K  (x), 4T06e! 0TyunTs @ (x),
obafaeT CieAyIOLMM CBOMCTBOM: €CJIH Pas3ie]uTh ero HaY (X),
TO IIOJIYYEHHOE YacTHOe 6y/leT CTpeMITHCS K HyJII0, eCJIM yCTpe-
MUTH X K Q.

HoxasaTenscrsro. Ilyers umeer mecro (9). Torma

9x)
y(x)

CrenosarensHo, -

=1+g(x), rmee(x)— O0npux — a.

PE)=y@+eXY@D)=y@)+toly(x), x—a,

u Mbl Jokasanu (11).
O6paTHo, ecau BepHo (11), To

P) =y () +o (Y (xP=y () +&(x)y (%),



142 TJIABA 3. ®YHKIHA. IPEAEN GYHKIHH

rze € (x) — 0 npu x — a. IToaromy

o) = 1+8(x)x:'a1,

w(x

¥ MBI oty (9).
Teopema 3.Ecnu

y@)=y (x), x—a

lim[ @ () v ()] =lim[ ¢ () v, @], (12)

0 %) i )
L@ @ 49

Smu paseHcmea Ha0o NOHUMATNL 8 MOM cMbICTe, WMo ecl
cyuecmeyem 6 HUX npeden cnpasa, mo cyujecimeyem npeden u
cnesa, u OHU pasHbvl, u 00pamHo.

Orcropa ciefyer, YTO eCaIU KaKoi-1u60 13 3TUX IIpefiesIoB
He CYLIeCTBYeT, TO He CYIeCTBYET ¥ BTOPOH.

HokasarenscTso . IIpuBegeM TONBKO OQHO U3 3THX
paccy»xaeruii. ITyeTh cyiiecTByeT peen cupasa B (12).
Torma

T S

= limfo(x) v, (o]l ¥ 3 =i o) w, (2] 1=

=hm[o (x) v, (*)]
IlIpumep 1.tg x= x, x — 0, noromy UTO

hm—g— lim (smx -——1———) =1,
=0 x *0\ x cosx
IIpumep 2.

3 2
hm—tg—— lim —*— =lim —¢ =0 _o.
=0 P px =0 Pyx #0241 1
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Onpenenenue. Ecnu dns pynryuu @ (x) MoxHO no-
dobpame wucna A u m, 20e A+ 0, maxue, umo

px)~A(x-a)", x-—a,

mo zosopam, wmo QyHKUUAA (x —a)" ecmb znasHbiil cmenenKoil
waeH QYHKLUL O (X) 8 OxpecTHOCMU TMOYKL .

IlpaBrle wacTu cootHomeHui (3)—(7) cyTh, O4eBHIHO,
IJIaBHBIE CTEIICeHHbBIE WIEHB! JIEBLIX yacTell npu x — (.

ByzneM roropuTts, uTo f Ha MHO>KecTBe E mmeer nopadoxQ
wi eiie f ecTeO-6oabiioe om ¢ vaE ¥ mpu 3ToM GyieM nucars

f(x)=0 (9 (x) HaE, (14)
ecJIia
If @) <Clo(x)) VxekE,

rie C — He 3aBUCALUAA OT X IIOJOXKUTENLHAS KOHCTAHTA.
B yactHOCTH, paBeHCTBO

f(x)=0(1)ma E
obozHavaeT TOT (PaKT, yro f orpaHmdeHa Ha E.

IlpumMmepmi:

1)sin x =0 (1), sin x = O (x) 1a (—00, 0);
2) x = O (x?) Ha [1, );

3) x* =0 (x) =a [0, 1].



TIJIABA 4

ANOOEPEHLUMANBHOE
MCYUCSIEHUE O YHKLIMA OAHOM
NEPEMEHHOM

§ 4.1. IlpouzsogHan

IlosATHE IIPOMBBOHOI —— BayKHEIIIEE IIOHATHE MATEMATH-
4YecKOro aHaJIu3a HapAAy ¢ MOHATHEM HHTeTPANA.

ITpoussodroii om pyrkyuu f 6 mouke x Hasviéaemces npe-
Oen omHoweHUs ee npupawenus Ay 6 3moil mouke K coom-
eemcemeyouemy npupatyerulo apzymerma Ax, xozda nocned-
Hee cmpemuMces K Hyaio.

IIpoussopHyI0 NPHUHATO 0G0SHAYATE TaK:

£ (x) = lim &Y = Jipy [EH AN 1) 1)
Ax—~0 Ax Ax—0 Ax
Ho mmpoxo ynorpebisioTest u Apyrue obosHayeHus: i,
L(x)’ dy . ¥YI06CTBO TOrO WJIM MHOIO U3 HUX YHUTATENEL BIIOC-
dx * dx

JIe/ICTBUM OLIEHHT CAM.

Ilpu pruKcHMpPOBaHHOM X BeIUYHMHA —ﬁ% ecThb QyHKIUA OT

¢ (Ax) = Ay (Ax # 0).

Ax
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JI1s1 cyluecTBOBAHMS NPOU3BOIHOM OT f B TOUKe X He0G-
XOAUMO, 4TOOR GyHkIMa [ Obla onpefesyieHa B HEKOTOPOI
OKPECTHOCTH TOYKH X, B TOM yncJie B caMoil Touke x. Torza
dbyHEKHuA ¢ (Ax) onpeneseHa JJIst JOCTATOYHO MAJIBIX He PaB-
HEIX HyJII0AX, T. e. 1inaAx, y0BIeTBOPAIOIAX HEpABEHCTEAM
0 <|Ax| < 8, rue 6 mocraTrouno Maso.

Koneuno, He f1151 Beakoit pyHKnuu f, oupeieseHHOI B OK-
PeCTHOCTH TOYKHK X, cymectByer npegen (1). O6riuno, Korga
TOBOPAT, 4TO QYHKIHA [ ©MeeT B TOUKE X IPOUSBOAHYIO [ (x),
TIOZpa3yMeBAalOT, YTO OHA KOHEYHA, T. €. peaeJ (1) koHeuHbIii.
OnHAKO MOKeT CIIYYHTLCH, YTO cylilecTByeT GecCKOHeUHbIH npe-
pexn (1), paBHRIN +00, —00, pymi 0. B arMax ciayuaax nosjesHo
TOBODUTE, UTO QYHKIUS f MMeeT B TOUKe X OeCKOHELHYI0 npo-
u3600HY10 (PABHYIO +00, —00, HJIH 00),

Ecnu B ¢opmyne (1) npexmonaraeres, uro Ax— 0, opu-
HEMas TOJILKO NOJIOXKUTENbHbIe sHaYeHud (Ax > 0), To coot-
BETCTBYIOLIMI Ipeziest (eCIi OH CYLHeCTBYET) HA3LIBAeTCs1 npa-
60it npou3eodnoll om f 6 moure x. Ero MoxHo 0603HaYNTE TAK:
AENN

Asnanoruusto upegen (1), kormaAx — 0, npoberas oTpura-
TesbHbIe 3HAYeHUs (Ax < (), HasKHBaeTCA NE60IL NPOU3E6OTHOIL
om f 6 x (f, (x)).

Koneuno, ana seruvienenus f,,, (x) (coorsercTsenHo f;, (x))
HeobxOIMMO TONBKO, YTOORI f ObIZIa 3a/1aHA B TOYKE X U CIIPABA
OT Hee B HEKOTOPOIi €e OKPeCTHOCTH (COOTBETCTBEHHO BX U CJle-
Ba OT X).

TUIIMYHLIM ABISETCH Cay4aii, Korza f3ajnasa Ha oTpesKe
[a, b] m 1MeeT BO Bcex BHYTPEHHUX TOYKAaX 3TOTO OTPESKA, T. €.
B TOYKaXxX MHTEpBasa (a, b), npousBofHY!0, B TOYKE JKe @ HMeeT
NpaByi0 NPOUSBOLHYIC, & B ToUYKeb — neByto. B taknx cayyaax
FOBOPAT, 4TO PyHKYUS [ umeem npou3eodrylo Ha ompeske [a,
b}, He oropapueasi, 4TO HA CAMOM ZieJie B TOYKE @ OHA MMeEeT
TOJbLKO IPABYIO MPOM3BOAHYIO, 4 B TOYKe b — TOJIBKO JIeBYIO.

HerpynHo BuueTs, 4To ecyii GYHKIWA f HMMeeT OpaByio u
JIEBY10 IPOM3BOAHLIE B TOUKe X M OHU PaBHEL, TO f MMeeT npo-
U3600HYI0 B X:

fra@ = fi @ =1 ().
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Ho ecsin npaBas 11 ieBasi IPOMSBOAHLIE B X CYIUECTBYIOT U

He PaBHEI MeX1y oo ( f, (%) # f} (x)), Tonpouseodras 6 x He
cyujecmayem.

IIpumep. PaceMmoTpuMm

4 byuarnmo y = |x| (puc. 35).
Jis mee
=1t Ay _ |x+Ax|—|x
Ax Ax
= p, —% Ecmu x>0, o x + Ax > 0 nas po-

CTATOYHO Maneix Ax 1

Ax Ax Ax

Ay [ 1, ecmu x>1,
- ~1, ecmm x<1.

ITyers reneps x = 0. Torga

Ay |Ax] . Ax - 1, ecim Ax>1,
Ax  Ax  CEROX N TSBUAYE\ 4 ecm Ax<l.
IToaromy
llmA——-l hm Ay _ -1.
Ax—0 Ax
Ax>0 Ax<0

Taxum obpazom, HyHKIMA [x| uMeeT B Toukex =0 mmpaByio
IIPOM3BOAHYIO, PaBHYIO 1, 1 JieBY10 — paBHYIO —1, uTO IIOKA3HI-
BaeT, 9To B TouKe x = 0 QyHKIUA |X| npou3eodHoll He UMeeT.

Mzr3aaeM (cM. § 3.3, npumep 8), uTo|x| eCTh HenpepLIBHAS
DYHKIINA I1A BCeX S3HAYEHMIA X, B TOM 4MCJe U B Touke x =0,
MO3TOMY OHA MOXKET CIIY>HTh IIPUMEPOM HEeIPEPRIBHOMI BCIOAY
GYHKNIH, He UMEIOIHEe B HEKOTOPOI TOUKe TpOM3BoAHOI. B
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MaTeMaTHKe M3BECTHB! IIPUMeph! (GYHKIMHA, HeNPEephIBHEIX HA
BCell JelicTBUTENEHOM OCU ¥ He MMeIOI[HX B JI000H Touxe ocu
IIPDOM3BO/HOMM,

C npyroii cTOPOHEL, 8cAKAA PYHKYUA, UMEIOLLAR NPOU3E00-
HYI0 (koHeunyIol) 6 mouke x, HenpepvlHaA 6 IMoil moyke.

B camom geite, yets npefien (1) cyiecTByeT B TOUKe X U
KOHe4eH. ITOT aKT MOYKHO 3alHMCATh CISRYIOIUM 0BpasoM.

Ay

2 = + € (Ax), 2
Ax f(x) +&(Ax) 2
rae€ (Ax) — 0 mpuAx — 0, T.e. € (Ax) ects GeckoHeYHO Manmas
npu Ax — 0. U8 (2) cnenyert:

Ay = f(x)Ax + Ax - £ (Ax).

Ilepexons B aToM paBeHCTBe K npegeny,korgaAx — 0,mo-
JYyYrM
A =0,

4TO MOKAa3RIBAET, YTO f HEIPEPLIBHA B TOUKE X.
OTMeTHIM HEKOTODBIE BAXKHBIE IIPHIOKEHU NPOM3BOIHOM.

MraooBeHHas cxopocTsh. lyers byakuuss = f (1)
BHIDAXKAET 3aKOH JBIYKEHHUA TOYKH Ha NPAMOil, KOTOpasa pac-
CMATPHBaeTCs! KAK KOOPAWHATHAS OCh S. 3/ech S — KOOPAHU-
HaTa ABIDKyINelics Touky B MoMeHT BpemeHH i. IlyTs, npoii-
JEeHHBIH TOYKOIl 38 MPOMEXKYTOK BpeMeHH [t, t + At], paseH

As=f@+AD)-f@®D).

CpenHsisi ee CKOPOCTE B 3TOM mpo- YA

MeKYTKe BpeMeHY paBHA
_ As

ch— At ° ﬂ

Hcemunnyio sce (MzH06eHHYI0)

CKOpocmb B MOMEHT BpeMeHH f ec-

TeCTBEHHO ONpeJeNINTh KaK Ipejesl

As

v=iar =T ®- Puc. 36

0 2« zadz 6 =




148  IJIABA 4. JMOOEPEHI{HANBLHOE HCYBRCAERUE ©¥ HKIHE OfHON NEPEMEHHOR

Cuna Toka. Ilycrs @ = f (f) ecTb KOJMMYECTEO IIEKT-
pUYecTBa, IPOXOAAIee Yepes CeYeHYe NPOBoJa 3a Bpemat. Tor-
Ja

AQ _ fit+A0)-f(®)
At At
€CTh CPe/IHsAS CILIA TOKa 38 IPOMEXXYTOK BpeMerH [t,t + Af]. A
npezen
imd€ _ o
IJI% At Q=1
€CTh CIJIA TOKA B MOMEHT BpeMeHH f.

IInoTHOoCTHr pacnpefedieHus Mmaccshl. Ilycte
(puc. 36) Ha oTpeske [a, b] ocu x pacnipezienena macca BooBIne
HEPaBHOMEPDHO, TaK YTO KOJMYECTBO MACCHI, HAIDY>KEeHHO Ha
oTpesok [a, x], pasHO

M=F(@x) (@s<x<b).

ITO KOMUYECTBO MPONOPIIIOHANBHO TUIOIIaay (PUrypHl
aABx. Taxum obpazom, M ecth pyrkuus ot x (M = F (x)).
KomrgecTBO Macchl, IpUXOpsAlleecs HA OTPe3oK [x, x + Ax],
OYEBHIHO, PABHO

AF = F (x + Ax) — F (x).
AF

CpenHss ee ILIOTHOCTE HA 9TOM OTPesKe pABHA Ay 2TIDE-

AeJr
AF
im =Fl(x)=
lim - = F@=p

€CTLUCMUHHAA NIOMHOCTY pacnpedeneHus MACCLL 8 MOYKE X.

§ 4.2. TeomeTpHYECKHI CMBICJI IIPOHIBOIHOM

Ilycre Ha uxTepBane (@, b) safana HenpepeIBHasA (PyHK-
s y = f (x). Ee rpagux HassiBaeTca HenpepuiéHoiL KpUSoiL.
Ofosnaunm ero gepesl'. 3agaaum Hal' Touky A =(x, f (x)) (pHc.
37 u 38) ¥ MOCTAaBUM IeNbIO ONPEAENNTbL KacaTensayo K I' B
aroii Touxe. Jlna aroro BBezieM Hal npyryio Toury B =(x +Ax,
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A r 7 7
of” s
I
ff A

i}

A
&
G /ﬁ &

’_p‘r" z ZHiz % 7 Jordz 2 @

Pue. 37 Pue. 38

f (x + Ax)), rme Ax # 0 (1a puc. 37 uzobpaxen ciay4aii Ax > 0,
a Ha puc. 38 — cayuait Ax < 0). IIpsMyIo, HIPOXOAALYIO Yepes
TouKn A u B, HAIIPABJIEHHYIO B CTOPOHY BO3pacTaHus x (OTMe-
YEHHYIO CTPeJIKOii), Has0BeM cekyujeil ¥ 0003HAYMM depes S.
Vron, KOTOpPLIiL S 06pasyeT ¢ IION0KUTEIBHLIM HallpaBJIeHUeM
ocn x, 06osHauMM yepes 3. Me1 cuutaem, uto —1/2 < B < /2.
TIpuf3 >0 yros OTCYUTHIBAETCSA OT OCH X IIPOTUB YaCOBOM CTpeI-
ku, a upu 5 < 0 — 110 yacoBoii crpenke. Ha JaHHEIX PUCYHKAX
B> 0. Ha puc. 37Ax = AC, Ay = CB, ana puc. 38Ax=-AC,Ay =
=—CB. B oboux cxyqyasax Ay/Ax = tg B.

Eciu Ax — 0, To Ay — 0 u Touka B, geurascs nol', cTpe-
murcst K A. Eciu npu aToM yrox [ crpemures K HEKOTOPOMY
3HAYEHHIOU, OTIUYHOMY OTT/2 M —T/2, TO CYIIECTRYET Hpejes

. Ay . _
lim=° =limtg B=tga, 1)

paBHBIH TPOM3BOAHOM (KOHEYHOIT) oT f B TOUKe Xx:
fx)=tga. @

OGpaTHO, ecJu cyilecTByeT (KoHeuHast) mpoussoasasn [ (x),
to § — o =arctg f (x).

ITpu crpemyenyy 3 K O ceKyuiaa S cTPeMHMTCA 3aHATH
[OJIOYKeHNe HanpaBleHHoH npsiMoil T, mpoxopsineil Yepes TOY-
Ky A 1 o6pasyroireil yroi ol ¢ OJI0MUTEILHEIM HalIpaBIeHHeM
OoCH X.

Hanpasnennasa npsmasi T HasbIBaeTCA KACAmMeLbHOU K
rpusoil T 6 ee moure A.
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Oupegenenue. Kacamenvroii k kpusoii I'(y = f (x)) e
ee moike A=(x, f (x))nasvieaemca nanpasnernas npamnaa T,
K KOmopou cmpemumcsa cexyuiaa S(HanpaéierHas 6 COPORY
B03PACTAHUR X NPAMALR), NPOXOOAYAS yepe3 A u mouxy B=(x +
+ Ax, f(x + Ax)) € T, xozda Ax — 0.

Me1 fokasanu, uTo eciu Kenpepvienaa gynryua y = f (x)
uMmeem KOHeYHYI0 npou3eodryio ' (x) 6 mouke x, mo ee zpapur
I’ 8 coomeemcmeyrowei. mouxe umeem xacamenvhyio ¢ yza0-
sbix Koauyuenmonm tg o = f (x) (—n/2 <o < 1/2). O6parHo,
CyIIeCTBOBaHUe LIpefeia

ImPB=a n/2<a<n/2)
BJI€UeT 3a coBOH CyIecTBOBAHYE KOHEUHO! IPON3BOHOI [ (X)
¥ CTIpaBe/IHBOCTE paseHCTS (1), (2).

MoskeT cay4uThes, YTO f MMEeT B TOUKe X IPABYIO M Jie-

BYIO IIPOMI3BORHBIE, OTJIMUHEIE MEeKY cOBOIi:
o (x)# f;,p (x).

Torga A ecTs yzn06as touka I'. B aToM caydae KacaTens-
Has K I' B A He cymecTByeT, HO MOYKHO TOBOPHTH, UTO CYLLE-

I/ CTBYIOT IIpaBasi U JeBas Kaca-
TEeJIbHBIE C PABHAIMY YTJIOBEIMU
k03 PHUIIeHTAMU:

. A
tga,=lim ¥ = £, (x),

‘ Ax<Q

O, > < - Ay
2 tgo,=lim—= =f’ .
V4 o, <7 e 2.%;3 Ax To
Ha puc. 39 npusenen mpumep
Puc. 39 TAKOro cjydas.

IIyctb Tenepsb npoussomHas oT f B TOYKe X GECKOHEUHA:

— lim2Y -
f,(x)_iiir(l]Ax = 0.

OTmeTHM ueTrIpe BAXKHEIX CIIydas:

D ()= ;Y =+c0, BT (puc. 40).
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2)Ff (x) = thx ~00, ﬁ—-—g (puc. 41).

) , N
4 A
7 3| = 7 Tl-z' K
Puec. 40 Puc. 41
3) fy (%)= 11m-§% -0, B--E,
o= Hm =0, B2

Ax>0

JleBass KacaTesbHas NepIeHIUKYJIAPHA OCH X ¥ Hanpas-
neHa BHE3. IlpaBasa kacaTenbHad IePIEHAUKYJIADHA OCH X ¥
HatpapJeHa BBepXx (puc. 42).

Hf, @)= lim%Y —t0, B

Ax-0 Ax ’ 2’
Ax<Q
r 2y L _Ir
fnp(x)_ E%Ax OO B 2'
Ax>0

JleBasn 1 npaBas KacaTeJbHEle HAIPaBJIeHbI IapaJLIeJbHO
OCH Y, IepBAas BEEpX, BTOpas BHU3 (puc. 43).

Ji A
r
A

7 7 T ]
ra

Puc. 43
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IIpumeuaHue. O6EIyHOE OIpefieICHIe KacaTeIbHOM K
xpuBoi I' cienyrommee: kacarensuanT K Kpusoii I' B ee ToukeA
€CTh NIPAMAasi, K KOTOPOH CTPEMUTCH CeKy1asi S, NpoXoasInas
yepe3 TOYKY A ¥ Apyryio Touky B € T, Korja nocjaegssas, ABH-
rasice o I', cTrpeMuTCA K A.

B arom ompenenenvu se npeanonaraercsa, uto Su T —
HaIpaBJeHHbIe IPAMbIE. ITO OIpeAeCHIe BIIOJIHEe KOPPEKTHO
B ClIy4ae KacaTeNbHOR He NapajijesnsHoH ocn y. OfnHaKo ecnn
IPUMEHHTH eI'0, HalpuMmep, K cay4yaio 4) (cM. puc. 43, roned —
YTJIOBas TOYKA), TO HOJYYUM, YTO AaHHAS] KPHBAs MMeeT B TOU-
Ke A efJUHCTBEHHYIO KAaCATEILHYIO. 3TO He BAXKETCHA ¢ HallluM
IIpeficTaBjIeHNeM O MAJKOCTH KPUBOI, MMEIOIeil KacaTeIbHYIO,

IlpuBenentoe HaMu onpesiesieHUe faeT B TOUKe A Z[BE Ka-
CATeJIbHEIE (CIMBAIOIIHEC), MMEIOIHe IPOTHBROIOI0KHEIE Ha-
IpaBJieHHs. YToJa MeX Ay HUMU PaBeH 7.

M3 ananuriaeckoii reoMeTpUH H3BECTHO, YTO YPABHEHHe
NIPAMOIA (B IJIOCKOCTH), POXOASAINEH Yepes TOUKY (Xg, Y) IIOf
YraoM Ol K TOJIOKHUTEJILHOMY HAIIPaBIEHHIO OCH X (—7/2 < L <
<71/2), umeer BUR* Yy ~ y, = m (x — xy) (m = tg o). Orcrona
YpaBHEHUE KaCaTeAbHOM K KPUBOR y = [ (x) B Touke (X, ¥,)
uMeeT BH,

Y~ Yo = folx — xp), &)
roe Y, = f (x), f;) =f' ()
Ilpamas, npoxopsinas wepes Touky A € I' nepnenauky-

JIAPHO K KacaTeNbHOH Kk I' B 3T0li TouKe, Ha3LIBACTCAHOPMALbIO
x I' B mouke A. Ee ypaBHeHHe, O4€EBHIHO, HMeeT BUJ

YYo= —yi(,) (x - xy). @

IIpumep 1%%
Haiiti ypaBHeHMe KaCATEIBHOH K KPHBOA

* CM. HanTy KHUTY «Bricnrag MaTeMaTHKA. DNeMeHTH MMEeHHOM aare6pht
M aHAJINTHYECKOH reoMeTpus, § 8.
** JIpumeps: 1, 2, 3 MOXKHO paccmoTpeTs B § 4.8 nocJie 0OBIaZeHNs TEXHH-
koii puddepeHIHPOBAHMS.
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2

x_2+!12_=1 (-as<x<a) 6]
a b
B HEKOTOPO# ee TouKe (Xg, YY), T- €. ﬁ+% =1.
a

Kpusasa (5) gassieaercs ganuncom. QueBUIHO, YTO 3J1-
JIHATIC PACIIONIOXKEH CUMMETPHUYHO OTHOCHTEJBHO OCeil Koop-
IUHAT, TAK KAK ero YpaBHeHHe He MeHSeTCA IIPH 3aMeHeX Ha
(—x) 1 y Ba (—y). Ilpu BEBOZe ypaBHEHHA KacaTeslbHOU Gy-
IeM CYMTATh, UTO0 —a < x € @, 0 < y < b. U3 (5) umeem

y=bld—. (5)

’ _ —bx
Otcropa ' = T—T
ava' -x

Brryncaum GyHKIMIO i K IPOU3BOAHYIO i B TOUKE Xy

Y=Y (x()) = g y (xo) ﬁ-

yoy (x())‘_' 2 x() (6)

YpaBHeHHe KaCaTeJbLHONU K 3JLUIMTICY B TOUKe (X, ¥,):
Y- Y= y,(onX - xo)- (7

Ywmuoxad (7) Ha y,/ b%, B crty (6) 6ynem umeThb

2 2
Yy _y (0)(Xyo M) Yy, vy X% %

v b b b b & a&

2 2
x, .
Tak KaK y Hac —%+g% = 1, TO ypaBHeHHe KacaTeJLHOM
a

3anyIIeTcHd.

Xx, +Yyo
2 2
a b

=1. ®)
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Taxmm 06pasoM, YTOOH IIOJYUYNTE YPABHEHWe KACATEJILHOH K

SJLIHIICY B €0 TOYKE (X, IY;), HY’KHO B ypaBHeHUH 3jumnnca (5)
2

samMeHHUTH x° Ha Xx,, 1 y° Ha Yy,

L7
Vi
2
% g
7 p o TNGE
Puec. 44

Ilpu orpunarentaeix sHaueHnAX y (—b < y < 0) paccyx-
LeHud Te e camele ¥ (8) GyZeT ypaBHeHUeM KacaTenbHO B
Jr06oi TouKe amunca (X, y,)- 13 ypasHeHu (8) BUHO, UuTO
KacaTeJIbHas K 3JUINICY B €T TOUKe (X, ¥,) IepeceKaeT och
x B Touke ¢ abciuccoit az/xo, T. €. IPpH x, > 0 aTa Touka
nepeceueHUs HAXOLUTCH IpaBee 3JIMICA, a IPU X, < 0 —
neBee (puc. 44).

IIpumep 2.HaiiTu ypasHeHue KacaTesHOM K KPUBOH

2 2
LV -1 =0 ©
a b

2 2

B HEKOTOPOH ee TO (x ) %o _Y%
E PO UK \Xgs Yo)| 57
a b
Kpusas (9) HaseiBaeTCa zunepfonoii. ITa KpHBAs TAKIKe
CUMMETPHYHA OTHOCHUTENLHO OCel KOODAMHAT.
ITpoBogs paccy»kaeHUA, KaK B npuMepe 1, noxyaum ypas-
HeHUe KacaTeJbHOM K runepbose B BIE

X Y 1 (x> a).

] 2 =
a b

Touxra nepeceyeHMs 3TOI KaCATEJBLHOH C OCHI0 X HMEET
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2
a

abcruccy az/xo (O < m Sa), T. €. 3Ta TOUKA IepecedyeHHA Ha-
(V]

xopurea B (0, a] ona x, = a u B [-a, 0) gna x, < —a (puc. 45).
7

Puc. 45 Puc. 46

IMIpumep 3.Haiit ypaBHeHNe KacaTeJIbHOM K KPHBOH
V’=2x (x=0,p>0) (10)
B HEKOTOPOI ee TOUKe (X, o) (y§ = 2px).
IHannas KpyBas HaskiBaeTcAnapabonoii. OHa pacioioxe-
Ha CMMMEeTPHYHO OTHOCHTENIBHO ocH X (T.e. B (10) x asinserca
yeTHOH GyHKHeH oT ). B cury sToro mocraToyHo paccMoT-
peTh BepXHIO NoJOBUHY mapabons! (y > 0). Ms (10) umeem

y=+2px. (10"
Orcrona

= , =.2px N 'x. = =-R_
y rL’pr Yo PXo , Y'X op%,  Up

VpaBHeHuMe KacaTensHOH K Napa6oiie B TOUKe (X, Yg):
Y -y, = y(x) (X — %)

Y—y0=—5— (X — xp), Yyo—-y(2)=pX—px0.
(1]

Tak xak yg = 2px,, TO
Yy, =p (X + xp). (11)
TakuM 00pasoM, YToOBI OJIYINTH YPaBHEHNE KacaTesn-
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HOH K napabole B ee TOUKe (X, Y,)» HY’XHO B YPaBHEHUN [1apa-
Bosni (10) sameHUTH i’ Ha Yy,, a 2x na X + x,.

KacarensHasn (11) k napaGone (10") B ee Touke (xp, Y)
IlepeceKaeT oCh X B TOUKe ¢ abcuuccoi (—x,) (puc. 46) Hezaru-
CHIMO OT BeIUYUVHELD, T. €. KacaTeJbHbIe K J1100sIM rtapabonam
y2 = 2px B TOuKe (X, sz_xo ) IepeceKaloT OCk X B OTHOH 1 TOH
e Touke (—xg).

§ 4.3. IIpou3BOgHBIC 3TT€MEeHTAPHBIX (QYHKIIHK

ITocmostuasa C — KayKOoMy X COOTBETCTEYET OfIHO H TO
ske spayenue y = C. TakuMm ofpasom, sHaueHMIO X + Ax co-
OTBeTCTBYeT 3HaueHMe QyHKUNH Y + Ay = C. CregoBaresbHO,

¢ =1m =€ _1im-0 —1imo-=0. )
. Ax-0 AX Ac—0AX Ax—0
Cmenennas gynxyua x” (n=1, 2, ...).
(x") =nx"?, 2

IOTOMY ™MTO

K‘;[(x +Ax)"— x"] =

= L[Jc"+ nx"Ax+ 2 n(n ) AL 4+ A~ x ]
Ax
= nx™ +.n_( 1) L Axt v A = nx™
! Ax—0
CrpaBeanuss GOPMYJIBI
v)y=u v, 3)
(wv) =w' +u'y, @
(#)=2r-Ur (0. )
1% v

3nech TpeIoNaraeTesi, YTo u = i (x), v = v (x) — PyHK-
IIMM OT X, MMeoIie IIPOM3BOJHYIO B Touke x. B cnydae ()
FOTOMHUTENHHO IpeanoaraeTcd, urov (x)# 0. Vreepxaaercs,
YTO B TAKOM cJIyiae B TOYKE X CYLIeCTBYIOT IIPOM3BOAHEIE, CTO-
HIIMe CJIeBa B paBeHCTBaX (3), (4), (5), ¥ 3TN PABEHCTBA BEPHBI.
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B camom gnene, sapagum Ax. Hosomy sHauyenmio x + Ax
apryMeHTa COOTBETCTBYIOT HOBBIE 3HAaueHNUs HaIUHX (QyHKIA
u+Au,v+Avu

A(+v)=[(u+Au)+ (v+Av)] - (L v)=Au £ Av,

+
@)’ = lim AEEY) gy A 5 AL gy
Ax—0 Ax ax—0 Ax  Ax—0Ax

Iasee (moACHEeHNsA HUAKE),
A@v) = (u + Aw) (v + Av) - uv = uAv + vAu + Aulv,

Aluv) _ — 1im UAL+VAL+ AuAD _
Ax Ax—0 Ax

= ulim &Y 4 plim 2% lim Aulim &Y
Ax—0 Ax Ax—O0 Ax Ax—0  Ax—0 Ax

=uv +ovu + 0V =ut +vu.

(uv) = hm

Hayo ydyecTs, 4To (QYHKIMA U, KAK UMeloLas MPOU3BOAHYIO,
HenpepeIBHA, U notomy Au — O npu Ax — 0.
Haxoxer,

(~)—11m(”+Au ”) 1 _ iy DAU—uAD _
v vtAv v/ Ax Ao (v+ Av)vAx

pdu _, Av
_ Ax Ax _Yv— uv
T a0 (U+AD)D v

CHoBa Hafio y4ecTb, 9ro Av — 0 npuAx — 0, moromy 4To
PYHKIMA U, KAK HMEIOLas [IPON3BOAHYIO, HellpephIBHA.
PaceMoTpHM (YHKIOUIO Sin x.

(sin x)' =cos x, (6)
MOTOMY YTO
g e 2sinZ cogx+ A%
(sin x)’ = lim sin(x+Ax)—sinx _ Jim 2 S( 2 )
Ax—0 Ax—0 Ax
- Ax
sin &2
= lim-——-2-lim cos (x+M) =1 -cos x =cos x.
ax—-0 AX  Ax—0 2
2

Hazo yuecTs, YTO PYHKIHUA COS X HellpepLIBHA.
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Ananoruuno JAOCKAa3BIBaeTcA, YTO

(cos x)' = —sin x, 0!
(tg x) =sec’x = —L—, ®)
Cos X
(ctg x)' = —cosec® x = ._% . .(9)
sin”"x
B camom pere, Hanpumep,
(tg x) = (sin x)'= cosx(sinx)—sinxcosx) _
cosx cos’x
2 =2
- cos x+2s1n x_ 12 - sec’x.
cos X cos" x
Jns pyakmem y =log, x (x > 0) nmeem
Ax Ax
Ay _log (x+Ax)-log x _ 10g(1+ 5 )= 1 log(1+ x )
Ax Ax Ax x Ax T
x
Hcnons3ya samedyaTebHBIN Ipeaest
AL B
u—-0 172
noJy4aeM
(log, ) = Liog,e=—1—. (10)
x xIna
B uacrHOCTH,
’ l ’
(nx) = e (109

§ 4.4. IlpousBoaHAA CIO0KHOM QYHKIHN

Teopema 1.Ecnupynryuax = (t) uMeem npousgod-
Ry 8 mouke t, a Qynryua y = f (x) umeem npoussodrymw é
mouKe X, Mo cAOHHAL PYHKUUA

y=F@®=f[p @®] M)
umeem npou3eodryi (no t) 8 mouke t u cnpasedauso pasew-
cmeo
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F @)=F ()¢ (®) (2
uau
Y=Y, xp- 3

HJoxasaTenncTBO. 3gaaaumM {, eMy COOTBETCTBYET
snavenve x = (t). llpugaxgumi npupamenneAt # 0, aT0 BRI3O-
BeT npupamiesue Ax =@ (¢ +At) — @ (). Tak Kax pyHKIUAY =
= f (x) UMeeT NPOU3BOAHYIC B TOUKE X, TO HA OCHOBAHMH DaBEeH-
crBa (2) § 4.1, nveem

Ay =f (x) Ax + € (Ax) Ax, @
rie € (Ax) — 0 opu Ax — O.

ByzeMm cuurars, uro € (0) = 0. PaseHcTBO (4) npu aTom
COTJIAIIEHUH BEIIOJHAETCH, T. K. €CJIU IIOACTABUTE B Hero Ax =
=0, To noayuutca 0 = 0.

PasgesvM Teneps paseHcTEO (4) Ha At # O:

AU _ proyAx | eiaryhx
U - AT oo BE ®)

IIycrs At crpemures k mHysto. Torna Ax — 0, moromy uro
dyaknus x (t) = ¢ () uMeeT IPOUSBOZHYIO B TOUKet U, CIIeN0-
BaTeJIFHO, HeNIPEPHIBHA.

IIepexomuMm B paseHcTEe (5) K npegeny npult — 0. Torna
Ax — 0 u € (Ax) — 0, 103TOMY TIONYYHM

Yy = @2 @+0-X@)=Ff @) x' @)=y, x.
Teopema goxasaHa.
Popmyana (1) Mmoxker GeITh yesioxxEeHa. Hanpuwep, eciu

z=1(@), y = ¢ (x), x =y (§) 1 BCce TPU GYHKIUM UMEIOT IIPO-
U3BOAHBIE B COOTBETCTBYIOIUX TOYKaX, TO zé = z’y y;:::c'i

IIpumep 1.y=lnsinzx (x # kmt, k — pexnoe).
Ionaraemy = In u,u=v2,v=sin x. Torga
Y=y, u, v, = l2ucosx=“ZS—H?J—C;:EE’E:2c1;gx.
u sin”x
IIpumMmep 2.y=sin(x2+2x-1).
[onaraem u = x° + 2x — 1. Torga
y;=y,"u;=cosu-(2x+2)=2(x+1)cos(x2+2x—1).
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OO6BIYHO NTPH BHIYMCIEHHAX BCOOMOTATE/IbHbIE IIEPeMeH-
HBbIE U, U, ... HE BBOASAT, a TOJLKO MOAPa3yMeBaloT UX.
B cnyyae npumepa 1 BeIYMclIeHMS BBICAAAAT TAK:
2 ¥ . . !
Y, =— 12 —(sm x) =—7»17—281nx (sinx) =
sin" x sin"x

2

cosx=2ctgx.
x

My ege Kopoue

Y, = 12 2sin x cos x = 2 ctg x.

sin’ x

§ 4.5. IlpousBoaaan o6paTHol PyHKHHH

ITyemv pynryus y = f (x) cmpozo eéo3pacmaem, Henpe-
poléna na unmepsane (a, b) u umeem KoHeuHYI0 He pasHyw
Hy0 npouseoduyio f (x) 8 Hexomopoit mouxe x € (a, b). Tozda
obpamuas dns f pynxyus x = f (y) = g (y) maxae umeem
npou3eodnyIo 6 coomeemcmeyouieil moike, onpedensiemyro pa-
GEHCIMEOM

__1
unu
x = L, (1)
v yx

HJoxazarenvcTBo. Kak mam usBectHO, 0B6partHas
(yHKOUA x = g () CTPOro BOSpacTaeT U HenpephblBHA HA HH-
repraie (4, B), roe

A= inf f(x), B=sup f(x)
x<a,b) xda,b)

(cM. § 3.6, Teopema 1’).

Hagum paccmaTpuBaemoMy Y mpupaumenue Ay # 0. Emy
cooTBercTBYeT npupaerue Ax o6paTHoi (DyHKIMY, TAKKE HE
PaBHOe HYJIO B CUJy cTporoil MOHOTOHHOCTH f. IToaTomy

Ax_ 1
Ay Ay-
Ax



§ 4.6, TPOH3BO/THLIE 3JIEMEHTAPHBIX GYHKIHA 161

Ecmu renmeppr Ay — 0, T0 B cuny HenpepsiBHOCTH £ (y) TIpu-
pamenue Ax raxoxe — 0; HO npu Ax — 0 TZ - f(x)#0,

CJIE[OBATEBHO, CYLIECTBYET IIpefe)t

. Ax 1 1
lim &~ = =
wOAY Y ()

ax—0 AX

Jrum dopmyna (1) goxazana.
IIpumevanue. Ecau f (x)% 0 Henpepuiena na (a, b),

mo g’ (y) Henpepuiena na (A, B).
Jdro caepyer us (1), rie MOMKHO HONOKUTE X = £ (Y):

__1
g el (v € A, B).

Beps cnokuasa Gynximsa f [g (y)], cocTosiinas us Henpepbis-

HbIX (byHKIUH [ ¥ g, HenpepbIBHA.

§ 4.6. IlponsBogHbIE 3JI€MEHTAPHBIX (DYHKIHHA

(upomoi:xenmne)
1.y = a”. Orciona x = log, y — obparnaa dpyuxnus. Io-

aTOMY
y;:%:—}—— =ylna=a"Inag, r.e. (@)Y =a"Ina.
Y ylna

B gactHOCTH,
(€Y =€,

(e =—€".
2.y =arcsin x (x| < 1, -1/2 <y <n/2), x =sin y — obpar-

Haa Qyukuusa. Iostomy
* x; cosy \ll—sinz y N

(arcsin x) = 7=é .
1-x

8. 3nxas 704
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Ilepen xopHeM mocTaBJleH 3HAK + , MOTOMY YTO COS y>0mna
(-n/2, n/2).

3. (arccos x) = (—g —arcsin x)'z ——Ji-!—z.
—-x

4. y =arctg x, x =tg y — obpaTHaa PyHKIHUA (—0 < x <
< ™, ~nt/2 < y <n/2). Torna

arct, x'=—L—7=cosz =—1——=——1-—.
(arotg x) (tgy) y 1+tg’y 1+4°
T. €.
(arctg x)' = 1 7.
1+x

5. CopepiiieHHO SHAJOTHYHO JOKASEIBAETCH, UTO

1 -
1+x°

(arcetg x) = —

6. ITpouseodnas om cmenennoii pynryuu x° (x> 0, o —
MPOUSBONLHOE JeHCTBATENIbHOe Yyncao). Mmeem
xOL — eotln 1.
Tax xak pysxkmuu € ¥ o In x umeror IPOHU3BOAHYIO, TO IIO Te-
opeme O IIPOM3BOJHOI CI0KHOM PYHKIMH IOy IIM

a
(xa)r =(ealnx), — eulnx_ %___alx_ =axa—1

Taxkum obpasom,
(=%) = ax™.
ITOT pE3yJBTAT corviacyerca ¢ opmysoit (2) § 4.3 mna
IIPOM3BOAHOM 0T PYHKIMM X" (X € (—00, ©0)), rle n — HaTy-
PasibHOe YHCJIO.

7. Qynryusy=u (x)°“ (> 0). Ecmuu (x) 1 v (x) umeror

IIPOM3BORHYIO, TO 3THM >Ke CBOMCTBOM oOJaZiaeT QYHKIIUA

uuzeulnu (1)
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u
@y =" vy —u(v '+v1nu). )
u
Bripasxenue
f(x)
1 3
Inf @) = 1) 3

Ha3BIBAETCH J102apupmuseckoii npouseodnoil pynxyuu f.
Tax xkax
Inu=vinu,
10 B cr1y (hopmysl (3)
(]

t
Al =wlny=vInu+Y%
u

oTRYAa caenpyet (2).

8. I'unepBoauveckue pyHryuL.

(shx)'=(e —2‘31] I ;e_x =chx,

(chx)'=(e ";‘; ): € _2‘3— =shx,

tha) =(shx ch’x—sh’x __1
(th) (chx) ch’x  ch’x’

_ (chxY_ sh’x— chx -1
(cthx)—(shx) R I~ (x=0).

9. y = Arsh x — ofpatHaa QYHKIMSA I8 QYyHKLUH X =
=sh y. Orcioma

(Arshx)= 1 1 1
(shy)’ chy fi—sh'y Vi+e

(cm. pnanee § 4.12, npumep 2).
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§ 4.7. Inddepennuan QyHKOUH

4.71.dudpdeperyupyemblie pyHKnun. Ilyers
GyHKHMA [ MMeeT NPOM3BOAHYIO B TOYKE X (KOHEUYHYIO):

. AY
g{’r(l)z‘;—f(x).

A
Toraa Ky JIJIS1 JOCTATOYHO MaJIbIX AX MOKHO 3aIIHCATE B
X
Bufe cyMmb! f' (x) u HekoTopo#t pyHKIMM, KOTOPYIO MBI 000-
3HauuM uepe3 € (AX) 1 Koropas obnajsaer TeM CBOHCTBOM, YTO

OHA CTPEeMUTCA K HYJIO BMecTe ¢ Ax:

%=f’ () +e(Ax)  (EAX)—0, Ax—0)

M OpupaljeHHe f B TOUKe X MOXeT GbITh 3allMCaHO B BUJE
Ay=7(x)Ax +Ax-e(Ax) ((Ax)—0, Ax—0)

HIH

Ay = f (x) Ax + o(Ax). ey}

Ax—0

Benn Beipaikenue o(Ax) noHuMaeTcs Kak QyHKnua orAx
Ax—0

Taxasd, UTO ee OTHOIIEHNE K AX cTPEMMTCS K HyJII0 BMeCTe CAX.

Onpepeneune.Pynuxyua f nasvigaemes dudepenyu-
pyemoii 6 mouke x, ecau ee npupawyenue Ay 6 smoil mouxe
Mocent 6bimb npedcmasneHo 8 6ude

Ay=A - Ax + o(Ax), 2

Ax—-0
2de A He 3aeucum om Ax, Ho g00bue 3asucum om X.

Teopema 1.J/na mozo, umobur pynryus f Gerra oug-
depenyupyemoii 6 moyke x, m. e. Lmobsl ee npupavietie 6 amol
mouke npedcmasaanocy, no popmyae (2), Heobxodumo u docma-
mowno, wmobbL OHA UMena KOHEYHYI npou3ecdnyrn & amoil
mouke. H mozda A={f (x).

Taxum 06pasoM, cKasartb, YT0 f MMeeT IPOU3BOAHYIO B
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Touke X win [ guddeperyppyemMa B TOYKe X — 9TO OJ(HO ¥ TO
xe. TlosToMy mponecc HaxOMKAEHUs! IIPOM3BOAHOIN HA3BIBAIOT
ette Juppepenyuposaruem pyHKyLL.

HokasarenbecrBo teopeMu 1. IlocrarodyHoers
YCIIOBHS JOKA3aHA BhIILE: M3 CYIECTBOBAHMA KOHEYHOMH IpPO-
u3BogHOI [' (X) clefoBaIa BOSMOMKHOCTD HPEACTABICHUA Ay B
puze (1), rae Moo monouTs 7 (x) = A.

HeobxopgumMocTs ycnoBua. Ilyers Gpyuxiusa
f puddepennupyema B Touke x. Torfa us (2), npegnonaras
Ax # 0, nonydaem

Ag=A+"(—A"—)=A+o(Ax).
Ax Ax Ax—0

IIpepen mpaeoit yactu mpn Ax — 0 cyuecTByeT U paBeH A:

9T0 03HAYAET, YTO CYLIECTBYET NIPOU3BOHASA
I (x)=A.

4.7.2.0dudpdbepesnuan yHKnuu. lyers QyHK-
musn y = f (x) puddepennupyema B TOYKe X: T. €. AJis ee npyupa-
meHus Ay B aroil To4Ke BuIIONHsieTcs paBeHceTso (2). Torna Ay
€CTh cyMMa JBYX claraeMbiX. IlepBoe um3 Hux AAx Ipo-
TOPLMOHAILHO AX, 2 B TAKMX CAy4YasX FOBOPAT, YTO OHO €CTH
JuHeitHAA ofHOpPOAHAA (yHKuMA oT Ax. Bropoe — o(Ax) sB-

Ax—~0

Jngercss becKOHeYHO Manoil GyHKIMel BLICHIEro NOPAAKA Ma-
Jocty cpaBHuTensHO ¢ Ax. Ecniu A # 0, To Bropoe cnaraemoe
cTpeMuTea K Hyn10 npu Ax — () Geicrpee, uem neproe. B cBsa-
34 ¢ 5TUM IepBoe cnaraemoe A Ax = f' (x)Ax HasbiBaeTcAzAG-
Hbim uienom npupawerunAy (mpulAx — 0!, Cum. onpegenenve
B koHKe § 3.10). 310 cnaraemoe Ha3LIBAWOT Juppepenyuanonm
@yuryuu 1 obosHadaior cuMeonomdy. Urtax, no onpefeneHuio

dy=df=71 (x)Ax.
Ha puc. 47 usobpasken rpadpuk I’ byuxuuu y = f(x);



166 TJABA 4. THOOEPEHIMANBHOE HCYUCJIEHHE OYHKIHH OTHOH NEPEMEHHOH

JA ¢ or T — xacarenpHas k I' B Touke 4,

{ umerotei abeiucey x; f' (x) =tg a,
rae 0. — yroi, o6pa3oBaHHBIH Ka-
CaTeNbLHOH ¢ OCLIO X}

Ve 4 A dy=f (x)Ax =tg a Ax=CD,
- DB = Ay - dy = o(Ax).
717 = 7+l = e
Taxum oGpasom, duhpeperyu-
Puc. 47 an QyHKYUL Y 6 moyKe X, coomsem-

cmeyrwwuil npupaujenuo Ax, ecme
npupaujerue opdunamsi MOYKU, AEHAWEL HA KACAMENbHOIL
(dy = CD).
Boobire roeops, dy # Ay, u6o Ay = dy + o(Ax), a Bropoit
Ax-0
YyneH 3T0i cyMMEI, BOOOIle rOBOPA, He paBeH HyJi0. ToMbLKO
Aas nuHeiHOM QyHKIMM Y = Ax + B uMeeT MecTO paRE€HCTBO
Ay = AAx = dy pns moboro x. B qacTHoCcTH, 1151 Y = X, dy = dx =
=Ax, 1. e. uthpepernyuan u npupaujerue He3a8UCUMOLL NEpe-
MeHHOiL paeHbt Mencdy coboii (dx = Ax). IToaromy auddeper-
IMaJI IPOM3BOJLHOM QYHKIMK f ODBIYHO 3aNHCHIBAIOT TAK:

dy =1 (x)dx,
OTKYHA

r(x)=%,

T. €. npou3godnan pyrnryuu f 6 moure X pasHa OMHOULEHUID
duppepenyuana pynxyuu 6 amoii mouke k dupepenyuary
He3a6uUCUMOLl NepeMeHHOol X.

9ro o0BsAcHAET, YTO Buipaskenue dy/dx (O3 Mrpek Io 13
HKc) ynoTpebnderca Kak CMMBOJ JUIf 0DO3HAuUeHHS IPOH3-
BOIHOI.

Hazno ymeTs B BUAY,wmo dughepenyuan dx nesasucumoll
nepemMenHOilL He 3a6ucumMm om X, oH paget Ax — npoussonvHoMy
npupauwenurw apzymenma x. 9mo e wacaemces dupdepen-
yuaara dy Qpynryuu y (omauunoii om x), mo oH 3a6uUcCum om x
udx.
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OrtveTM GOPMYIEBT

d@utv)=duzdy, (3)
du-v)=udv+vduy, “)

d (cu) = ¢ du (¢ — mocrosHBaM), )]
d(%): vdu;zudv (©=0), (6)

rfe IpeAIoaaraeTcs, YTo ¥ U v — auddepesHnpyemMble QyHK-
IIMH B pACCMATPHUBAeMOH TOUKe X.
Hanpuwmep, ¢popmyina (6) nokaspiBaerca Tax:

y v dx—uv'dx _vdu-udv
At s vz,

4.7.3. IIpu6nuxennoe BRIpajXxeHHue
npupamesus ¢pyHKnuu. Ecnu dyrrnua y = f (x)
ruddepeHnUpyeMa B TOUKE X, TO Ha OCHOBaHUM GopMyJs! (1)
€e mpypalieHue, COOTBeTCTBYIONee npupamernioAx, MOXKHO
sanucaThb CJeAyIoIIM 00pasom:

Ay = dy + o(Ax).
Ax—0

Orcropa caenyer, uyro nuddepeHiran GYHKIUE IIpH AOCTA-
TOUHO MaJIBIX Ax MOXKeT CIY)KMTh XOPOIIIHM IpUONHIKeHNeM
npupaijeHuda QGyHKIUKN. B 3TOM cMbIche ITHIYT OpubInKeH-
HOE PaBeHCTBO

Ay=dy =7 (x) dx, M

KOTOPBIM IIMPOKO IOJIL3YIOTCSH.

ITyeTs HARO BHUMCANUTE 3HaYeHHe QYHKIMM [ B TOUKE X,
T. e. yueo f (x). OgHAKO MOABHIIACH HEOOXOIHMOCTE 3aMEHHTE
x ero NIpUGIKeHHBIM 3HaueHueM x + Ax:

x=x + Ax.
BoaHukaeT DpuGIMKeHHOE PABEHCTBO

f(x)=f(x +Ax).
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Ero abconwTHas MOrpeuHocTh paBHa
Ay} =If (x + Ax) — £ (x)]-
Ecnn dyuxnusa f guddepennypyemMa B TOUKe X, TO U3 (pop-
mynsl (7) caepgyer, 4TO IpHM Manbix AX MOMKHO CUYMTATh, YTO
abcoyIoTHASA NMOTPEINHOCTH PacCMaTPUBAEMOro IPHOIVIKEHNA
paBHa nIpuOGMIKEHHO abconoTHOM BesnurHe A depeHHAIA
(1107039487507 6
|Ay| = |dyl,

BBIYMCJIEHHOTO JIJIA COOTBETCTBYIOIIEro nprpanenns Ax.
OrHocuTeNbHAA Ke HOTPEIlHOCTh IpMOJIHIKeHHO BhIDa-
KaeTCA cJAeAYIONUM 00pazoMm:

'éﬂ¢~
Y

y=fx)=0).

dy
y

Npumep 1.Ecmm cuuraTs, 4ro

38001 ~¥8 =2,

TO MOrpellIHOCTE MIPUOIMYKeHHO paBHa AudtepeHIinary GyHK-
ouu Yy = %% B Toure x = 8, COOTBETCTBYIOLIIEMY NIPHPALIEHMIO

Ax =0,001:

dy=lx"ax=1825.0001=--L .
V=3 3 12000
Bonpoc 0 ToM, HACKONBKO TOYHBI 3TH HALIM paccyKIe-
HIS, MOJKET ObITH pellleH MeTOZAaMM, KOTODEIE MBI ByZeM erre
uzyyath (cM. § 4.14).

§ 4.8. Ipyroe onpeneienne KacaTelbHOMH

B cayuae, koraa nponssogsas f' (x,) KOHeYHA, BO3SMOXHO IaTh
ApyTroe, 9KBUBAJIEHTHOE ONPeJeSieHNe KacaTeILHOM.

3apaivM NpOV3BONBHYI0 Opsamyio L, ¥ — y, = m(x — X,),
NPOXORAINYIO Yepes TOUKYA = (X, f (x,)) Kpusoit I':y = f (x). ITycTs
B= (x, f (x)) — npyraa rouka KpuBoi I'. Paccrosirue ot B o L B
HAIIpaBJIEHNY OCH i PABHO
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PE=If(®) -yo—m(x-x)- 1)

by

Ha puc. 48 p (x) =BD. /
Ilpamas L Ha3wveaemcs 44
A

xacamenvhoii k T 8 mouxe A, ecau A
I
pE)= 0 (x—xp). (2
x—-xo —
. 7 5 & z
Ecau npsamvas L ecth KacaTenb-
Hasa kI’ B TOYKE A B CMBICJIE [IEPBO-
Puc. 48

ro onpenesieEus, rom = f' (x,). Tak

kak [ mguddepeHuupyema, To
f(x)—f(x0)=f'(xo)(x—x0)+o(x—x0), X = Xo»

OTKYJAA

PE)=If ()= F(x)— (xp)x—xp)l=0(x~x5), x—x,
T. €. IpAvMasn L asnseTcs KacareasHON B CMEICIE BTOPOTO Onpese-
JIeHUA.

Obparho, nycth L aBiserca KacatesbHOM B CMBICHE BTOPOTO
onpefenenun. Torpa (cm. (1) B (2))

P(x)=|f(x)“ f(xo)—m(x—x0)|=o(x—x0), X = Xg,
HJIH, YTO Bce PaBHO,
fxX)—fl)=m(x—x))+o0(x-x;) 1mpux— x,

910 noKaaeiBaer, oo GyHKuuA [ auddepeHIUpPyeMa B TOUKE
xqum = f (x,). Ho Torna L eCTh KacaTelbHAA B CMEICIE IEPBOTO
onpeneseHUA Y €€ YPABHEHNE UMEET BHJ

y_yo=f’ (xxp (x — x)-

3amevanue.HscrazanHoro cienyer, yro kpusas y = f (x)
MMeeT KacaTelabHYIo B TOUKE (X, [ (X)) TOrga M TONBKO TOrAa, Korga
dyuruus f fuddepernupyemMa B TOUKe X,

§ 4.9. IlpousaeogHasa BRICIIEr0o MOPAXKA

Ilycre B2 uHTepBane (a, b) sanana pyuxuus f. Ee mpo-
M3BOAHAJ, eCNIHM OHa CyLIeCTBYeT Ha VHTepBane (a, b), ecTh He-
KoTopas GyHkius [ (x). MeI ee GyzieM ellle HASHLIBATE NEPEOLL
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npouzseodnoii. Ho MoxeT caAyInThCH, YTO IEpBas IPOU3BOIHAA
HMeeT B CBOXO OYepelb IDOM3BOAHYIO Ha MHYepBane (a, b). Ota
HocNeAHAA Ha3kIBAETCA 8MOPOil npou3600roiL om [ unu npous-
800nHolL om [ emopozo nopadxa 1 06o3HaAYAETCH TAK:

" (x) =fP@) = (f (@) wmy" = @Y.

Boobinie, npouseodnoii om ¢ynryuu f nopadxa n Hasvi-
seaemcs nepeas npouseodnas om npous3eodnoir om [ nopadrxa
n — 1 u obosHayaeTcsa Tax:

fO )= " (o) mam rax: ¥ = ).

Ecsu peus uaeT o6 onpefeiestoM (GUKCHPOBAHHOM 3HA-
YeHHH X, TO cuMBoI [ (x) obo3rauaeT IPOM3BOAHYIO N-TO II0-
pAazka oT f B Touke x. [|1a ee CyI[ecTBOBAHHUS HEOOXOAUMO Cy-
I[eCTBOBAHME IIPON3BOAEOM f(""l) He TOJIBKO B X, HO 1 B HEKOTO-
POl OKPECTHOCTH X.

INpumepsr.
1°. (9™ = ¢*.
2°. @y =a"Ina, @) =a"Inaq,..., (a’)(")= (@) In" a.

3. (Y =mx™, &Y =m@m-1)z"5,...
i MNP =m(m-1)...(m-n+1) ™"

Ecnu m gaTypaisHOe, TO, OYE€BHIHO,
Y =mlu @™ =0 (n>m).

4°. (sin x)' =cos x = si.n(x+ %),

(sin x)™ = si.n(x+ n%)

5°. (cos x)” = cos(x+ n%)

OnHaKo AaJIeKOo He Jia BCAKON GyHKIVHE yiaeTca HalTh
ob1ue GOpMYJIBL JUIST X N-X IPOU3BOLHbIX,
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Vupamxsaernne. Vcunoapsyda MeTOl MaTeMaTHYeCKOH
VHAYKIHH, JoKas3aTes popmyny (JIeiiOuHIIa) myis NpousBOLHOM
n-ro NOPAAKa OT NMPOHU3BeLeHUA ABYX (hyHBKI[MiL;

n
(uv)(n) - kZOC:u(" k) v(k) ,

TOe ¥ ¥ UV UMelOT IIPOU3BOAHLIE 0 IIOPAIKA N BKIIOYUTENILHO,

_n(n-1)..(n—k+1) _ |
C= k! B k!(r?—k)!’

§ 4.10. Inddepenuuan BHICHIET0 MOPASKA.
HuBapuantHoe csBoicTtBo audpdepennuanaa
NEepBOTo MOPAAKA

Ecnu ra unTepBase (a, b) sajana dysxnuay = f (x), 1o
ee, OUEBHIHO, MOJKHO IIPeACTABUTL GECKOHEUHBIM YHCIAOM
coocoGoB KaK CHOKHYI0 GYHKINIO

y=9(2), z=y(@x).
Takem 06pa3oM, ¥ MOIKHO PACCMATPHBATL Kak (PYHKIIUIO OT X
(y =1 (x)) m xax dyHKIMIO OTZ (Y = (2)), TAE 2 B CBOIO OYEPELL
ecThb QYHKIUA OT X (2 = Y (X)).

AprymenTx Mul 6yeM Ba3BIBATL HE3A6UCUMbBIM, TIOAYED-
KMBaA 9THM, YTO HA INPOTHAKEHHMH HAIINX PacCy>KAEHUA x He
Oyzmer pacCMaTPHBATHCA KAK QYHKIMA KAKOH-TO IIepeMeHHOIM.
AprymeHT xe z GyileM HaseIBaATh 3asucumbim (OT x1).

Huddepernuan or dyHkiun y = f (x) B TOUKe X €CTh,
KaK MBI 3HaeM, IIpOU3Be/ileHHe IIPON3BOLHOM OT [ B 9701 TOUKe
Ha zuGdeperan HE3ABHCHMOI0 IEPEMEHHOT0:

dy=1 (x)dx.
3pecs dx ecTs IpoH3BONLHOE uncyo. OHO He 3asucum om x.
3710 cKa3kIBAETCA B TOM, YTO IPOH3BOLHAA OT dX 10 X PABHA HYJIIO:
(dx)' = 0.
Inddepernuan or GyHKIUKM Ha3BIBAIOT eIle NepPebLi

dughgpeperyuanom.
Ilo onpepenenuio emopuim dudgeperyuanom om QGyHk-
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yuu y = f (x) 6 mouxe x Hasvieaemcs dupepenyuan om nepeo-
20 upeperyuana 6 amoit movice 1 0BO3HAMAETCS TAK:

d’y = d (dy).

Y10o6B BEMHCIUTDL BTOpOil nuddepenIInal, HAL0 BIATh
IPOMBBOAHYIO II0 X OT npoussegernus f' (x) dx = dy, cunrasn,
4uTO dX ecTb IOCTOAHHAA (He 3aBUCAINAS OT x!), U pesynbTaT
IOMHOKUTH Ha dX:

d’y = d[f (x) dx] = dx (f (x)dx) =" (x) dx’.

Boob11e, mo onpepenenuio duppeperyuaron nopadra n
dyrxyuu y = f (x) Hasvieaemes nepeuiii Judp@epernyuan om
dupgeperyuana (n —1)-zo nopadxa amoir pyrryuL 1 0603Ha-
yaeTcH Yepes

d'y=d @ y). -
QOueBHHO,
d'y =17 (x) dx", ey
NOTOMY 4TO 3Ta hopMyJia BepHa IPH 71 = 1, a ecau JONYCTHTD,
49TO OHA BepHa A n — 1, to

dy=d /" P @) dx""] = dx"d [f*V @)] = /) (x) dx”.
Koneuno, gasa cymecreoBanus audeperiuaia nopsaika
n GyErnun y = f (x) B ToYKe X Heo0X0ZUMO, UYTOOBI OHA UMEJIa
IIPOHU3BOLHYIO f(") (x) nmopsigxa n B aTolt Touke.
B cuny (1) umeem

n I, dn
W ==Y

dx’ (2
T. €.1PoU360dHAA N-20 NOpAdKa Oom GYHKYUL Y no He3a6UCUMOIL
nepemenHOiL x paseHa YacmHOMYy Oom OdeneHus n-zo dug-
Qepenyuana y na dx” = (dx)".

B nanvheiimiem Mbi ysHaem, uro ¢opmyna (2) meBepHa,
€CJI¥ B Hell He3aBHUCHMYIO NiepeMeHHYI0 X 3aMEeHITL Ha 3aBH-
cumyo 2 (cm. panee (4)).

Mz onpenennnn auddepenuans epBoro 1, BooGIe ro-
BOps, BHICIIIETO ITOPSA/IKA OT QYHKIUK ¥ = f (x), THex ecTbHe3a-
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sucuman nepemennas. Ho pyHrmio y, Kak aTo 66110 oTMede-
HO BbILIIE, MOYKHO EIIe 3anyuCaTh B BUIE

y=0(2),

Tlie Z eCTh HeKOTopasa GyHKIuA ot x (z =y (x), f (x)=¢ [y (x)]-
BosuukaeT Bonpoc, Kax BEIPAXKaloTCsl BBEACHHBIE HaMK Judde-
PEeHIMATBI Ha ASbIKe (3aBMCHMOIT) epemeHHoit 2. Ilas mepsoro
muddeperIiyaa sTOT BONPOC PEIIAETCS CAEAYIOLTHM 00pasoM:

dy =y, dx =y, 2 dx =y (2, dx) = y.da.

Me1 BuAuM, uTo Auddepennuan QyHKLMYN [ paBeH IIpOU3Be-
NEeHUIO ee IPOMBBOAHOMN Y, Ha dz:

dy = y.dz, ©)

T. €. nepebill udpeperyuan GyrKYUY y ebipaxcaemcs no 09-
HOi u moil Jce opmyne Hesasucumo om mozo, 6ydem au y
pPaccmMampueamscs KaKk QYHKYUS 0m HE3G6UCUMOIL nepemeHr-
HOiL X LuU OM 3A6LUCUMOLL NepeMeHHOLL 2.

@opma nepBoro auddepennuana (cMm. (3)) coxpansercs,
TIO3TOMY T'OBODAT, UTO nepeévlit duddeperyuan umeem unea-
puaHmuyo Gopmy NIIH elle unmeem UH6APUAHMHOe C80ilcmeéo.

C nuddeperranom BLICIIETO IOPALKA A0 OGCTOUT yoKe
He Tak. B camom gmere, ecnu paccMaTpHUBATH I Kak GyHKIIAIO
ot z (y = ¢ (2)), To momyuum (cm. § 4.7, (4))

dy=d(dy)=d[¢'(2) dz] = dzd (¢' (2)) + ¢’ (2) d (d2) =
=" (@) d2° + ¢’ (2)d’z. (@)

B rociiegseM paBeHCTBe MBI IPHMEHIUIN HHBAPHAHTHOE CBOIi-
crBO nepBoro Auddepenipana, B cuiry koroporod (@' (2)) =
= @" (2) dz. Kpome Toro, yureno uto d (dz) = d°z. Bemruunoit
dzz, BoOOIIe I'OBOp#A, HeJib3A IpeHebperaTs, Befbs oHa ompe-
[esifieTca paBeHcTBOM d-2 = y” (x) dx*. Ilpasas ero gacTs pasB-
Ha HyJI0 (1711 BceX x!) TonpKo, ecau\y (x) ecTs nuneiinas ¢ys-
knuda (Y (x) =Ax + B).

M BuguM, uTO (BRIparKEHHAA Yepes z) ¢opMa BTOPOTo
auddepennuana ge cOXpaHMIACk — K YHCAy " (2) d2® poba-
BUJIOCH cyiaTaemoe @ (2) dzz, BOODIIIE TOBOPS, He PABHOE HYJTIO.
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§ 4.11. MuddepengupoBaHie NapAMeTPHYECKH
3agaHHBIX QYHKIMI

ITycTe 3aBHCUMOCTS i OT X BHIDAyKEHA Yepes napamerp &:

x“"(t)}, t e(a, b). o
y=v()

910 HaZo NOHHUMATE B TOM CMEICJIE, UTO CyIllecTBYeT 06paT-
Hada GyHrnma gnsa GyHKIER x = ¢ (f) 1 MOIKHO HAITNCATD AB-
By GopMy 3aBHCHMOCTH I OT X:

y=vIo” @) @)

ByzneM HCKaTh NIPOM3BOLHYIO OT I TIO X Yepes IPOU3BOJ-

Hble oT X Uy 1o t. Bygem ynorpebnaTs 060sHAYEHUS Y, Y, X)y

ey Xy Yp» TAE OYKBa BHU3Y O3HAUAET, II0 KAKOII IepeMeHHoi

GepeTrcsa npousBofuan. B cuny uuBapuanTrocTH ¢hopmel gud-

¢depennuana nepsoro mopsaxa y, = dy/dx. Ho dy = ydt,
dx = xidt. IlosTomy

y=%  (x=0). 3)
xt
JIns mponsBoHOil BTOPOTO MOPANKA IOJAydaeM
vod _d(V)_d(¥)dt _ Xy—yx
Yx dxy" dx(x,’) dt(xi) dx () 2o )

INozoSurIM 06pasoM MOXKHO IOJIYYHTE (hOPMYJIIBI 1A IIPO-
U3BOAHBIX y(;') II0 X IOPAZKa n > 2 uepes IPOM3BOAHLIE OTX U Y
1o t.

§ 4.12. TeopemMsI 0 cpegHeM 3HAYEHHMH

ITo onpenenernio ¢gyrryus f docmuzaem 6 moire x = ¢
NOKANbHOZ0 MAKCUMYMA (MUHUMYMA), €CRU CYL ecmaeyem Ok-
pecmuocma amoii mouku U (¢) = (¢ ~ 6, ¢ + d), Ha womopoi
BbINONHACTNCA HEPABEHCTEO

fFO>f@) VxeU(@ 6
(coorBeTcTBerHOf (x) 2 f(c) Vx e U (c)). an

JlokanpHbLl MAKCHMYM BHNM MEHHMYM HaskIBaeTCH J0-
KanbHbiM axcmpemymon. Touxa ¢ Ha3HIBAETCH MOYKOL NoO-
KAAbHOZO 3KCMpemMyMa. '
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3amevanue 1.Ecan dyHruna f HenpepsBHa Ha OT-
peske [a, b] u mocTHUraeT Ha HeM MAKCHMyMa (MHHUMYMa) B
Toukec € (a, b), To, OUEBUAHO, ¢ ABJAETCH B TO Ke BpeMs TO4-
Koi1 JokaJIbHOro MakcuMyMa (MuEEMyMa) f. Ilpyroe feino, ecim
MakcuMyM (MuHEMYM) f Ha [a, b] focTUraeTcs B ogHOM U3 KOH-
IIeBBIX TOUYEK OTPe3Ka. Takasa TouKa He ABJISeTcH TOYKON Jio-
KaJILHOrO MAKCHUMyMa (MHEHEMYMAa)

f, motomy uto f me ompefeneHa B Y4
TIOJIHOM ee OKPECTHOCTH (CIIpaBa OT
Hee H CJeBa).

Ha puc. 49 uzoGpaxxen rpa-
ok bysrnuu y = f (x), HellpepoIB-
Hoit Ha [a, b). Touku x, u x, — 9TO
TOUKH JIOKAJIBHOTO MUENMYMA [, a
Xy, X3, — TOUYKHU JIOKATHLHOTO MaK- Puc. 49
cemyma f. Komeuno, MOXKHO cKa-
3aThb, 4TO b €cTh TOYKA JIOKAJNBHOIO OHOCTOPOHHEr0 MAKCH-
MyMa f, 8 @ — JOKAJIHHOTO0 OLHOCTOPOHHEro MEHUMyMa f. Ho
a He €CTh TOYKA JOKAJILHOIO MEHHMyMa, a b He ecTh TOUka
JIOKAJIBHOTO MAKCHMYMa.

Qe o e e

wyY

i
]
1
02,3z I,

]

Teopema 1 (®epwma¥*).Ecaudyrryus f umeem npo-
u3600HY10 6 MmOYKe ¢ u docmuzaem 6 3moil moike JOKAAbHOZ0
axcmpemyma, mo f' (¢) =0.

HoxkasaTtenscTso. nsaonpegenennoct 6yneM cau-
paTh, UTO [ KMeeT B TOUKE € JIOKAJNLHBLIH MaxcumyM. ITo on-
pPeJieNIEHAIO IIPOU3BOHON HMeeM

f'(c)=2£%f(c+Asz—f(c)_

Tak kax y Hac f (¢) 2 f (x) Vx € U (¢), To Ana AoCTATOUHO Ma-
abix Ax >0

fe+ A1) ¢
Ax k4

oTKyzAa B mpefene npu Ax — 0 nmoayuum, uro

f(c)<0. @

% I1. ®epma (1601—1665) — dpannysckuit MaTeMaTHK.
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Ecnu xe Ax <0, T0

flc+Ax)—f() >0
A O

TIoaTOMY, IIepeXofis k Ipeaery IpuAx — 0 B 5TOM HEPABEHCTEE,
IIOJIYIAEM, YTO

f (o =0. 3)

W3 cootHowexmit (2) u (3) Burrekaert, uto ' (¢) = 0.

Teopema 2 (Ponna¥).

Ecau ¢ynryua y = f (x) HenpepwiéHa Ha [a, b], Oupge-
penyupyema Ha(a, b) u f (a) = f (b), mo cywyecmeyem moyira
€ € (a, b), maras, wmo f' () = 0.

NokasaTenbcTBo. Ecrm f mocrosmua Ha [a, b}, To
ans Beex € € (a, b) mpoussopsas f' (§) = 0.

ByzneM Terepk CYMTATH, YTO [ HEIOCTOAKHA Ha [a, b]. Tax
Kax [ HeIlpepsIBHA Ha [a, b}, TO cylecTByeT Touka x, € [a, b],
B KOTOPOIi f focTHraeT MaKcHMyMa Ha [a, b] (cm. § 3.5, Teopema
2), ¥ CYIIecTByeT Todka X, € [a, b], B koTopo#i f mocTuraer
murHAMYMa Ha [a, b). O0e Touku He MOryT GBLITH KOHIIEBBIMHI
TOYKaMM oTpe3Ka [a, b], moTomy 4TO HHaYe

g/ = g =

u f 66lna 661 TocTOAHHOM Ha [a, b]. CnefoBaTebHO, ORHEA K3
TOYeK X,, X, IPHHAJJIEKUT K UnTepBaiy (a, b). ObosHaunM
ee uepeaf. B Heil JOCTHraeTCA NOKANLHBIH SKCTPEMYM. Kpo-
me Toro, [ (§) cymiecTByer, IOTOMY YTO IO YCAOBHIO ' (x)
CyILllecTBYeT AN Beex X € (a, b). IloaTomy 1o Teopeme Pepma

f®=0.

Bameuanune 2.Teopema Ponnacoxpansaer CLAY Tak-
e Jina pHTepsaia (a, b), mume 661 BRITONHAAOCH COOTHONIE-
HUEe
limf(x)=limf(x).
x—a x—b

x>a x<b

* M. Posun (1652—1719) — dpannysckuit MaTeMATHK, JOKASABIINH 2Ty
TeopeMy AJiA MHOrOYWIEHOB.
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Bameuyaunne 3. Teopema
Posuns Tepser CWLY, €CIM XOTAGRIB ¥
ozHoOl Touke (a, b) I’ (x) He cyme-
creyer. Ilpamep: y=|x|ra[-1, 1].B
TeOpeMe TAKIKe HeJb3si 3aMeHHThL
HenpepbIBHEOCTD Ha [a, b] Ha Herpe-

%

N p———

PHIBHOCTE Ha (@, b). Ilpumepom 5B~  f| I3 ;
astercs QyHKIMA
Puc. 50
AN x=0, ¢
Y=1x, 0<x<l.

Touka x = 0 — ToOuKa paspbiBa.

Bameuanue 4. Teopema Ponns mmeeT IpoOCTOi
reomeTpHYecKuil cMpica. Eciu BEITONHEHE! YCIOBUA TEOPEMBI,
10 Ha rpathuxe (puc. 50) dynxnun y = f (x) cyiiecTsyer TO4YKa
(&, f(&)), xacatenbHas B KOTOPOH apajenbHa OCH X.

Teopema 3 (Komu).Ecau ¢pynruyuu f (x)u g (x) He-
npepoierbt Ha [a, b] u dudpdpeperyupyemv. na(a, b), u gx=0
6 (a, b), mo cyuwecmeyem moura & € (a, b) maxas, vmo

f®)-f@) _ fE)
gb)-gla) £'®)’

NoxasareascTBo. Ormerum, uro g (b)) — g(a) # 0,
TAK KaK B IPOTMBHOM CJIyuae, o TeopeMe Pouia, Hanuiacs Gut
rouxaf Takas, uto g (§) = 0, vero GEITL He MOKET IIO YCIOBHIO
Teopembl. COCTABHM BCIIOMOTaTeNIbHYIO QYHKIHIO

@

f(b)—f(a)
F@=f@®-f@--"——~%[g®)-g(@)]
g(b)-gla)
B cuny ycnosus Teopembl 9Ta dysKIua F HellpepblBHA
Ha [a, b], puddepernupyema xa (a, b) u F (a) = 0, F(b) = 0.
IIpumMeras TeopeMy PoJas, IONYYHM, UYTO CYIECTBYET TOUKA
¢ e (a, b), B xoropoit F' (§) = 0. Ho

F'(x)=f(x)—£—g{—§%g’(x),
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TOSTOMY, IIOACTABJIAS BMECTO X TOUKY &, IONYYAEM YTBEDIK-
JEHHE TeOPEMBIL.

Sameuanue 5.B dopmyne (4) Komm, kag HeTPYAHO
BHJETD, He 00s13aTeabHO cunTaTh a <b. Ho Torpa [a, b] u (a, b)
0003HaYAI0T COOTBETCTBEHHO MHOMKECTBA TOUEK X, AJIA KOTO-
prpixb<x <a,b<x<a.

Kax caencTBue ns teopemsr Kouy, mpu g (x) = x noxmy-
yuM TeopeMy Jlarpamska.

Teopema 4 (o cpepuem JlarpaHxa*). ITycme
¢dyuryus f (x) Henpepviéna Ha ompeske [a, b] u umeem npo-
u3600Hy0 Ha unmepeane (a, b). Tozda cyuwecmeyem HA UH-
mepeaae (a, b) mouxa c, dna KOMOPOIL 6bLINOARAETCS PABEH-
cmeo

f@-f@=0G-af (© (@<c<b). 6

Teopema Jlarpamxa MMeeT IIPOCTOH TI'eOMeTPHYECKHH
CMBICJI, €CJIN BAINCATH €€ B BUZE

f(b)-f(a)
_ b-a

JleBasa yacTh 3TOr0 PaBEHCTBA €CTh TAHTEHC YIiIA HAKJIO-
Ha K OCH X XOpAHl, cTsaruBaloieit Touxu (a, f (a)) u (b, f (b))
rpaduka GyHKnun y = f(x), a IpaBad 4YacTh eCcTh TAHI'€HC
yIJla HaKJIOHA KACATEJHFHOH K rpaduKy
B HEKOTOPOii IIPOMEKYTOYHOH TouKe ¢
abcmuccoi ¢ € (a, b). Teopema Jlarpan-
IKa YTBep>KAaeT, YTO ecK KpuBad (puc.
51) ecTs rpadukK HellpepEIBHOI Ha [a, b]
dyuKINK, BEMeIeil TPOU3BOHYIO Ha
(a, b), To Ha 9TOI KPUBOIi CyIlECTBYET
TOYKa, COOTBETCTBYIOIafA HEKOTOpOM
a6emucce ¢ (a < ¢ < b) Takas, YTO Kaca-
TelibHAA K KPUBOM B 9TOI TOUKeE IIapaliyiefibHa XOpHe, CTATH-
BaloLleil KOHUB KPUBOIi (a, f(a)) u (b, f (b)).

PasencrBo (5) HaswiBaercs ¢opmynoii (Jlazpanxca)

=f() (a<c<b).

Pue. 51

* K. A. Jlarpanx (1736—1813) — dpannysckuii MaTeMaTHK.
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KoHeunbX npupaweHuil. ITIpoMexyTOUHOE 3HaYEHKE ¢ YR06-
HO 38IIUCHIBATH B BHAE

c=a+6(-a),

rze 0 ecTh HEKOTOPOE YHCJIO, YAOBJIETBOPAIOLEE HEPAaBEHCTBAM
0 <0 < 1. Torga dopmyna Jlarparka IpUMeT BHJ

fo)-f@=@®-af @+b6(b-a) (©0<6<1). (6)
Oxna BepHa, OUEBKIHO, He TOABKO Anaa<b,sou gasa = b.

Teopema 5. Pyrrxyusa, HenpepviéHasl Ha OMpesKe
[a, b], zde a < b, u umerowas Heompuyamensvryio (NOAOHU-
menvHYyw) npouseodHyl na unmepeane (a, b), He ybvieaem
(cmpozo eo3pacmaem) Ha [a, b].

JeiicreuTensHo, OycTh a < X, < X, < b, Torfa Ha oTpesKe
[x,, x,] BeIIOIHAIOTCH yenoBUA Teopembl Jlarpanxa. IlosTomy
HajizeTcsa Ha MHTepBate (X, X;) TOYKA ¢, 1A KOTOPOil

f (xz) ~-f (xl) = (xz - x]) f () (xl <c< xz).

Ecau o yenouo f 2 O na (a,b), rof (¢) =2 0mn

f(x) —f(x;) =05 )
ecmmaxe f >0Ha(a,b), T0f (€)>0™m
f(x)) - f(%)>0. ®

Tak kar HepaseHcTsa (7) u (8) EMeOT MecTO, KaKOBBI 6B HH

Opn X, X,, THE @ < X, < X, < b, TO B IEPBOM cnydae f He

ybbIBaeT, a Bo BTOpoM [ CTPOro Bo3pacTaeT Ha orpeske [a, b].
INpumep 1.Boasparumes k npumepy 1§ 4.7, rae Hago

GBLIO OIEHUTH BelmuuHy A = /8,001 -¥8. IIpumenum ¢dopmy-
sy Jlarparaxa x GyHKIUM Y (x) = x3. Mveem
A = (8,001) — y (8) = 0,001 - ' (c) = 0,001 - %x'%lx:c -

-1 s 1 gous_ 1 )
3000 3000 12 000

B npumepe 1 § 4.7 mb1 mOMydMIH TAKOM MKe peE3yJIbTAT, HO
ceifuac OB IOJIYYHII II0JIEOe 060CHOBAHNE.
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IIpumep 2. Oyaxumsa y = shx = %(ex — € 7) umeer

HEeTIpepPHIBHYIO IIPOM3BOAHYIO
(shx) = %(e" t+e)=chx>0 Vxe (-0, ),

u obiagaer ceBoifcTBaMu

lim sh x =—-00, limsh x =+00.

x——0a X — 400

CrenosaTeNbHO, OHAa CTPOrO BO3PACTAeT M HENIPEPHIBHO And-
Gepennupyema Ha (—00, 00) 1 oToGpaskaeT HHTepBa (—00, 00)
Ha (—00, 00). Iloaromy oHa ¥MeeT OGPATHYIO OFHOZHAYHYIO He-
npepbIBHO AnddepernupyemMyro GyHKNU0, 0603HAYAEMYIO TAK:
x =Arshy, y € (—o0, 0).

Teopema 6.Ecau pynxyus umeem na unmepeane(a,
b) npouseodnyro, pasnyio nyao, mo ona nocmosnna na (a, b).

B camom pgente, Ha ocHoBaHuH TeopeMs! JlarpaHixa UMeeT
MECTO PABEHCTBO

F@)-fx)=(x—x)Fle),

rae x; — (PMKCHpOBaHHAA TOUKA MHTepBaia (a, b), x — mpo-
HM3BOJILHASA €ro TOYKA (OHAa MOYKET HAXONHUTLCA CIIPaBa ¥ CJesa
OT X;) ¥ ¢ — HEKOTOpas, 3aBMCAINAA OT X, H X TOYKA, HAXOMA-
masncsa MeXxay x, ux. Tax kax no yeaosuiof’ (x) =0 na (a, b),
To f' () =0uf(x)=f(x,)=C nna scex x € (a, b).

3amMeTHM, YTO B LIPHBEAEHHBIX TeopeMax ocablenne Ha-
JlaraeMbIX B HUX YCJIOBHI MOXKET IPHBECTH K HEBEPHOCTH yT-
BepkAeHUi (cM. 3amMedanns 1, 2 k Teopeme Posunn).

Onpenenenue. Bydem zosopume, wumo pynKyua y =
= [ (x) sospacmaem (yOvisaem) 6 mouxe x,, ecau cyuecmey-
em uucno 6 > 0 maroe, wmo

rvadresl)
—=>0|—%<0
PV Eadl v mpn 0 < |JAx} <&

OueBuzno, uTo ecom Gynxnus f (x) Bospacraer (y6uIBaeT)
Ha(a, b), To oHa BoapacraeT (yGbiBaeT) B Kask/0it Toukex € (a, b).

Teopema 7. Ecau f (x5) > 0 (< 0), mo pynrkyus y =
= f (x) 6o3pacmaem (y6vieaem) 6 mouxe x,,.
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. A
okKaszaTenbcTBO.Tak Kak f(x, zllml,'ro,sa,uaB
O Ax-0 Ax

£ > 0, MoxcHO HaiiTi Takoe O > 0, ¥ro f(x,) — € < % <f(x)) +¢&
npu JAx| < 8. Ilyers f' (x,) > 0. Bass € < [ (x,), mosny1aem, 9To
A Y0 ripu |Ax| < 8, T. e. dyHKIpaA f Bo3pacTaeT B TOUKe X.

x

BamMeuanune 6.Ecnu pyuriua f uMeer mIpoH3BOJA-
HYIO U He YOLIBAeT Ha (4, b), To [’ (x) 2 0 Ha aTOM MHTepBaJe.
TIpi cKA3aHHBIX YCIOBHAX HEBO3MOMKHO, YTOOBI B KaKoH-mm60
TouKeX € (a, b) npouseogHasn o1 fObLIA OTPHIATENLHON — 3TO
661 IPOTHROPEYHIIO TEOPEME 7.
Ecnu f uMeeT NIPOM3BOAHYIO U CTPOTO BospacTaeT Ha (a, b)
M ecJIM Y HAC APYyTrux cBegenuii 06 f Her, To BCe pPABHO PUIETCHA
3aKJIOYHTD, YTO [’ (%) 2 0 Ha (@, b), moTOMy YTO CTPOro BO3pa-
cTaroman GyHKIHA B OTAENbHBIX TOYKaX (a, b) MoXKeT ©UMeTh
OPOM3BOAHYI0, paBHYI0 Hymo. Takoi, Hanpumep, sBAAeTCH
byHKIIHA x°, cTporo BoapacTanmas Ha (—00, 00) B HMeIIas
npu x = 0 npousBOAHYI0, PABHYIO HYJIO.
Bameuvanue 7.Ecnu dysrnua sospacTaeT B TOUKE X,
T0 OHA He 06s3aTeILHO BO3PacTaeT B HEKOTOPOH OKPECTHOCTH

TOYKH X;.
IIpMepoOM MOIKET CIYIKUTH PYHKIIHA
0, x=0,
F x = <
() X_ysinl,  x=z0.
2 x
OueBUIHO, YTO
i—xzsinl— 1
Y] _ 13 X . S
F (0)=lim 5

u F (x) Boapacraet B Touke x = 0. Opnaxo ata GyHKIHA HEMOHO-

TOHHA, TAK Kak nmpoussogHan F’ (x) =—§— - 2xsin—1— +(:osl B 060
x x

Mol OKPECTHOCTH HyJIsI IPMHHMAET KaK MOJIOKATEIbHEIEe, TAK K

OTpUILATENLHEIE 3HaYeHNA (CM. TeopeMy 5). s x, = 1/kn(k=1,

2, ...) npu k 4eTHOM oHa paBHA 3/2, a npu k HEUETHOM OHA DABHA

—1/2.
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Teopema 8.Ecaugynxyusa f (x)uemnasn(newemuasn)
u dugppepenyupyema na [—a, al, mo f’ (x) nevemuas (vemnas)
Pyuxyua.

HDorxasarenscreo. Tak kakf (x)=f(—x) Vxel-a,
a], TO mpOM3BOAHEIE JIEBOIT M NIPaBoM YACTH TaKIKe COBHAJAIOT:
f (x) = —f (%), T. e. ' (x) — HeueTHas byHxEA. (TOT Ke
(haxT MOKHO HOKA3aTh, HCXOHAA N3 OlIpefie/Ie I ITPOH3BOAHOIL)

§ 4.13. PackpriTHe HeonpeaejeHHOCTel

=)
g(x)
0

601 HeonpeZel€HHOCTL BHJA 0 npu x — a, ecma limf(x) =
x—a

Byziem rosopuTh, 4TO OTHOLIEHUE —— IIPEACTABJSIET CO-

= limg (x) = 0. PackpriTh 3Ty HeONpeneIEHHOCTL — 3TO 3HA-
Xx—a

yuT raiite lim —-2 fx)

- glx)

Teopema 1. ITycms f(x) u g(x) onpedenenvt u Gug-
deperyupyembl 6 OKPECMHOCIMU MOYKU X = 4, 30 UCKJIOUEHU-

eM, ObLmb Modcem, camoil movKu a, li_m f(x)= lizng (x)=0,8 (%)

, €CJIH OH CYIIECTBYeT.

u g (x) # 0 8 amoil okpecmuocmu. Tozda, ecau cyuyecmeyem

i 7 1)

» Mo cyujecmeyem lim—— I umeem MeCmo paser-
x—a g (x) x—

“ glx)
cmeo

1) _ 4 )
e e

HoxasaTenscTso. . Byaem caurars, YTo @ — KOHe4-
Hoe gncio. (B caydae a = 00 cM. HuKe saMeuadwe 3.) Io-
ompepeanm ¢pyHKIuH 1 g B TOUKex = @, nonarasf (a)=g (a) =
= 0. Torga aTi pyurnMu OYAYT HENPepPHIBHL! B TO4YKe d. Pac-
CMOTD¥M OTPe30K [a, x], rae x > a unHu x < a (CM. 3aMedaHue 5
§4.12). Ha [a, x] dyuxuuu [ ¥ & HenpepslBHBI, a Ha (a, X)

1
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IubdepeHnupyeMs!, moaToMy 110 TeopeMme Komu cymecTByer
Touka & Takas, 4To

f(x)-fla) _ 1) =) _1re
e)-gla) " g@®) @ DT 0T e
Korpax — a, rou§ — a, noaromy B cuny ycaoBus Teope-
MbI MMeeM

f( ) _ f '©) _ =1lim f{=) 2
o g(x) 5 gE =gk .
Ip¥ YCJIOBUH, YTO IIpefieN B IPABOM YACTU PABEHCTBA CyIIe-

CTBYET.
OTHM TeopeMa fOKA3aHA.

Sameuanne 1.Ecmunpegescopasa s (1) He cymect-
BYeT, TO IIPeZieJi CIeBa MOXKeT CYILLECTROBATE.

IIpumep 1. Tak kak sin x = x, TO

% sin% 1
lim————= =limxsin* =0,
x~0 sinx =0 x
Opaaxo
(x2 sinl) Zacsinl—cosl
lim =lim X X
=0 (sinx) x-0 cosX
He CYLIIeCTBYeT.
3ameuanue 2.Ecamsrpakenue f ((x)) HpefCcTaBifeT

HeoIpe/ieNleKHoCTE Bua U ke dyuxunu f' (x), g (x) ynosner-
BOPAIOT YCJIOBHIO TEOpeMH! 1, To
f(x) F® 1y '@
lim—<=]lim
x—a g(x) x—a g(x) r—°a g' (x)

Ilpu aToM aTH paBeHCTBa HAJ0 NOHHMATE B TOM CMBICJIE,
4YTO €CJIH CYIIeCTBYeT TPeTHI Iipezel, To CYIIECTBYET ¥ BTOPOIt
M NepPBEIii.
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Teopema 2 (%) . Hycmy f u g onpedenernvt u dugppe-

PeHyupYembl 6 OKPECMHOCIMU MOYKU X = A, 11311 f(x)= limg (x)=

=00, g(x)u g (x)# 0 8 amoil oxpecmuocmu, mozda, eciu

) . fx)
T ™ g
174
lim ) f (x)

*=o g(x) EZ )

Il;oxaaa're.nbc'mo 9TOM TeOpeMbI MEI He IIPHBOIHM.

3ameuvanne 3.Ecaua=09,103amena x =1/t cBogur
peio K a=0:

£ _yp F078 _y (ay0y . FO/H-17E)
et "B g0 ey T B g 0o1/8)

=)
TR

Bripaxkaemsle Treopemamu 1, 2 npasusia, B CHIIy KOTOPBIX
BBIYNMCJIEHHe NIPejeJia OTHOMIeHs GYHKIMI MOXKeT 6BITh CBe-
AICHO K BHIYMCJIEHUIO IIpefiesia OTHOLUeHUA X NPOU3BOLHEBLX,
HA3BLIBAIOT npasuiom Jlonumans, 110 UMeHII MaTeMaTHKA, KO-
TOPBI# cHOPMYNHPOBAN 3TO IIPABELIO, TPAE/A, /1A BeCbMa IIpo-
CTHIX CiIy4aeB. Bripouem, aTo mpasuio 6bL10 ussectHo Y. Bep-
Hysu po Jlomurana*.

IlIpumep 2.

hm—=0 Ya>0,a>1.
X“Wa

3hech MBI UMEEM HEonpenelleHHOCTh BHAA (;‘%) IIpu-

MeHAsA npasuio Jlonurana k pas (E 2 o, opu O HATYpaIDb-
HoM kB = 1), monyuum

¥ I'. @, Jlonurans (1661—1704)— dpaniyscruii marematux. 1. Bepuyn-
am (1667—1748)—meefinapckuit MaTeMaTHK.
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u-k
lim%* — = lim
x=00 gy x—o g (lna)

IIpumep 3.

PyKIHY x° H In X YAOBJIETEBOPAIOT BECEM YCJOBHAM
TeopeMsl 2, IO3ITOMY
. .1 .
thHf = hm—%=hm%=0.
X0 x xX—0a ax X—0Q ax
Kpome paccMoTpeHHBIX HeollpefieleHHocTell, BCTpedyaroT-
0 0
cA HeonpegeneHHocTH Buga () - 00, 0", 007, 00 —00,1 °°, onpege-
JleHHe KOTOPHIX OUYEBHIHO. JTH HEONPeeNIeHHOCTH CBORATCH K

0 o)
HeollpefeleHHOCTAM — WaH — anrebpandeckumu mpeobpa-
o0

0

30BaHHMAMH.

a. Heonpedenennocmu (0 - o0 (f(x)g(x), f(x) — 0, g(x) — o
npu x — a). ficuo, 9ro

=) gx) =71 (0) w1 = 15(2) -

Ilpumep 4.

li_nol X“Inx=0 Va>0;

11m x%In x = lim 10X = = (S‘i) = lim—l/—x_1 = Lilimx®=0.
x—0 =0 [es] _ax'u o x—0

6. Heonpedenernnocmu euda 1% , 0°, oo gna BBIpAXKEHUA
f¢ cBopaTca K HeonpenenenHocTH 0 - 0o, Cornacho onpenele-
w0 a0t dyrkmaa £ =7 (f > 0).

Ecau

limgnf==k,

x—-a

lim ff=¢".

x—a



186  TJIABA 4. [MODEPEHIHAJIBHOE HCYHCIEHHE OYHKIHA OHOM ITEPEMEHHON

B. Heonpefenennocmu 00 —o0 (f(x) - g(x), f — +00, 8 = +00
pu x — a). JIerko BuneTh, 4To

Uq =

[~ [
—

o
S

f-g=

~ lr—l[»-

~1_
1
4

N-.Ir—
L) |—-

§ 4.14. ®opmyana Teitnopa*

PaccmoTpuM IIpOKU3BOJILHBIN MHOTOYJIEH CTEIIEHH 71

n
n k
P (x)=by +bx + ... +b,x" =) b,
k=0
rzae, TakuM 06pasom, b, — HocTosHHbIE Yncna — KoathdHmen-
TH MHOTOWIeHa. ITycTe x; —moboe durcupoBarnoe yucno. Io-
narafg x = (x — x,) + x,, DOJYyIHUM

P,(x) = ; by [ — x0) + x,I'» M

OTKYJla, BO3BOAA B CTEHEHH KBAaJPATHBIE CKOOKHM M IIpHBOIA
T0f06HbBIE TIO CTENEHIM X — X, TOJIYIUM BeIpasKeHue ansa P (x)
B caenylomeit dopme:

P(x)=ay+a,(x—xp) + ... +a (x—x,)" = iak(x - x9)" @)
k=0

HasLIBaeMoe pasnoicenuem mrozounrena P (x) no cmenenam
(x — x,). 3pecs ay, ay, ..., @, — IHCHA, 3ABMCALEE OT b, 1 X, —
ko3dpuIrenTs! pasnoxenus P o cTeneHaM x — x,. Hanpu-
Mep, a, = by + byxg + ... + b,xg. s (1) ouesnzano, w0 P (x) Ha
caMoM Jiesie OT X,, He 3aBHCHT.

Haiizem nocnesopatensasie mpouzsogasle P (x):

Pi(x) = a, + 2a,(x — Xg) + ... + na,(x — xp)" 1
Plx)= 1-2a,+3 - 2ay(x — xg) + ... + n(n— D)a,(x — x5)" %,

........................................

* B. Teitnop (1685—1731)—anrnuiickuii MaTeMaTHK.
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PPx)y=1-2...kay+...+n(n-1)...
w(m-k+a(x-x)" "

PYx)=1-2...na,

ITpousBoaHbie NOpAAKA BeIIle 72 paBHBI Hymo. Ilonaras B
topmynax (2) u (3) x = x,,, monyIaem

P (xp) = ao, P(x)) =a,,
Plx)= 1-2ay,, ..., P(xp) = kla,, ..., P(x) = nla,,

HniIn

(k)
P (%)
ay= 20 (k=0,1,.., ), @
re mul cupraem Ol = 1, P(o)(x) P (x).
®opmynel (4) TOKA3LIBAIOT, YTO MHOTOWIEH P, (x) crenenn
N MOKHO PA3JIOKHUTD 110 CTENEeHAM X — X, eJMHCTBEHHbIM 00pa-
30M, T. €. eCJIM JJIf BCeX 3HaueHHUI X BePHO PaBEHCTBO

Px) = 3 By — %) = S Bix - x)
k=0 k=0

rae P, ¥ 3, — mocroaunste, Tof3, =f;, (k=0, 1, ..., n). Bexs rax
gucna f, , Tak 1 3, BEIYACIAIOTCA o OAHOIL ¥ Toli 3e dopMyne
4).

B cuny (4) ¢popmyny (2) MOMXKHO ITePENIUCATE TaK:
P, (x)=P, (x0)+-"—(ﬂ)- (x = xg) + .. +—";Jﬁ)l (x—x)"=
p®
= kz Jﬂﬂ x-x)'. @

Dopmyaa (2) HaswiBaeTca popmynoii Teiinopa a8 MHOrO-
uwieHa P, (x) o crenenam (x —- x,). OTMeTMM, YTO IpaBas YacThb
(2") hakTHUecKu He 3ABHCHT OT X,.

IIpumep 1.Ilycrs P, (x)=(a + x)" u x,= 0. Torxa B
cuny (2)

n PP0
P= 30 5Ok
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rae B JaHHOM ciydae
PPan(m-1)..(n-k+1)(a+xy™"

PPO)=n(@m-1)..(n—k+1)a"",
¥ MBl HOJYyYHAHA H3BecTHYIO Gopmyny OunoMa Herorona
A1 (n-k+]) nn ik

@+o'= 3%

k=0 k!

®)

Paccmorpum Teneps Jirodyio GyHKIHIO f (x), KoTopas nMeer
HelpepHIBHAIE IPOH3BOJHEIE BCEX MOPSAKOE A0 (71 + 1)-ro B He-
KOTOPO# OKpEeCcTHOCTH TOYKH X,. MbI MoxkeM opmaIbHO COCTa-
BUTL MHOTOYJIeH

k)

N AEN) k

Q, (=Y x-xp, (6)

Pl 4

KOTOPEIH HasplBaeTCAMHOzZoULeHOM Teilaopa n-it cmenenu uiu

n-m muozounenom Teirnopa pyukyuu f no cmenenam x ~ x,.
MeuorouneH @, (x) coBnasaer ¢ pyHkIuei f (X) B TOUKe X,

HO JI/1A BCex X OH He paeeH f (x) (ecau f (x) He siBAsAETCA MHOIO-

yreHoOM cTeneHu ). Kpome Toro,

Q,(x0) = F (x0), Q. (%) = F (xg)s -os @) = F© (xp)- (7)
Tonoxum
f(0)=Q, (x)+r, (x). ®)

®opmyna (8) nocur Hassanue@opmyabt Teitnopa dns QyrryLU
f (x); 1, (x) Ha3BEIBAGTCA OCMAMOYHBLM LACHOM POPMYIbL Teii-
z0pa, — ToapobHee, n-M 0CMamoyHbLM LieHom Gopmynet Teil-
aopa pyukyuu f no cmenenam x — x,. PyEKuud r, (x) MOKa3bI-
BaeT, KaKVIo IorpellIHOCTL Mbl IOITyCKaeM npu 3aMeHe f (x) Ha
muorogieH Teitnopa (6).

Haiigem BoipakeHve niaa r, (X) Yepes NPOX3BOAHYIO
f (1) ().

B cuny (7) 1 (8) 7, (xg) = 1’ (%) = .- = 11" (%) = 0. Iono-

UM (xX)=(x— xo)'"l. fleno, uto @ (%) =¢' (Xg) = ... =0 (x,) =
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= 0. Ilpumenna reopemy KRolmu K pynknuam r, (x) 1@ (x), Gy-
ZleM MMETh

M@ _n@-nix) _n®) L)) R
ox)  0@-0(x) ¢ PE) -y 0"(xy)
A WA € St C W Al A
o) o™ (x) -9 (x) s 1)
(X, € (xpp X) M x4 € (%5, ), k=1, 2, ... N).
Ho "™V (x)=(n+ DY, 1" @)= F""(x)- 0= ().

CrnepogarenbHo,
(x_ x )n+1 -
0. ntl)
r (x)=—"F—""+~"— c), 9
rze ¢ = x,,; — HeKOTOpas TO4YKa, Jexalad Mexny x, u x. Ta-

KuM o6paszom, dopmyny (8) MOKHO 3aniucaTh B BHE

f(n 1)
f{x)= LAY x © x— xg)*. 8’
)= 5 G ox)f e ) G ®)
®opmyna (8') massiBaerca Gopmynoii Telinopa ¢ ocraTou-
HBIM YJIEHOM B (hopxe Jlazpanuiica.
M=r1 fokasaiy BAXKHYIO TeopPEMY.

Teopema 1. Ecau ¢pyuryus f umeem 8 ckpecmuocmu
MOUKU X, HENPePbLEHYI0 NPou3eodHyio [ *1 (x), mo dna awbozo
X u3 amoil oKpecmrocmu nailfemces mouka ¢ € (x, x) maxas,
umo f (x) moxcHo 3anucame no goprmyne (8').

3pech € 3aBUCHUT OT X H 1.

Ecnu rouka x; = 0, To popmyny (8) HaskIBAOT hoprmy.noil
Marxnopena.

HMzBecTHb! ¥ ipyrHe GopMbI OCTATOTHOTO WieHa GOPMYyJIBI
Teitnopa. Tak, Oonboe sHauenne uMeer hopma Kowin

(x—x)"(1-6)"
n !

r, (x)= O D (g +0(x—x)),  (10)

rme 0 (0 <0 < 1) sasucur ot n u x. Brisog sToit dopmynn: Gyaer
nau B §6.5.
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Ymenbmaa OKPeCTHOCTE TOYKHN xo, MNOJNYyYHM, YTO IIPON3-
BOAHAA f('”l)(x) €CTh HellpephbIBHAA (DYHKIINS OT X HA 3aMKHYTOM
orpeske [x, — O, x,+ 8]. Ho Torna oHa orpaHmuena Ha 3TOM
oTpesKe:

"V () <M, (x,-8<x<x,+8) an
(cm. §3.5, Teopema 1). 3pece M, — IONOKETENEHOE YHCIIO, HE

3aBHCHALLEE OT YKAa3aHHLIX X, HO, BOOOIIE roBOpA, 3aBUCSIIEee OT
n. Torga

f(n+1)(c) L
I n+1 < Mnx x0| (12)

Irn (x)l SW lx - xOI (n+1)! ? |x - xOl < 6'
HepagenctBo (12) MOKHO KCIIONB30BATE B ABYX IIEJIAX:
A5 TOro yToBhl HCCNEAoBATE NoBenenue I, (x) mpu duxcupo-
BAHHOM 7i B OKDECTHOCTH TOYKH X, H JiJIA TOTr0, YTOOHI mMccie-
JOBATE TOBEfiEHKE T, (X) Ipu n — 00,
W3 (12), nanpumep, caepyer, YTo Npn GUKCHPOBAHHOM 72
HMeeT MEeCTO CBOHCTBO

ra () =0 ((x - %)), x ~ x, (13)

HOKa3bIBAIOIee, YTO eCJIH T, (X) pasneauTs Ha (x — X¢)", TO II0-
JIyJeHHOe YacTHOe OyieT HPOR0JIKATE CTPEMUTECS K HYJIIO TP
x — X

B cuny (13) us (8") cnenyer:

n 9
Foy=300) (i (Ge—o)")- (14)
il xo

x—

Jra dopmyna HaspiBaeTca gopmynoit Teilropa ¢ ocma-
MOYHbLM YAeHOM 8 cmbicae ITeano™.
Ona npucrnocobnena ANs u3ydenus PyHKIHY [ B OKpecT-
HOCTH TOYKH X.
Teopema 2 (eiuHcTBeHHOCTH). ITycms 0dHa u ma
sce pynryus f uz pasaunrvix coobpaxceruii oxa3anacs npedcmas-
JeHHOU 6 OKPeCMHOCMU MOYKU X, 6 6ude

* I1. leano (1858 — 1932) — MTanbAHCKHI MATEMATHK.
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(%)= ay + ayx—~ x) ot A fx— 20)" +o((x—xo)"}

R (15)

fx) =ty + bl —2g) 4.t by — )" +0[(x—xo)"J-

x—%
Tozda _
a,=b, ((k=0,1,..,n). (16)

HDoxkasaTenscTso.EcaunpupasHATS passie yacTu (15)
¥ IIepeiiTH K Npefiesly pu X — X;, TO MONYIUM @, = b,. Teneps B
9TOM PaBEHCTBE MOYKHO COKPATHMTE Ha (X — X;) (X # X) M OIATH
NlepeiiTH K TpeZiesy IpK X— X, Toria nomyumm a, = b, . 1 Tax
[IPOJOJIZKAEM JI0 TeX TIOp, NOKa IoayuuM a, =b,,.
IIpumep 2.Ms 3HaeM, YTO
n n+1
k -
Yab=lox  (xz1,
k=0 1-x
IoaTomy

n+1

Ky o(x ) an

w(x)=f_%; = ‘2
k=0 x—0

i M:

C gpyroii cTopoHH, QYHKIKA Y UMeeT B OKPECTHOCTH TOYKH
x = 0 npousBoHbIe 1000ro NOPALKA, IIOITOMY JJIsI HEe MMEET Me-
cro opmyna Teiinopa ¢ ocratkom B dopme Ilearno

®g
v(x)= Zw ()xk+0(x"). (18)

x—0

Conocrapasaa ¢opmynst (17) u (18), v oCHOBaHMHM TeopeMBI
€IUHCTBEHHOCTH TIOTYyilM

k
1=_"’_k('0_) k=0,1, ..., n). (19)

IToBesenyIo ocTATOYHOrO ysneHa opmynsl Teiiopa npu
n — ©0 MocBAUIeH caedyloniii maparpad.
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§4.15. Pag Teinnopa*

Bripaxenue
ag+a; +... M
MY elle

2, (1)
k=0

TZie @, — 4Mcna, 3aBUCATIe OT UHAEKCa k, HA3EIBAETCAPAJOM.
KoneuHble CyMMBI

S =Ya (n=0,1,2,..)
k=0

HA3BIBAIOTCS vacmuyHutMU cymmamu pspa (1) G (1')). Ecm
CYNeCTBYeT KOHeUHBIH IIpejies
lim Sn =8 y (2)
n—eoo
TO roBopaT, uro pAx (1) cxomgurea kK dncay S u HasbBaloT S
cymmoii paja. Hpu sTom IHIyT

n
S=>Ya =a,+a,+a,+...
k-0

Ecom npezsen yacTHyHEIX cymm S, (Tpu n — o) psaza (1)
He CYLleCTByeT KK paBeH 0, To psajx (1) HasbiBaeTcA pacxods-
wumes.

IlycTs Tenepsh GyHKIMsT [ HMeeT IPOM3BOLHEBIE JI000ro
MOP#AJAKA B OKPECTHOCTH TOUKHM X, JIns Takol QyHKIMM MOXK-
HO COCTABHTH P/l CAEAVIOIEro BUA:

f(x)+f'(x°) (x — x0)+f("’o) (- %) + - 3)
0.

WIK KOpouye

P

2 (x - xg)". 3"

* Y. BepHy/x HONYUKUI PAAK, KOTOPHIE ME CBA3LIBAeM ¢ uMeHeM Teitno-
pa, B 1694 r., a Teitnop nosyuna ux nosxnee — B 1715 r. (cm. UzpecTus
HMH AH, 1896, VII, Ne 4, H. 5. Connn).
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Jlns KaXkAoro OT/eNLHOrO 3HAYEHMsI X 3TOT PSJL MOXKeT
CXOAWTHCA WM PACXOANTLCA. MHOKeCTBO TOYEK X, 718 KOTOPBIX
pax (3) cxopuTes, HasLIBACTCA 00LACMbI0 cX00UMOCMU 3TOTO
pada. HesaBUCHMO OT TOT0, CXORUTCA WK PACXOIHATCS 3TOT PAL,
on HaspiBaeTcs padom Teiiropa GyHKIuH f IO CTENEHAM X — X .
Ecnu x5 = 0, TO cooTBeTCTRYIOIMIE DAJK HASHIBAIOT MHOTAA psi-
dom Maxnopena.

OcoObIif MHTEpEC NPEACTABJISIET TOT CJYYal, KOrga Paf
Teiinopa GpyHKIpHY f 110 cTellenaM (X — X,;) CXOTUTCA B HEKOTOPOit
OKPecTHOCTH TOYKM X, M TPUTOM K caMoit pyHrnuy f (x). Ecau
3TO UMEeeT MeCTO, TO

& £9(x) ’
f(x)= Zb“T (x—x) (%€ (x,~8, x,+09)),

T. e. QyHKRILuA f (x) ecTs cyMMa ee psifia Teiinopa B HEKOTOPOH
OKDPECTHOCTH TOYKH X,;, HHAYE TOBODS, A5 JOBOT0 sHAYCHUS
x € (x — 8, xy + 0). B arom cnyuae ropopsT, uTo Pyuryus f (x)
pasnazaemcs 6 pad Teiinopa no cmenenam (x — x), cx00s-
wuilcs K Heil.

Teopema 1.Ecaugynryusfumeemn na ompesre[x,— 0,
x, + 8] npouseoduvie 1106020 nopadra u ocmamok ee Gopmynvi
Teitnopa cmpemumces K HyAi0 npu n —

limr, (x)=0 (x € [x,— 3, Xg + )] 4)

HQ amom ompeske, mo f pasnazaemes e cxodsuuiics k Heil psd
Tetinopa wa smom ompe3sxe.

JorkasarenscTtBo. Ilyers dyEKIusa f nmeer Ha oT-
peske [x, — 3, X +8] mpouasoguble moboro nopsaka. Torna stu
NpOM3BOJIHbIE HeNpephIBHEI Ha [x, — 8, x, + ], motomy uTo,
ecny f UMeeT IPOUBBOAHYIO f ® ga [x, — B, x;, +8], To mpoxseoA-
nas f* " penpeprisna na fxo — 8, xq + 8).

IoasTromy nns mameil (yHKIMK HmeeT cMBIC] (hopmyna
Teitnopa

k)

f(x)=im(x—xo)k+rn(x) Vn, x € [x,— 8, x, + 8]

Far i

. 3akas 704
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Torpa B cuny (4)

)
lim Z f(—kf—o— (x—xx)k= hm [f (x)-r, (x)]=

n—oco k=0

=1 @~ limr@) =7 (),

T. €. BaTOM cliy4dae muorousreH Teiopa dyuknun f (x) (1o cre-
TEHAM X — X) CTPEMUTCA IPK 1 — &0 K caMoii GyHKIUM:

k)
lim Zf(—kETxOl (x—xo)"=f(x) (x € [x5 -8, x,+3]). (5)
e
A 370 O3HAvaeT, uTo pax Teitiopa dyuxmuu f (X) cxOgUTCS Ha
[x, -8, 25+ 8] m uMeer croeit cymmoit f (x):

f(x)—zf(—ﬁo—(x %) (x € [x4— 8, x5 + B)).
ko k!

Teopema foKaszana.

Crenyromas TeopeMa JiaeT IIPOCTOI OCTATOYHBIH KpPHTe-
puit cxomumocTr ocrarka GopMynn Teitnopa K Hymo.

Teopema 2.Ecaudynryus f umeem na ompesxe[x,—0
X, + O] npouseoduvie mobozo nopadka, 0zpaHUNERHble OOHUM U
men sice wucaon(f ()< M,n=0,1,2, ..., x,—8 < x < xy+3),
mo ocmamok ee popmyne: Teilnopa na smom ompeske cmpemunt-
canpun — 00 K HYJIO:

limr,(x)=0. (6)

JHokxasarenscTso. Bocnonssosasmmcs opmysnoit
JlarpaHxa OCTATOYHOIO WieHA, HONYIUM

)= Z=Rl " g1 b8 @

(n+D! (n+1!”
(c € (g ¥), M 2 | "V x)] Vnulx-x)<B).

Tax kak npaBas yacTb (7) CTPEMUTCH K HYJIO IIPK 71 — 09
(cm. §2.5, (5)), To umMeeT mecTo (6).
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§4.16. ®opmyas! n pagsr Teitnopa
3JeMeHTapHBIX (DyHKIMI
1. f (x) = €". Dra dyurnusa Geckoneuno Auddepenupye-

Ma (uMeeT POMSEOZHEIE NI0GOT0 NopsiAka) Ha (—00, ©0). Ipu
aToM

fPay=¢, P oy=1 E&=0,1,..), F"V(@)=¢"
@opmyna Teitnopa ¢ ocraToussim 4wienom B dopme Jlar-
paHKa uMeeT BH
¢ n+l

n _k
€ = lg)%!— tr, (x)’ r, (x) = (en.‘il)! ’ CcE (0, x), (l)

rfie X MOeT ObITh NOJIOXKUTENLHEIM KM OTpHIlaTenbabiM. Ha
orpeske [-A, A], A> 0,

A +1
e A"

(D

Ir, (x) < 0, n— o0, (2)
9To nToKasbIBaeT (cM. Teopemy 1 §4.15), uto ¢pynakums e* pazia-
raercA Ha [-A, A] B cxopsnuiica k meit psax Teitnopa o crene-
HaM x (pag Makiopena):

xk 3
25 ®3)

Ho A > 0 — nDpousBoNbHOE YHCIO, TIO3TOMY 35TO PABEHCTEO
HMeeT MeCTO Ha Bcell feliCTBHTeNBHOMH ocu (x € (-0, 0)). B
nausom cayuae |f Px)=je < &* (=0, 1, 2, ...) na orpeske
[-A, A], n uTo6BI MONMYYUTH paBeHCTBO (3), MOIKHO GBLIO OB
BOCTIONB30BaTLCA Teopemoit 2 §4.15.

Berancmm yucesio e ¢ Tounoctsio jio 0,001, Umeem (cm. (1))

x

-1
e= ’g) gt (s )
rue
r.(1)= (ni DI (0O<ec<l). %)

Hago momobpats 7 HacTONEKO GONBIINM, TTOOBI
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r,(1)= <0,001 (O<ec<1).

(n 1)'
Tax xax € < 3, To ;151 3TOr0 LOCTATOUHO PEIINTEH HEPABEHCTBO
3/(n+ 1)< 0,001. Oxo srmonHEAeTcs IpH 1t = 6.CeoBaTeNbHO,
1 1 1
e= 2+ 4 4.+ --=2718
21 3! 61
¢ TounocThio no 0,001.
INNpumevanwue. Tak kak 1 <e“<3mpu 0 <¢ < 1, To mpu

n>2e/(n+1)=0, rge 0 <0 < 1. ITosToMy pasencTBO (4) moxHO
3aIHMCATH B CJIELYIOLIEM BHJE:

1.0
= _+— »
¢ ,Z'E,k! n!

Ora opmyna 6blra ucnonssoBana (B §2.6, dopmyna (3)) ps
J0Ka3aTeJIbCTBA HPPAIHOHAILHOCTH YUCIIA €.

2. y = sin x. Jlanuas pyHrImMA BMeeT IPOU3BOLHYIO JIO-
6oro nopaaka u

| (sin x)®| = sin(x+kg)| <1 Vk

IloaTomy 1o reopeme 2 §4.15 dyHrnus sin x pasnaraercs B

cxofsmiica K Hell Ha (—00, 00) psix Teiyiopa IO cTENeHAM X:
PR

i X X [V
sin x = x—3'+ Z

l)k 2k+1

= (Ck+1)1
Hapgo yuects, uto

) = _sinfn_ 0 npu n=2k,
(sin x)™,_o= 2 |(-1)* npum n=2k+1.

@opmyna Teitnopa GyHKLUE Sin X 10 CTEMEHSIM X HMeeT
BUJ
2v—1

(2 1 + Iy (%), (6)

8
sin x = x—§+...+( ) YA S—

roe
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Iy, (%) = sin(9x+(2v+1)g) 0<06<1).

(21-1)!

Orcroma ciemyeT, uTo

r2v(x ) = O(xZV)

x—0

3 2v-1
. _ _ x - vil X 2V
sinx=x 3l + .+ (D) ev-1)! o(aio)
x

3. Yy =cCos Xx. ConepmeHHO aHaJIOTHYHO MOYXHO IIONY4MTL,
YTO

2 2
Cos X = 1—‘+E——. —Z(— @.
Npumep 1. Haittu lim SIRX =X
X0 x
Hneem
2
3
sin x = x—-3—' +0(x"), (7N
TosTOMY
R)
sinx—x_ 1 o(x) N
x3 = 3!+ x3 = 3'+O(1) 31 ’
x—0

lim Sinx—x _ _1
x—0 x3 6

4
Ha camom zene B (7) 0CTATOK nMeeT BH o(x ) Ho gna samux
x-0

- 3
11ejien AOCTATOYHO O(JC ) . Hapgo nmeTs B BHIY, UTO eCJIX HEKOTO-
x—0

4
pasd QYHKIMS OT X ecTb o(x ), TO OH& ECTh TAKIKe o(x3) (z0 BO-

x—0 x—0
ob1e He HaoGopoT!).
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4. @ynknusa f (x) =In (1 + x) onpeenena 1 CKONBKO YIOA-
HO pa3 guddepernupyema ans x > —1. ITostomy a4 Hee dop-
myny Teitopa moskHO HanucaTs A nwoboron = 1, 2, ... npu
x > —1. Tax xak
)™ (n-1)
1+x)"

TO popmyna Teiinopa umeer BUA

F® )= , PP = -1,

2
ln(l+x)=x—2c—2-+ (- 1)'””‘ +1,(%).

Hcnonesysa ¢opmst Jarpamsxa u Komu ocraTounoro wiena,
MOJXHO IIOK&3aTh, 4TO

limr(x)=0 mpm -1<x<1.

B camom nene, ucnosnbaysi opmy JIarpaHa 0CTATOUHOrO Wie-
Ha, umeem a1a 0 < x < 1:
n+l
Jro () = - X 1<L—*0 (n—o00,0<0<1);
n+1 (1+6x )"“ n+1

ucnonesya gopmy Komwu ocrarounoro unena (cm. §4.14, (10),
vMeeMm oA —1 < x < 0:

I " (1 _ 9)” len+1 1 n
= 1" ( - ) <
Ir, (%)l l( )'x 1+ 6 1-jx| \1+0x
|x|n+1
< |x|_,0 (n—>00,0<e<1).

Hosromy dyrkuus In (1 + x) pasnaraercs B yKasaHHOM
npoMexxyTKe B psif Tefinopa 1o crelensm x:

00 k
In(l+x)= 2(-1)’“‘% (-l<x<1.
k=1

5. @ynkyua f (x) = (1 + x)™. IIns sToit PyHKIUK

P =m@m~1)...(m—n+1)1+x)™",
0 =m@m-1)...(m-n+1).
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®opmyna Teitnopa 1o CTeNeHAM X KMEeT BH/JL
mim-1) ,
Tx + ...

mim-1)...(m—n+1) ,
)n!m n+ )x

A+x)"=1+mx+

—— +r, ().

MoxxHO fOoKAa3aTh, YTO IpH JII0GoM M
limr(x)=0 -l<x<1).
limr,@=0 ¢ )
ITosromy pnst nx060ro e CTEHTENLHOTO M KMEeT MeCTO pas-

nosxenue pyuxnnu (1 + x)™ 8 pag Teiinopa mo crenensm x

A+x)"=1+ lgm(m—l).;gm—k+l) x

(-l<x<1. (8)

Ecnu m varypanssoe, To dhyaxuas (1 + x)™ ects MuOrO-
4neH. B arom caydae r, (x) = 0 gns n > m, 1 paj cupaga B (8)
NpefCcTABISAET cOD0OM KOHeUyHYI0 cyMmy — mHEOrowreH Teitnopa
(cm. §4.14).

IIpu x = +1 uccnegoBaHKe NOBEIEHNA OCTATOYHOIO wWieHa (B
¢opme Komu unu Jlarpanska) Tpedyer Gossinux yeuamit. Orme-
THM JIHLIB, 470 NpH X = 1 paz Teiinopa (8) cxopgurca oput m > -1,
anmpux=-1guam>0.

IIpuBenem yacTHBIE corydan paga () npur m=-1; m= %:

_L._ _ 2 n._n
1+x—1 x-x"—..+(-1)"'x"+... (l<x<1)
— OOBEIKHOBEHHas I'eOMEeTPHYECKas IIPOTPeCcCHs], PACKOASINAACS

npu x = t1;
N+x =1+—;-x—%x2+%x3 -
n1(2n-311

- S _ 1< x<1):
128" +..+(-1) o +... -1<x<1):

3Jiech pAJ, clIpaBa CXOMUTCS IIpU X = 11,
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Ilpumep 2. Beruucnurs npenen (m#n, m# 0, nz0)

X X
m_m _ lim1+7n—+0(x)—(1+ﬁ+0(x)) _

lim 1
x—0 x x—{ x
1 1)
+0(x)
13 m n __;[__l
= lim x =1lin (m n)“’(l)]"m n°
IIpumep 3.
2 v of) -2l rax ro@@)
- a x——+0 X\i+0X+0\x
lim In(1+x) 2Jc(l+ac) = lim 9 ‘ _
x>0 x 230 xz
(3 +o)# +ol+)
+a)x" +olx

§ 4.17. JlokansHbI 3KCcTPEeMYM (PYHKIIHM

Ompenenelye JIOKANEHOrO SKCTPEMYMA GBIIO HaHO B Ha-
yase §4.12. OueBMIHO, €My MOKHO IIPHAAThL M CIIEAYIOLYIO
popmy.

DPynryus y=f (x)0ocmuzaem 6 movke ¢ TOKAILHOZ0 MAK-
CUMYMA (MURUMYMQA), ECTIU MOHCHO YKasamb marxoed > 0, umo
ee npupawerue Ay € mouke ¢ ydoenemeopsem HepaseHcmey

Ay=fx)-f(c)<0 Vxe(c-5,c+d)

(coorBercrBerro Ay =f(x)-f(c) 2 0 Vxn(c-3J,c+3J).
IIo reopeme Pepma (cm. §4.12), ecrirt GyHKIMA [ JOCTH-
raeT B TOUKe X, JJOKAJIEHOTO 9KCTPEMYMa M B 9TO TOUKe IIPOM3-
BopHas [’ (x, ) cyliecTByer, To OHa paBHA HYJIO:

f (%) =0.

Ilo onpenenenuIo ToUKa X, HASHIBAETCH CMALUOHAPHOIL
Ona pynkyuu f, eciiu B Hell IPOMBBORHAA OT [ CYIECTBYET M
paBHa HyJO (f' (%) = 0).

Ecnu 3ajjaHa Ha HeKOTOPOM MHTEpBAJE (A, b) GyHKIMA [ 1
HAJI0 HAlITH BCe ee TOYKH JIOKAILHOIO SKCTPEMYMa, TO HX, Ode-
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BUHO, HAJO MCKAaTh CPeNyl, BO-IIEPBhIX, CTALVOHAPHBIX TOYEK,
T. €. TAKHX, B KOTOPHIX IIPOM3BOAHASA [’ CYIUEeCTBYeT M pasHAa
HYJIO ¥, BO-BTOPHIX, CPEH TOUYEK, Ie f He MMeeT IIpOU3BOTHO!,
€CJIM TAKOBBIE HA CAMOM Jielle MverTcs. CTaloHapHble TOYKH
HAXOMATCA U3 YPAaBHEHHS

f (x)=0, ey

KOTOpPOe HaI0 peIIHTh. KoHeuno, He BCAKAA CTAI{MORAPHAS TOY-
Ka QyHKIuY [ ecTh TOYKA JIOKANBHOIO 9KCTpeMyMa f.

Venosue (1) sBnsiercss Heofxodumbim AAA TOro, 4TobbBl
mudpdepernupyeMas GQyHKINA [ 1MeJa B TOUYKe X JIOKAILHbIN
9KCTpPEMYM, HO HefocTaToyHLIM. Hanpumep, x = 0 ecth cra-
LMOHAPHAS TOYKA QYHKIMM X°, HO B Hell aTa ¢byHKLUA BO3-
pacTaer.

OueBNAHO TaxKe, YTO He BCIKAsA TOYKA, r'me [ He MmeeT
TIPOM3BOLHOM, €CTH TOYKA JIOKAJILHOr0 sKCcTpeMyMa f.

Tax unu mHate, eCIM HaM yKe H3BECTHO, ITO X, ECTh CTa-
IJICHAPHAA TOYKA MM TOYKAE, I'/le IPOM3BOIHAA OT [ He cyllje-
CTByeT, HaM Hy»XHbl KDUTEPHH pacllo3HaBaHud, Oyaer i geii-
CTBHTEJILHO 3Ta TOYKA TOYKOH JIOKAJILHOI0 3KCTPEMYMA, 8 €CIIN
6ymer, TO KAKOT0 — MaKCHMyMa HJIM MUHHMYMa.

Huxe MBI IDHBOLMIM IOCTATOYHBIE KPUTEPHH JIOKATHLHOIO
3KCTPEMyMaA.

Teopema 1.ITycmex, —cMmayuoHApHAA MOUKA PYHK-
yuuf(m.e. f' (x,)=0) u fumeem amopyro nenpepuiaryto npous-
600ny10 6 okpecrmuocmu x,. Tozda:

ecau f* (x,) < 0, mo x, ecmb mouka nOKANLHOZO MAKCU-
nyna f;

ecau sce f* (xg) > 0, mo x, ecmb mouka ROKANLHOZO MU-
Humyma f.

HoxasaTenscTso.Pazmoxum f 1o popmyae Teitnopa
1o cTeneHAM (x ~ x,) npu n = 1. Tax kak f' (x,), T0o dpopmya
Teitnopa GyHKIMM f B OKPECTHOCTH TOUKH X, KMeeT BHJ

F =1 (xg + E=X) "0) @ (€eGnr). @

B sToit hopMyse MoxKeT GLITL xS x,.



202 TJABA 4. THOOEPEHIIHANLHOE HCYHCAEHHE ®YHKI{HH OHOM TEPEMEHHOMN

Iyers f” (x,) < 0. Tax Kax npousponHas f* 10 YCJIOBHIO
HeNpepbIBHA B OKPECTHOCTH X, TO HalgeTcs & > 0 Takoe, 4TO

f"(x)<0 Vxe (x,—0, x,+9).

Ho Torga ocrarounsrii wieH B hopmyse (2)

2
x_
(—~2£Q)—f"(c)<0 Vx € (x5~ 06, xo + ),
YTO IIOKA3LIBAET, UTO
Ay=fx)—f(x) <0 Vxe(x,-0, x,+0).
T. e. [ ©UMeeT B X,, JJOKAJIBHBIH MAKCHMYM.

Amnasyornuno, ecan ' (x,) > 0, To ' (x) > 0 B HEKOTOpOR
OKpecTHOCTH X, u " (¢) > 0. ITosroMy ocTaTouHslii wieH (pop-
MyJIbI (2) B OKPECTHOCTH X, HEOTPHIIATEIBHBII, 2 BMeCTe C HUM
u Ay = f(x)~f(xy)) 2 0, 1. e. f uMeer B x,, TOKaIBHBIH MEHU-
MyM.

ITpumep 1 .y=x2+ 5,y = 2x, x =0 — cranuoHapuas
rouka; ¥y = 2 > 0 1A Beex x, CIEOBATENBHO, U B TOUKe X = (.
SHaYUT, B TOUKe X = () — JIOKaIbHbIH MHHEMYM.

Samedanue 1.Ecau
"
f@)=0 u f'(x)=0, 3)
T0 QyHKIHA f MOXKET MMeTh M He MMeTh 9KCTpeMyMa B X;,. Ha-
3 .4
IIpMMep, QYHKIUN X~ M X yHAOBJIETBOPAIOT YCIOBUAM (3) B TOY-
Ke x,= 0, HO IIepBas M3 HMX HEe HMEET IKCTPEMyMa B 2TOM TOU-
Ke, a BTOpasi — HMeeT, 8 UMEHHO, MHHUMYM.
o . _ fn) -
- Teopema 2.Hycmof (x)=F" (X)=...=F" (%) = Ou
f (x0) # 0, u Henpepviera onpelcmuocmu moukux,, mozda
ecau (n + 1) — vemnoe u f0 (%) < 0, mo f umeem 6 x,,
JOKANbHBLIL MAKCUMYM;
1
ecau (n + 1) — uemnoe u f**V (x;) > 0, To f umeem 6 x,
JIOKAAbHBLIL MUKUMYM;
1
ecau (n + 1) — nevemnoe u f ™V (%) # 0, mo f 3aeedomo
HE uMeen 8 X, JOKANbHOZ0 IKCIMPEMYMA.
JlokasaTeabCTBO 3TO TeOpeMBl CHOBA OCHOBAHO HA IIpH-
MeneHuH (opMynsl Teiinopa. Umeem
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n+l
F@~Feg=C0 ) e @
(n+1)!

B cnyuae, ecan (n + 1) — ueTHoe, paccy#aeM B TOYHOCTH Tak
e, Kax B ciydae popmyns! (2). Ilycrs Tenieps (n + 1) — Heuer-
HOe, U IIyCTh, KaK GBLIO IPEIIoa0KeHo, (%) # 0. Beaern-
cTBue HenpeprIBHOCTH f* ) B OKpPecTHOCTH X, CYIIIECTBYeT HH-
Tepsai (x, — O, x, + J), Ha KoTopoM f™(x) coxparser zHak
™Y (x,). Ecnut x GyzieT BOBPACTATH B OKPECTHOCTH X, CJIEBA Ha-
paBo, To (X ~ xo)'”1 IIpH IlePexofie Yepes X, IePeMeHHT SHAK, a
)‘"*1’ (¢) 6ymeT COXpaHAaTH OGMH U TOT Ke 3HaK. JTO IIOKa3biBa-
€T, 4TO Ipasas YacTs (4) u, cienoearensHo, Ay = f(x) — [ (x)
IIPH IlepeXOfie X Yepes X, MeHseT 3HAK M 9KCTPEMYM B X, HEBO3-
MO>KeH.

Teopema 3. ITycmwv ¢yrnryus [ nenpepviéna Ha om-
peske[x, -0, x, + 8] u umeem npouseodrymof (x) omdenvho Ha
urmepeanax (x, — 8, xy) 1 (xq, x4 + 0). IIpu amom

f ()= 0 (<0)na (x,—90, xy) » )
f (x) <0 (20) Ha (xq, x5 +0) . (6)

Tozda x, ecmv moika JOKANLHOZO MAKCUMYMA (MURLMY-
ma) pyuryuu f.

3necs He 00A3aTENLHO NpeAmoyaraercs, 4To [ (x,) cy-
IIeCTBYeT.

JloxasaTensbcTRBo. s HelpepbiBHOCTH [ Ha OTpesKe
[x, — 8, x,] u cBOlicTBA (5) cnenyeT (cM. Teopemy 5 §4.12), uro f
He yObIBaeT (He BO3PACTAeT) Ha 9TOM OTPE3Ke H, CJIEIOBATENILHO,

Fx)-fx)=0 (<0) ana x € [xg— 8, x]. )

A u3 renpepniBHOCTH f Ha [x,, %, + 8] u cBoiicTBa (6) cite-
nyer (cM. Ty ke Teopemy 5 §4.12)

F)-f(x) <0 (Z0) mna x € [xg, x, + 0. ()]
Ho rorpa us (7) u (8) crenyer:
FE)<f(x) (F(x)2F(x) Vxe[x,—9, xy+05],

U MbI JOKA3AJIH TeOPEMY 3.
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Teopema 3 yTBep¥JaeT, UTO eCJIM IIepBasi [IPOH3BORHAA
¢yHEIUY f IpK Iepexofe Yepe3 TOUKY X, MEHAET 3HAK, TO [
uMeeT B TOYKE X, MUHUMYM (pHC. D52), ecii 3HAK MeHAeTCH
(1ipn BO3pacTaEuM x1) ¢ — Ha + , ¥ MakcumyM (pHc. 53), eci oH
MeHsleTcA ¢ + HA — IIpH aTOM He oBGsizaTeBHO, YTOGHL (xp)
cymectBoBaia. Ho Tpebyercsi, urobnl f GbUIa HellpephHIBHA B

1 )
TOUKe X (paccmo'rpe'rh dbyHK U0 f(x)={1::’ j:: (()) )

Puc. 52 Puc. 53

IIpumep 2. Pysknua y= lz;y'= ~2% Mz pu-

T+x (1+x2)2.

muM, gto ¥’ > 0 upu x < 0, ¥ < 0 npu x > 0 u, Kpome T0Oro, ¥
HelIpepHIBHA B TOYKe x = (J, I103TOMY I10 TeopeMe 3 PYyHKIMA Y
MMeeT JIOKAJIbHBIH MaKCHMYM B ToOUKe X = (. JIpyrux jJokans-
HEIX 9KCTPEMYMOB (DYHKIUA He MMeeT.

IIpumep 3. CIJyHKupmy=2—xz(1 —sin i) (x#0),y(0)=

= 2, HENpepPhLIBHA B ToUKe X = ( ¥ MMeeT JIOKANEHBIN MaKCUMyM:
y(x) < 2 =y (0), Vx. OgHaxo Henv3n 6videntims OKpecmHOCMb
mouru x = 0 Tak, yrobsl B Heil npu x < (0 dYHKINA Bo3pacTania, a
npu x > 0 yObmBana.

B camoM gene,

r_ Candy 1
¥y =-2x(1 -sin x) cos (x#0),
Z—xz(l—sin—l—)—Z
¥ (0)=lim X
x—0 X

=-limx{l1- sinl) =0.
x50 X
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IIpu maiblx x caaraemoe 2x (1 —sin —1-) KaK yroJHO MaJo,
x
Loy 1
nosTOMY SHAK NPOMSBOAHON Y’ SABMCHT OT €OS ~ . IIpu x — 0

1
cos ° . IPUHUMAET SHAUEHHs +1 CKOJIBKO yrofHo pas. 3HaUuT, BO

BCSAKOM OKpecTHOCTH ToukH x = O hyHKIMA Konebiromasics.

Teopema 4.ITycmv ¢pyuryunf ydosnemeopsem ycno-
suan f'(x,) = 0 u f" (xy) > 0 (<0). Tozda f 6 mouke x, umeem
JOKANbHLLL MUHUMYM (MaKCUMYM).

HoxasaTenscTBO. Tak Kax

Fa = i PELED_ gy, 1)

x—x, X% X — X

1)
—x,
70i OKPECTHOCTH TOUKHM X, T. €. f (x) <O pnax<x,uf (x)>0
ans x > x,. Ilo TeopeMe 3 saxiouaeM, YTO B TOUKE X JJOKAJb-
Heii MuEnMyM. Coygaii f7 (x,) < 0 uccnenyercs aHaIOru4Ho.

TO HA OCHOBAHMH TeopeMs! 2 §3.2 > 0 B mocTraTouHO Ma-

SBameuanue 1.Teopemad conep:xut Bcebe Teopemy 1
KaK YacTHBII ciIydyail, IOTOMY YTO B Heil He IIpeflioJaraercs,
uro f” (x) HenpepLIBHA B OKPECTHOCTY TOYKH X, TpebyeTcs muminb
cyniectBoBaHEe [ (x,).

§ 4.18. 9kcrpemalbHble 3HAYEHHA QYHKIHH
HA OTpeaKe

ITycre Hano HailTm MakcuMym (MHHUMYM) GyHKNUH f,
HelpepbiBHOI Ha oTpeske [a, b]. Tor daxr, uro f mocruraer
MakcumyMma (MEHUMyMa) Ha [a, b] B HekoTopoit Todke X, € [a,
b}, noxasaH B Teopeme 2 §3.5.

MoryT 6:ITE TONEKO TP BoBMOKHOCTH: 1) xy=a, 2) x,=b,
3) x, € (a, b).

Ecmu x, € (a, b), T0, COrJIacCHO CKa3saHHOMY B IIpefbIAy-
mem §4.17, Touka x,, GyzieT TOTKOM IOKATBHOTO 9KCTPEMYMAa, U
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ee cJeiyeT MCKaTs In60 cpefiu CTal(HOHADHLIX TOYEK, JIN0O cpe-
AU TOYEK, I'le IIPOM3BOMHASA He CYIIeCTBYET.

Ecnu ykasaHHBIE TOUKH 00pa3YyIOT KOHEYHOE MEOMKECTBO
X5 eery X, TO

) max f(x)=max{f(a), f(b), f(2),.... f(x,,)}

(1min fa)=min /@), 70, Fhs T}

OrMeTHM, 49TO HeT HeOOXOZMMOCTH BBLISICHSATHL XapaxTep
CTaIMOHAPHBIX TOYEK, €CJIM MBI IIOCTABUIIH Cebe TONMBKO 3a4a4y
HaiiTi MakcuMyM (MuHUMyM) dyaknny f Ha [a, b).

IIpumep 1.HaifiTu zanGoielilee ¥ HauMeHbllee 3HAYE-
HIA byHKIMN

Y (x) =sin x +cos x Ha [0, 7).

« Haxopum npousBonuyo: Y’ (x) =cos x —sin x. I[Ipupasau-
BaeM ee HYJIIO:
cos x ~sin x=0.
JT0 ypaBHeHMe HMeeT Ha oTpeske [0, 7] egmucTBEHHOE
pemerme x =n/4. Tax kax y (0) =1, y (1/4) =2, y (m) = -1,
TO

max y(®)=+2, min w(x)=-1.

IIpumep 2.IlycrsaneKTpUyecKasi JTaMIla MOMKET Hepe-

IBHraTecs 1o BepTukans OB (ocm k). Ha miockocTu, mep-

P IIeHAUKYNApHOI OB, Bo3sbMeM TOUKY A

(1a ocu x). Ha kakoii BricoTe HaJ0 1I0ABe-

CHTH JIaMITy, YTOOBI B TOUKe A GbLIA HAR-
JyqImas ocBeIeHHOCTs (puc. 54).

Pemenue. IlomecTuM JaMIry B

Toury B, unyctrb AB=r,OB=hk,0A=a,

* ZOAB = ¢. H3BecTHO, YTO OCBELIEH-

HocTs I B TOUKe A onpefleiisieTcs 110 3a-
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sing

Kony I =¢ 5

s Te ¢ — KOoa(PhUIMeHT NpolopLUOHAILHOC-

r
td. Ilpumem h 3a apryment Qpynknuu f. Tax kak r° = b2 + at,

: h h
sin ¢ = =, 1o I(h) = C—" =75
r (h2 + az)
ITo cMbicny 3agaun 0 < h < oo, Halinem Hau6onplree sHa-
4enne 3ToH Qyrxnun. I (0) = I(c0)=0".
Janee

2 2
r (h)=c(7“2—_—22h)?/7=0 npu b = af V2.,
+a

Taxr kak I(a/\/i) = 2c/3«/§a2 > 0, To HanGonsiIee 3na-

uyenue byuaxknua I (k) npunuMaer B Touke b = a/ J2.
TaxkumM o6pasoM, JaMIly Hafo IOBECHTH HA BhicoTe h =

=af2.

§ 4.19. Bemykaocts kpuBoii. Touka mepern6a

ToeopsaT, uTo KpuBas y = f (x) obpaujena 8 mouke X, 8bt-
NYKAOCMbI0 K6epxy (KHU3Y), eClH CYLIECTBYeT OKpPeCTHOCTh
X, TAKAA, YTO IJIA BCeX TOYeK 3TOM OKPeCTHOCTH KacaTeibHad
K KPUBOH B TOUKe X, (T. e. B TOuKe, uMeomieit aGenuccy xp)
pacmoJiodKeHa BBIlLe (HHe) caMoil KpuBOii (Ha puc. 55 B TOu-
Ke X; KpMBaA obpalreHa BbIIIYKIOC-
TBIO KHH3Y, B TOUKe X, — KBEpXY).
BMecTo cJIOB ¢BhIIyKJa KBepxXy
(kHN3Y)» yIOTpeGaAwTCH cIoBa
«80zZHYMA KHU3Y (Keepxy)».

ToeopaT, 4T0 TOUKA X, €CTHMOY-
Ka nepezuba kpusoity =f (x),eciu npu
Ilepexofie x Jepes X, TOYKA KPHBOM
(uveromian abelucey X) MEPEeXORUT ¢

¥

[4 I Iy oL, X

Pnc. 54

* B nannom cyydae I (00) = hlim I(R).
—3 40
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O/{HOI1 CTOPOHBI KacaTe IbHOM Ha APYTYIo (Ha puc. 55 Touka x, —
TOuKA nieperuda). Haue roeops, cyliecTByeT JOCTATOYHO MaJIOe
& > 0 raxoe, 4To A/1A Beex x€ (x, - O, X,;) KpUBasi HAXONUTCA C
OJHOM CTOPOHB! KACATEILHOM B X, 8 JJIA BCEX X € (x> X +8)—c
APYTOI.

VrazaHHEe OIpefesieHHs BbIJeNsIOT BO3MOMKHEIE
pPacnoNoxKenus KPHBOH OTHOCHTENEHO KacATeNRHOM K Hell B
NOCTaTOYHO MAJIOH OKPECTHOCTH TOUKH Kacauus. Ho He HyxkHO
IyMaThb, YTO 9TH OIIpefieIEHUST UCUEPIBIBAIOT BCE BO3MOMKHEBIE
cjly4au TaKoro paclojyioykennd. J[na GpyHrimmu

0, x=0,

2 .
xsm-%, x=0,
x

()=

OCh X IlepeceKaeT M KacaeTcs rpaduka GyHKIMHE B ToUKe x = 0
1 x = 0 He ecTs TOUKA IIeperuba.

Teopema 1.Ecau pyuxyusfumeem 6 mouxe x, 6mo-
Py1o Henpepbleryio npouszeodnyio uf" (x,) > 0 (< 0), mo kpusas
y = f (x) obpawsena 6 x, sbinyknocmwvio kru3y (Keepxy).

HoxasaTenbcTBo. PaziaraeM [ B oKpecTHOCTH
x = x, 1o ¢popmyne Teiinopa

F(x) =1 (x0)+ ' (xp)(x — x0) + 1y (),
2
r (x)=£c:2£°—)— " (% +0 (x — xp)) 0<06<1).

BamnuieM ypasHeHHe KAcaTeILHOM K Hallleil KpuEBoil B Tou-
Ke, UMeloweil abcucey x,:

Y = £ (x0) + F (%) (x — o).

Torma npesbIIeHNe KpUBoil f Hal KacaTeJLHOM K Heil B
TOYKE X, PABHO

f(x)-Y=r (x).

Taxum o6pasom, ocraTok r, (X) paBeH BeJMYMHE IIPEBHI-
LIeHus KPHBOii [ HaJl KacaTenbHOM K Heil B TouKe X, . B cuny
HenpepsiBHoCcTH [, ecrmut " (xg) > 0, o 1 7 (%, +0 (x — x,)) >0
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JUIs X, IIPUHALIEKAINX TOCTATOYHO Maiol OKPEeCTHOCTH TOY-
KH X, a IOTOMY, OYeBHAHO, ¥ I (x) > 0 mis J060ro OTJIHYHO-
IO OT X, SHAUEHHA X, IPHHAJIEKAIlero K yKa3aHHOW OKPecT-
HOCTH.

Buaynt, rpaduk QYHKIMH JIe)KUT BHIITIe KACATEIbHOH 1
KpHBagd obpaillleHa B TOYKE X, BhIIYKJIOCTHIO KHI3Y.

Amnanormddo, eciu [ (xg) < 0, To ry (x) < 0 gaa moboro
OTJIMYHOTO OT X,, SHAYTEHUA X, IIPHHANJIEKAIEro K HEKOTOpOoi
OKPECTHOCTH TOYKHM Xj, T. €. rpaduK QYHKINH JIEXKUT HIKe
KacaTelbHOH M KpuBas ofpallleHa B X, BEIIYKJIOCTbIO KBEPXY.

Cnencreue. Ecnux,ecmb mouka nepezuba xpusoil
y=f (x) u 6 neil cywecmeyem amopas npouzsodnas f" (x.),
mo nocnednas neobxodumo pasna vynwo (f" (xq) = 0).

STUM TONB3YIOTCA Ha IIPAKTUKE: IIDH HAXOXKJJeHNH TOUeK
neperuba gBaxabr AuddeperupyeMoii Kpueoit y = f (x) Anyr
MX cpeny KOpHeit ypasuenus f"(x) = 0.

JHocTaTouyHoe YCIOBHE AJIsI CYLIECTBOBAHUA TOYKH Ilepe-
ruba y KpUBOIl faeTca caezyoiieil TeopeMoil.

Teopema 2.Ecau ¢pynryusf marxosa, vmo npoussod-
Y D
nas " nenpepviena 6 xy, a ' (x,) = 0u f" (x,)# 0, mo kpusas
y=f (x) umeem 6 x, mouxy nepezuba.
HJorkasarenscTBo. B arom caydae

F ) = F (o) + 17 (R)(® — %) + 73 (2D,
3
r = E 5 7 (0 G- ).

B cuuty nenpepsisrocT " B x,, 1 Toro axTa, arof "’ (x,) #
# 0, cnenyer, uro "' (x4 +0 (x — x,)) coXpaHAeT 3HAK B HEKOTO-
poii OKPECTHOCTH TOUKH X,; OH OFHH M TOT Ke cnpa.Ba M cJeBa
OT TOUKH X;. C ApYTOil CTOPOHEI, MHOMXHUTENL (X — xo) MeHfeT
3HAK IIpH lePeXofie X Yepes X, a4 BMeCTe ¢ HIM M BeJIMYUHA 7'y(X)
(paBHAS IPEBBLIIEHHIO TOYKH KPHMEOI Hall KacATEJILHOM B X()
MeHsieT 3HaK IIpH IIeDEXOJie X Yepes X, JTO NOKasbIBaeT Teope-
My.

ChopmynupyeM Goslee 001I[YIO TEOPEMY:
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Teopema 3.IIycmv pynrxyusf obradaem credyrouu-
MU ceoilcmeamu:

" (xo)=---=f(n)(xo)=0,

£ (x,) nenpepriena 6 oxpecmuoemu x, u f(xg) # 0.

Tozda, ecau n — HeuemHoe YUCAO, MO KpUBas y = f(x)
00paweHa BLINYKAOCTNbIO 66€DX UAU 6HU3 8 3A8UCUMOCTIL OM
mozo, 6ydem nu f™V (x,) < 0 unu f*P (x) > 0, a ecnu n —
yemnoe, mo X, €Cmb mouKa nepezuba Kpusoi.

Jloka3aTeasCTBO OCHOBAHO HA TOM, YUTO IIPM YKa3aHHBIX
VCIIOBHAX MMEET MeCTO pasio:keHue 1o ¢opmyne Teitnopa

)n+l

f(x)=f(x0)+(x—x0)f(x0)+£x_‘xo__

ey | " (x + 0 (2~ x0).

B sakmoueHne 3aMeTHM, YTO IOBOPAT TAKMKE, YTO KPHBAA
y = f (x) uMeeT TOYKy neperuba B TOUKe x, Tl IPOU3BOAHAS f
paBHa +00 mian —00 (cm. puc. 40 1 41 §4.2).

I1o onpezienennio Kpusas y = f (x) HA3bLIBAETCH BbLNYKAOL
reepxy (KHU3Y) Ha ompe3ske[a, b], ecan ymobas Kyra aTOMH Kpu-
BOI ¢ KOHIlAMU B TOYKAX € afCIuccaMu X,, X, (¢ < x; <x, $b)
PACIIOJI02KeHa He HiKe (He BBIIIE) CTATHBAIoIIel ee XOp/b! (puc.
56 u 57).

Bameuanne. Ecnz f andbdepenunpyema Ha {a, bl, To
NpUBeJIeHHOE OHpefel/ieHie BHIMYKIIOCTH HA OTpe3Ke 3KBMBA-
JIEHTHO CJIeAyIoneMy: KpuBas Y = f (X) Ha3bIBARETCH BbUNYKA00
rxeepxy (kHu3y) Ha ompeske [a, b], eciu OHa BBLITYKJIA KBEPXY
(KHE3Y) B KaXKA0H TOYKe X nHTepBaJa (a, b).

¥ YA

-

gz &6

S
L]
R
]
)

ay

S

Puc. 56 Puc. 57
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Teopema 4.IIycmo ¢pyuxyusnf nenpepviena hala, b]
L umeem emopyio npou3eéodnyio xa (a, b).

Ana mozo wmobw xpueas y = f(x) 6vira svinyxnoil
xeepxy (xnusy) Ha [a, b], Heob6xodumo u docmamouno,
ymobul évinonnanrocsk nepasencmeo f' (x) < 0 (f' (x) = 0)
dnn ecex x € (a, b).

9Ty TeopeMy Mol He OyAeM ROKA3bIBATD.

Mpumep 1.DyHKUMAY=Sin X MMeeT HETPEPHIBHYIO IIep-
BYI0 IIDOM3BO/THYIO M BTOPYIO IPOM3BOAHYIO (sin x)"” =-sin x <O na
[0,71/2]. IToaTomy xopaa OA, CTATHBAIOIAA AYTY KPUEOH y=sin x
Ha [0, 7t/2], Hexe cuxycouast (puc. 58). Tak Kak ypasHeHHe X0D-
zb1 y = (2/7) X, TO MbI IOJYYHAIH HEPABEHCTBO

%x <sinx  (0<x<7/2),

qacTo yno'rpeﬁnﬂemoe B MaTeMaTH4YeCKOM AHAJIN3e.

Y
g ———14
A
A
7
r z
Fi ~3f 2108
Puc. 58 Puc. 59

IIpumep 2. y=x3+3x2=x2(x+ 3);y =3x"+6x,5 =0
mpux=0,x=-2,y" =6x+6,y"(0)=6>0,y"(-2)=-6<0,
V'=0nmpu x =-1,y"=620. Tak kKax "' (x) =6 # 0, T0 B
touke x = —1 — meperu6. Nanee y” (x)> 0 npu x> -1, y"(x) <0
npu x < —1. BHauwmT, rpadpur GyHKIEK (puc. 59) BBITYKALIA
KBepxy Ha ( —00, ~1) ¥ BRIIYKJbIA KHM3Y Ha (—1, 0); x =0 —
TOYKA MUHUMYMa, X = —2 — TOYKa MaKCHMyMa.
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§ 4.20. AcumnToTa rpaduKa GyHKIUHHA

T'oBOpAT, YTO HpAMAs X = @ ABNSETCH 68EPMUKANbHOL
acumnmomoiirpadhuKa HenpepriBHOM Gyskmn y = f (x), ecin
XoTA OBl OIUH U3 IIPEeJIeJIOB

limf(x) mmmx  limf(x)

x—ra x—a

x>a x<a
paBeH 0.

Ecnu dyuxuua y = f (x) sagana jas x > M (x < M), 10
TOBOPAT, UTO IpAMasn Y = kx + b ABNAercA HAKAOKHOL acuMn-
momntoil HenpepHIBHOM KpHBoit y = f (x) npu x — +00 (x — —00),
ecn f (x)=kx + b+ (x), rme lim a(x) =0, r e. |f (x) - kx—

(a9
- b| — GeckoHeuHo Masas PYHKIUSA IpH X — O (x — —00)).

IMpumep 1.y=1/x(puc. 60); x = 0 — BepTUKaNLHAA

ACHMIITOTA, TAK KaK

liml=+oo, limL =—co.
x50 X x>0 X
x>0 x<0
Mpumep 2.y= x+s1nx (x#0). Tak xak lim s1;1x =0,
X

To rpsiMan Y = x (puc. 61) ecTs HaKIOHHAS ACHMOTOTA ITPH X — +00
(1 ipu x — —©Q).

Mpumep 3.y=+x (x> 0). Sicro, uto VX — kx —bue
CTPEMMTCS K HYJIIO IIPM X — +00 HU IIpY Kakux k 1 b, sEayur,
dyHKIuA § = Vx HAKJIOHHBIX ACHMIITOT He MMEeT.

YA [N

Puc. 60 Puc. 61



§ 4.20. ACHMIITOTA FPA®HKA ®YHKIIHH 213

Teopewma.Jnra mozo wmobu epacdhur gpynryuuy = f (x)
uMen npux — +00 (x — —00) HAKJIOHHYI0 acuMnmomy, Heobxo-
dumo u docmamouno, imobbl CYULECTE06ANU KOHEUHbIe Ipede-
bl

lim 7 (x) —k,  lim[f(x)-Fkx]=b, )

X—>+0 X400

u mozda npamas Y = kx + b ecmv acumnmoma.
HokxasaTtenscTtBo. 1) Ilycrs dyuxuusa f (x) nme-

€T HAKJIOHHYI aCUMIITOTY Ipu X — +¢0, Y = kx + b. Torpa

f(x)=kx+b+a(x), rae a(x) = 0, x — +0o. Orcropa

R L o)

lim
lim [f(x)-kx]= lim | [b+a(x)]=b.

2) IlycTh yxasaHHBIe B TeOpEMe IpEfessl Opu X — +o00
CYILL[eCTBYIOT, TOTAA M3 BTOPOTO PABEHCTEA, II0 OIPEfeNeHUI0
npefiena, IMEEM

FxX)—kx—-b=0a(x), rmed (x)— 0 mopmx— +00,

T. €. f(x) = kx + b +a (x). Buauur, npavMan ¥ = kx + b —
HaKJIOHHAA aCHMIITOTA OpH X — +00. Takoe e paccyeH1e
¥ OpH X — —00,

Ecan k = 0, To acumnmoma Ha3BIBAETCA Z0PUSOHMANL:
HOLL.

3aMeyaHHUE. Cymec*rnonarme ABYX KOHEYHbLX IIpele-

708 (1) cymecTBenso, ubo aus pyrxmun y = Jx  (x = 0),

lim ﬁ =0=k, HO lim [\/;—O-x] =00, T.e. b= 00, 1 ara
o X x>+

GYHKIMA aCUMIITOT HE HMEET.

Mo>kHO I8TE TaKIKe CIEeAYIOIIEE 3KBUBAIEHTHOE OIIpesiejleH1e
HAKJIOHHOH ACHMIITOTEL.

Ecau paccmosnuep (x)om mouxu A (x, f (x)) nenpepuiénoil
kpusoli y = f (x) 6o npamoity = kx + b cmpemumces ik RY0 npu
X — 400 (x — —00), mo arHAA NPAMAA HA3BIBAETNCA HAKLOH-
Holl acumnmomoil amoil kpueoil npu x — +00  (x — —00).
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B camom frlene, M3 SHATHUTHUYECKOH reOMETPHMM H3BECTHO, YTO
paccrosisue oT Touku (x, f (x)) Ao npsimoit iy = kx + b BeIpakaeTca
dopmynoit

2
p)=If (x) —kx— b|/w/1+k s

OTKyAAa u3 Toro, uro |f (x) — kx — bl — 0, cnepyer, utop (x) — 0, n
Hao60poT.

IIpumep 4.BrACHATL, UMEKOTCA X ACHMIITOTHLY I'i-
1epGosLI

2 2

X Y _1t (xlza, a=2b>0).
27,2

a b

Paspemiaa paHHOe ypaBHEHHe OTHOCHUTENLHO Y, OyneM
HMETD

2 2
/] =i2 x-—a.
a
Orciona
[2_ 2
lim ¥-+8 jim Y2 -2 ;b
x>+ X a x—+w X a
Hanee,
lim [y - (ig)x:l =
X—+0 a
2
s [,/ —dE— ] & 0.
ax—~)+eo ax—++oo;;x —a° +x
TaxuM 0b6pasoM, HA OCHOBA-
JA HUM JOKa3aHHOH TeOPeMB! IIpSMBbIe
A b
' 19 y=t—x
& ‘3/“ a
SABNAITCS ACHMIITOTAMM Haed
7 7 runepboJIbl, MPUYEM 3HAK + OTHO-
CHTCSI K IPaBOii BEpXHEH 110JI0BY-
He ruuepbosabl, a 3HAK — OTHOCHT-
¢ K OpaBofl HM»KHeH IIOJOBHMHE

runepbonLI.
Puc. 62 poox
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B cuny cuMMeTpiu SicHO, YTO 3TH NPSAMEIE SIBIAAIOTCA ACHM-
IITOTAaMH U IIpH X — —00. B 970M cnydae 3Hak + oTBeuaet 4acTH
runepboIsl, HaxXoAAIleHCca B TPETheH YeTBePTH, a 3HAK — OTHO-
CHTCHA K YacTH ruiiepboibl, Haxonselica Bo BTOpoil YeTBepTH
(puc. 62). -

§4.21. HenpepsiBHAA U IIagKad KpuBag

YpasHeHUs

(a<t<b), (1)

x=(p(t)1}
y=v(t)

rfie ¢ ¥ Y — HelpepbIBHbIe GyHKIUH Ha (a, b), onperenaior
HenpepuisHY 0 KpUsy0, 3a0anHYI0 npU noMowu napamempat,
T. e. reoMeTpuyecKoe Mecto ToueK (@ (£), Y (£)), yuopaaouen-
HBIX IIpM IIOMONM Iapamerpa t € (a, b). Ilpu BospacTauum ¢
rouka (¢ (£), ¥ (£)) apusxerca no mwrockocer. He nekmoueno,
YyTo pasueM ¢ (#; u £,) — COOTBETCTBYET OAHA M Ta JKe TOYKa
wrockocTa: (Q (£1), W (¢,)) = (¢ (£, Y (2,)-

Henpepripraa kpusas (1) HaseBaercs zaadkoil Ha (a, b)
(ra [a, b]), ecnn dyukmum @ (£) B Y (1) KMEIOT HEIIPEPLIBHYIO
npoMsBoZHYIO Ha (a, b) (Ha [a, b]) ¥ BLINOIHAETCA HepaBEHCTERO

O @ +y #)°>0 Vie(ab) (Vielab). (2

O6osnauum kpupywo (1) uepes I'. IlycTs ¢y€ (a, b). B cuny
yenosus (2) ogro us uucen ¢ (¢;), Y’ (f;) OTIMYHO OT Hy:s.
Hycre ans onpenenennoctu’ (¢,) # 0. Ho Toraa B crty Hempe-
puiBHOCTH @ () CyIecTBYer unTepBAa (¢, - J, £, + 8), Ha KoTO-
pom @’ (t) coxpanaer 3HaK @' (¢,). CnegosarensHo, ¢ (£) cTporo
MOHOTOHHA HAa [t0 -9, t + 8] ¥, KpoOMe TOro, Kak Mbl 3HAeM,
HellpepbiBHO Auddepennupyema. B rakom ciyyae pyHKuusa
x =@ (t) uMeeT 0OpPaTHYIO

t=¢'X)=g@® (xe(c,ay), €)

CTPOr'0 MOHOTOHHYIO U HeIpepPbIBHO AuddepenmpyemMyo Ha
HEKOTOpPOM MHTEPBaJe (¢, d) — OKPeCTHOCTH TOUKH X, =@ (£;).
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7 £/ Iloncrasias BeIpaXkeHHe Jnd t
A BO BTOpoe ypaBueHue (1), nonyuum,
4 4T0 KyCOKY Hatueii kpiBoii I, cooTBeT-

7 7 % cTByommii unTepBany (t, — 6, ty + O),
OIMCHIBaeTCS HEIPEePHLIBHO Aud-

¢ g depenupyemoii dyaxumeii (cm. §4.4,
Puc. 63 Teopema 1)
y=F@)=ylo"(®)] (xel,d), @

1 noToMmy B mwoboil Touke Y CyHieCTBYeT KacaTeJbHadA, He
napannefibHas ocut y. O4eBHAHO, TOUKH Y B3a¥MHO OTHO3HAYTHO
OPOEKTHUPYIOTCA HA OCh X.

Ecnu reneps ' (£,) # 0, To, paccysK/ias AaHAIOTUYHO, II0-
JIyYHM, YTO KyCOKY, KpuBOii I, COOTBETCTBYIOLMIT AOCTATOYHO
manoMy unTepBany (f, — 9, t, + ), onuCLIBaeTCH HelPEPHIBHO
InddepeHEpyemoit pyHKIMEH

x=®W=0 [0 W @ E@C,d))- (5)

OTciona cienyeT, YTO ¥ B 9TOM Cjydae B JII0G0H TOdUKe Y,
CyIleCTByeT KacaTeJbHasd, HO Telephb OHA He IapajifiebHa OCH X.

Takum obpasoM, B 10008 TouKe rnafkoil Kpusoit I' cy-
LIeCTBYET KacaTejbHas, KoTopas MOKeT ObITh napasiensHoH
OZTHOH M3 Oceil KOOpAMHAT.

IIpumep. YpaBHeHNS

x=a cost,}

y=bsint (-oo <t <c0)

OILPEAENAIT B NApaMeTPHYECKOH (JopMe KPHBYIO ~—— 3JUIHIIC €
noayocsamu a 1 b (puc. 63).

9ro rnajxan KpUBad, IIOTOMY 4TO GyHKUMM X = Q@ CoSt H
y = bsin t uMerOT HeNpepLIBHBIEe IPOUIBOAHEIE, OXHOBPEMEHHO
He paBHbIE HYJIIO:

 ®)° + @ @)’ = (asin )’ + (bcos t)’ >
?bz(sinzt+cosZ t)=b2>0 0 <b<a)

Touku A, B, C, D (cv. puc. 63) rensaT 3JIMMIC HA YeTHIPE
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rIaJKHUX KYCKa, KaKAbil M3 HUX [IPOeKTHPYyeTCs B3aUMHO Of-
HosHAYHO Jbo Ha ochk x, 11b0 Ha OCb Y.

§4.22. Cxema nocTpoeHus rpaduKa GpyHKIHA

Ecin my:kHO B 001HX YepTax mpeacTaBuTh cebe rpadbuk
dyexnun ¥ = f (x), MOTyT IIOMOYS CHEAYIOIINE YKA3AHMS.

1. Haitru obnacrs €2 smavenwmit x, rae GyHKusa f onpe-
JlesieHa.

2. HaiiTa TOUKH X;, X, ..., TAE ()= 0 mau npousBogHas
HE CYILIeCTBYET, B YACTHOCTH PABHA ¢0. BrrunciauTh aHayenHus f
B 3TUX TouKax: f (x,), f (x,), ..., €CIM OHM CYILECTEYIOT, U ONpe-
JIENINTL, He SABJIAIOTCS I OHH TOUYKaMHM MaKCHUMyMa, MAHHMY-
ma. Ecin f He onipefienena B KaKkoM-1u60 U3 TOUEK X, TO BAKHO
sHaTh npexensl f (x, — 0), f (x, + 0), BaKHO TaKKe ONPEENUTD
Ipeneanbl

f (-00) = lim f(x), f(+00)= Lim f(x),
€eCJIH OH!A NMMeXOT CMbLICII.

3. O6nacts (2 pasgendercs TOYKAMM X, HA MHTePBAJEL! (@,
b), Ha Kax oM us KoTopeix [ (x) # 0. Cpefiu HUX MOTYT ObITE
GecKOHEUHbBIE MHTEPBAJEI (BUAa (—00, ¢) uau (d, 00)).

Byaem cuurathb, 4To npousBofHas [ (x) HenpepHIBHA Ha
KaxJoM TakoM nHTepeaie (a, b). Torna ff (x) na (g, b) coxpanser
3nax. Ba)XKHO BRISAICHUTEH 9TOT 3HAK, TOrAa GyZer U3BecTHO, Oy-
zet i f BospacTaTh wum yobIBarh Ha (a, b).

4. BasKHO OTMETHUTH Ha KaXKJ0M uHTepBale (a, b) Toukn
X, 15X, 95 ... (B=0,1,2,..),

rze f' (x) = 0, 1 oIpefeNuTL COOTBETCTRYIONME 3HAYEHNA (DYH-
KIM#

F (X, 1)s F (% 2)5 oen -
B 3THX ToOuKax MOryT OBITHL TOYKH neperuba KpUBOi y =
= f (x). DTH TOYKM B CBOIO O4YepeAb AeAT (a, b) Ha uHTepBaJIH],



218 TJABA 4. AU GEPEHIIHAJIBHOE HCYHCERHE ¢YHKIHH OHOM NEPEMEHHOH

HA KOTOPBIX BTOpas IIPON3BOAHAS, €CJIV OHA CYII|ECTBYET, COXpa-
HfET 3HAK.

BrigcHenme suaka " (x) ZaeT ‘BOSMOMKHOCTE Y3HATH HA-
HpaBlieHYe BRIIVKIOCTH KPUBOi (BBEPX MM BHUS).

5. Ecau Bo3MOXHO, HAAO pemnTh ypasHenue [ (x) =0 u
BBISACHITH HHTEPBAJEI, HA KOTOpHX f coxpauder 3HaK (f (x) >0
wi f (x) < 0).

6. BLIACHMTEL BOIIPOC O CYIIECTBOBAHMM ACHMIITOT, T. €.
HaiiTi Ipesesnn:

lim @=k,

x—t0 X

lim| [f(x)-kx}=b .

€CJIH OHM CYILIeCTBYIOT.
Ha ocHOBe 9THX CBefIeHUIA 3esaTeNlbHO COCTABUTE Tabanny,

OPHMEPHO CJIEAYIOMEro BUA:

x| (-00,-2) | -2]|(-2,-1) -1 -L.0 | O (0, o)
v >0 0 <0 —_ <0 0 >0
BEPTH-
BO3PACTAET, I BOBpACTAET,
y | acaMnroTa | —4 | yOnBaer yorpaetr | O | acumnroTa
acumI-
y=x-—1 y=x-—1
TOTA
v’ <0 <0 <0 — >0 >0 >0
Bhimykaa | oo BMHYKJ!B-A . Boimyknal . | sbidyeaa
v KBEPXY KBEpXy KHU3Y KHHU3Y

2
X

1+x°

Dra Tabauila cocTaBaeHa jius dyuknrn y=f (x) =

Ha oCHOBAHMH AAHHLIX 9TOH Tabauisl rpaduk GyHKIHY
y = f (x) umeeT Buz, KakK Ha puc. 64.
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INIpumep. IHocTpouTs KpH- 4y
BYIO, 3a/lJaHHYIO IApaAMEeTPIYeCKH: £
x=te ,} -2-4 \3;&
Lf (o<t <o), a -
y=te

NS
..‘N
8

Pem enne. IMocrporM cHava- -2
narpadwx byHKmm x = te’. Dra dhyHK- / ~3
LuA 3aJaHa Ha BCEH OCH, HEOrPaHu- /
YeHHasA, HenpepbiBHaa U gudpepen-
upyemasi Ha (—oo, 00); x> 0npu ¢ > 0;
x<0nput<0; x=0npu t=0. Hanee
%"= (1 + t) €. Ypasuenue x' (£) = 0
MMeeT e JMHCTBEHHbLI KOpeHs £ =—1.
ITpu aTom, ouepuaro, x' >0 nput>-1; x' <Onput < —~1. Taxum
obpazom, pyuKnusa x (f) BO3pacTaer npu ¢ > —1 u youIBaeT npu
t <-1. B rouke t = —1 dyHKUMA X () UMELT TOKAILHBIN MIHH-
myMm, x (—1)= —€!. Ha camom BeJie 9T0, O4EBUHO, MUHIMYM Ha
(—00, ©0).

Hccnenyem dyHKINNO Ha BHIyKI0CT: X = (2 +£) €' 2> 0
opu t > -2; x” < 0 npu t < —2;x"(-2) = 0. Buauwur, Ha (00, -2)
rpayK BLINYKNBIA KBEPXY, a Ha (—2, 00) BRINYKABIH KHU3Y,
t = -2 — Touka neperuba.

Hanee,

Ny

Puc. 64

lim t€- _0, hmJte o] 0.

-
T.e.x=0— TOPHIOHTAJLHAA aCHMIITOTA.

Ha ocroBaumu sToro rpaduk GYHKIIE HMeeT BUJ KAK Ha
puc. 65. O6nacts snavennit hyuknuu X = [—e’l, co].

Puc. 65 Puc. 66

CoBepiuenHO aHANOIMYHO MOKHO IIOCTPOMTHL rpadux
byHKIMY y = te” (puc. 66). O6macTe 3HaYenMit 5To GYyHKIIK
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Y =(-o00, e“l). Ha (-0, 1) dynxuus y = te * crporo BO3PACTAET
OT - oy =€ B To4YKe { = 1 pocturaer MaKCHUMyMa (JIOKaJIb-
HOTo ¥ Ha (-0, 00)). Ha unTepBase (¢, 00) OHA cTPOTO YGLIBAET
K HyJo npu £ — +00 1 uMeeT, TakuM o6pasom, acumurory i = 0
mpu t — +00. OTMedeHa ele Touka t = 2, B KOTOPOii KpHBas
umeeT neperu6. Ha (—oo, 2) xpusas obpamieHa BbIMYKJIOCTHIO
KBepXY M Ha (2, 00) — KHu3y.

Teniepe MbI IEpexoxuM K 6oJ1ee TPYLHOI 3a0aue — Havep-
THUTE CXeMaTU4IeCKHii rpaduk kpusoii (1). OGozuaymM ee yepes
I'. ®ynxkuuu, onpepensomue I', HempepsBHO nudoe-
PEHIIUPYeMBI CKOJIBKO YTOJHO pas. MbI HCIIOIb3yeM TOJIBKO TOT
daxT, uTo 3TH DYHKIHM nBasKABI HenpepslBHO nudde-
pennupyembl. OrMernm, uto I' rnajxas Kpusas, IIOTOMY UTO
IpoM3BoAHbIE (110 ) OT QYHKIMH x = @ (£) = te' u y=y @) =te’
OHOBPEMEHHO HE DABHEI HYIIO.

O6oznaunm wepes I', u T, Bereu I', Ha xoTOpHIX cooT-
BETCTBEHHO X, < 0 u x| > 0. Takum o6pasom (cM. puc. 65 u 66),

I', cooTrercTBYeT HameHenuIO t € (~00, —1),

I, cooTBeTCTRYeT H3MeHeHMIO £ € (—1, 00).

7Y
&7 f'
o7 i \
V4 g e ‘/Z-;,VE )

-& i%‘/i?.’”’{— 7o V2)

1262

Puc 67
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Ha I'; dysxnmusa x = ¢ (t) ctporo y6eiBaeT ot @ (—0) =0
Io (p -1)= ~e’!, u ee MOXKHO o6paTuTh, a QyHKIMA Y = Y (2)
CTPOro BO3pacTaet oT Y ( —o0) = ~00 no Y (~1) = —e. Orcrona
cienyer, UTo BeTBe I'; onmceIBaeTCcA ABHOI QyHKIMeit

y=vio"' @] (xe(-<",0).

Ona usobpaskena Ha puc. 67 — mixxe Touku A. Korma ¢ Bospacraer
or—00 no—1, aberpcca x Touru Iy yoemaeror O o -'a OppUHATA
y Bo3pacTaeT oT — jo —e. Taxk kak x' (-1)=0uy (-1)# 0, To
KacaTeJpHasd B ToUKe A mapayuensHa ocH y. K Tomy ke T pac-
IOJIOZKEeHA IPaBee KacaTeJILHOM — Belb U3 puc. 65 BHAHO, 9TO
Bee ToukH I' mmeror abeucey x = -

B 1060t Touxke ¢ kpuroii I', orsmranoii ot A, T.e. npu £ #—1
nponsBopuan x' (£)# 0 u

v y -t 2
Y/ ==f=1—e ", )
x x, 1+t
1—t -2ty
d ’ P 2___ -
Y yx=(1+t g t=2 3 ®3)
dx (1+t)e Q+1)
Orcrona
yx” |t=i«/§ =0. )

Hac ceifuac nHTEpecyeT sHaueHne £ = —/2 , KOTOPOMY CO-

OTBETCTBYeT TouKa B = (—JieA‘E, —Jieﬁ) el .

U3 (3) BupHO, uTO €cau £ < —/2 (T. e. Ha yacTH T, amsxe
touku B), ToY," <0 uT; obpalena BHITyKJIOCTHI0 KBepxy. Ecm

e —/2 <t < -1 (r. e. Ha xyre AB), To ¥,"> 0 m I'; obpaiena
BBIIYKJIOCTEIO KHI3Y. Takum obpasom, B ecTh Touka neperuba
I,

Tlepexopum Teneps k I'y (—1 < ¢ < ©0). Kak BuHO 13 puc. 65
u 66, Ha uHTepBalle ~1 <t < 1 QyHRHIU X = Q () u y = Y (1)
CTPOTO BO3PACTAIOT, HO TOrHA U QYHKI(USA OT X

y=vylo" (®)] (€'<x<e)
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cTporo sospacTtaeT. K Tomy e ee rpahuk Ha 3TOM HHTepBase
o0pallleH BBITYKJIOCTHIO KBEPXy (eM. (3)). 3To nzobpakeHo xy-

roit AC c T,. Yto ke kacaercs Touxku C, To B Helr Y,'= 0

(yx’(e)=y7%=?o(5= J, M TAK KaK B Hell K ToMy e rpaduk
obpallleH BHIMYKJIOCTHIO KBEPXY, TO C €CTh TOYKA JIOKAJILHOIO
MakcuMyMma QpyeErnuy ¥ (x). Ilpu x > e (1. e. t > 1) x (t) Bo3pa-
cTaer, a y (t) ybeIBaeT K HyJI0. 9TO IOKASHIBAET, UTO i (X) — 0

yObiBasi. IIpn atom x (+/2) = Jie‘/‘r? — TOYKa neperuba rpaduka
Y (x). Cnera ot 3T0it ToukM rpaduK o6paleH BHIIYKJIOCTHIO
KBepxy, a cnpaBa — KHu3y (cM. (3)).

§ 4.23. Bekrop-byukuusa. Bektopsl
KacaTeJIbHOM ¥ HOpMAaJu

B nirockocTr 33a1uM IPAMOYTOJILHYIO CHCTEMY KOOPIH-
Hat (x, ). YpaBHeHUd

x=x(t)

y=y(t)} (a<t<b), 1)

rne x () u y (t) — HellpepbIBHbBIE (PYHKINH Ha HHTepsae (a, b)
OLIpeseNSAIOT Henpepuieryo kpusyio’ — reoMeTpUYecKoe MHO-
#ecTBO Todek (x (t), y (1)) mwiockoeTH, rue t € (a, b). Fosopar
ellle, 9uro kpuBas I' 3agana npyu nomory napamerpa . Ee ypas-
HeHHe MOXYKHO 38JaTh B BEKTOPHOM (hopme

r@=x@®i+y@®)j (a<t<b), (1)

rie i, j — efUHWYHBIE OPTHI COOTBETCTBEHHO OCEH X, i, a r =
=r () — paguyc-geKTop Touky I', COOTBETCTBYIOIeli 3HAYEHMIO
t napaMerpa (puc. 68).

BexTop r () HaswIBaloT éexmop-gyHKyueil (ompepesneH-
Holl ana t € (a, b)).

T'oBopaT B cBA3H ¢ 3THM, uTO KpuBas I' ecTh 200ozpagh
BeKTOP-GYHKINH r (£) — reoMeTpHYeCKOe MECTO KOHIOB BEK-
TOPORB r (), BEIXOLAIINX U3 HyJeBoi Touku O.
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Puc. 68 Puc. 69
Kpuras I' naseiBaercs znadxoit ua (a, b), ecmn dpyaxnun
x (t) u y (t) IMeIOT HenIpepLIBHbIE IPOU3BOAHBIE HA (a, b), onHo-
BPeMEHHO He paBHbIE HYJIO.
Ecnu t npuzgate npupamenune At, To BEKTOD r IIOJYYHUT
npupaiienne (puc. 69)

Ar=r(t+At)-r(t)=[x (t+At)—x ()] i + +AD -y @®)])j=
= Axi + Ayj,
OTKYJa, fejis Ha cKaJap At, moryaum

Ar _Ax, Ay,

At At At

Jns rnagkoi kpusoit

limA%_p  LimAE_,r
A0 At a0 At
Bexrop x'i + y'j HaskBaoT npouseodnoii ot r (8 Touke t)n
3a0HCHIBAIOT TAK:
F=xi+y].
MosHO NPONSBOAHYIO 7 ONPENeNNTh TAKIKEe KAK TaKol
BEKTOD, IJIST KOTOPOTO

Ar ..o, At—o.

=y

At

B camom pene,

2 2 2
Ar . Ax Ay ,)
Ar _al _(BX_ a4 _ -0, — Q.
At T (At )+(At y At =0
Iyt

A0 At
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M TOBODAT, YTO BEKTOPT ecThnpeden eexmopa Ar/At npu At — 0.
Wz puc. 69 BMIHO, YTO BEEKTOD 7 HANPABJIEH II0 KACATEbHOM K
I" B TouKe t B CTOPOHY BOBpacTaHUA I.

BexTopr HazbBaT8ekmopom kacamenvHoii K I'. [Inaa

€ro paBHA
|7 = Vhy?

Edunuunuiii 6exmop xacamenbHoil ecTh

T=|—':-=cosai+sinaj (7>0),
r

x . y
CcosOo = y Slno= ’
;xﬂ + y.z x:z + ylz (2)

Tae0 — yroJ MeXRy T | IOJOKHUTENbHBIM HATTPABJIEHUEM OCH X.
Edunuunbsiii aexmop Hopmaau k T, T. e. e IMHUYIHBIH BEK-
TOP HEPIIEHIUKYIAPHLIN K T, OIpeeNseTcs PABeHCTBOM

vV (Vi Vy)
v, =7sina, v,=*cosa 3)
WIN
’
verde, o X 3"
2 42 2, 42
x4y x"+y
Onpenennrein
Y T|_| cosa sinal_ .
Vv V,| |¥sina Zecosa

BepxHue 3HAKK COOTBETCTBYIOT CIIy4Yal, KOTJa 11apa BeK-
TopoB (T, V) OpHEHTHPOBAHA TAK ¥Ke, KaK ocH (i, ) (puc. 70), a
HIDKHHE — Korza napa (T, V) OpHeHTHPOBaHA IPOTHBOIO-
JIo3KHBIM 00pasom (puc. 71).

Y y r

r(t)

Ry

7l

Puc. 70 Puc. 71
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Bropas NpoM3BofHAA OT BeKTOp-(pyuKkuu r (1) (cM. (1)
onpefiefeTcd Kax Npexen

r (t) = ]A_it}'.%r(t;AAtz___r(_tl =x" (t)i + yn (t)j.

Ha puc. 72 naobpaskena kpusas I'; TouxaA cooTBeTCTBYeET
3HAUEHHIO £, 8 Touka B — suavenwmo t + At. K arum Touxam
pHIIOKEHB! KAacaTeNbHbIe BeKTOpH! I (f) u # (¢ + At). Bropoii
BEKTOP MBI IIEPEHECIH TAK, YTOGH! OH ObL IIPMJIOXKEH K TOYKe A.
Ha pucynke o603HaYeHa pasHOCTb
Ar =¥ (t +At) —F (t) u Bexrop Ar/At, 4 Y
MMEONIHIA TO e HRIIPaBJIeHHe, IT0
u Ar. Haxoren, ormeueH npefeib-
HEIT BekTOp F = r (t). Bexmop r
HANpPABAEH 6 CMOPOHY 602HYyMOCMU

Plt+8e

I". Touno 3TH CJIoBA HAMO IOHKUMATH AN \# *
cJenyonumM 06pa3om: eexmop r o6-
pasyem ocmpblii Y202 ¢ 6eKMOPOM V Puc. 72

nopmaru k I, nanpaenennoii 6 cmopory éoznymocmu I,

IIpumep. B BekTopHoii hopme ypapHeHue (cM. § 4.21)
3JUIMIICA UMeeT BUJ

r=iacost+jbsint (-0 <t <o)
CoOTBETCTBEHHO BEKTOD KacaTeJBHOMR
r=-ia sint +jb cos t,
& BeKTOp HOpMAaJIN
n=TFibcost ¥ jasin t.
B nanxoM ciaydae rni, BooOILe rOBOps, He eAMHHYHBIN BeK-
TOp.

BekTop-QyHKIHUIO r = r () B OKPECTHOCTH TOYKH I, MOYKHO
PasiouTE 0o hopmysie Teitnopa (MK pasiokHTh B BEKTODHAIH
pan Teiinopa). Ilycrs

r@=x@i+y®)i,
rze x () 1 y (t) uMeroT HeoGXOIMMOe YHCJIO IIPOM3BO/HLIX B OKpe-
crHocTH TOUKH 1. Torma, pasnaras stH GyEknuy o gpopmyne
Teittopa, noayyaeM

8. Bakas TO4
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' (n)
x(t)=x(t) + x—l(f"l -ty +. x—@ t-t) +R, (),
4
)
y)= y(ty) + y’(t") —t)+ .+ %(') (e to)" + 1—2" ®, (5)

roe B, (1), En (t) — ocraTounnie 4leHH! B Kakoi-ym60o dopme (Jlar-
pamxka, Komu u 1. 1.). YMBokas (4) Hai, a (D) Ha j ¥ ckIiIagbIBag,
noany4yumM dopmyny Teitnopa ans BekTop-byRKIuu r (1):

(n)
r(t)=r(t0)+r( )(t t) + . +—(t°2(t t)" +7, (D),

TIIEe OCTATOK
r,®)=R,()i+R,(t)].

OrmeTrmM, uTo ecii ocTarky R, () u ﬁn (t) sanucHIBaIOTCA B
¢opme Jlarpamxa win Koy, TO BXoAsAI(ne B HUX IIPON3BOSHEIE
(n + 1)-ro nopagka ¢pysKuuii x (t) uy (t) BEINUCHAAIOTCH, BoobIRe
FOBOPA, B PA3HBIX TOYKAX.



I'nmaBa 5

Heon peneneHHbie MHTerpanbl

§ 5.1. Heonpenenennslii uaTerpan. Tabnuna
HHTerpaJIoB

B npegsiaymieii rnase Mbl BBEIN TIOHATHE TIPOUSBOIHOM B
HAYYUJIHUCH HAXOAHUTDH IIPOM3BOAHYIO OT 3JIEMEHTAPHBIX (PYHK-
nuii. 3gece MBI OyAeM peliats o6paTHYIO 385a4y, a HMEHHO:
vsBecTHA npouspopHasn [’ (x) or ¢yuxuun f (x), Tpebyercsa
HaiiTu camy ¢pyHKDUIO f(x).

C TOUKH 3peHHsA MEXAHHYECKOR STO 03HAYAEeT, 9TO 110 U3-
BECTHOM CKOPOCTH ABMYKEHNA MaTEPHANBEHOM TOYKY HeoOX0IIMO
BOCCTAHOBUTL 3aKOH €€ JIBHKEHUA.

Onpegenenue. Pyuxyua F (x) nasvieaemces nepso-
ofpasnoi pynryueir dns pynryuu f (x) na unmepsaae (a, b),
ecau F (x) dugppepenyupyema na (a, b) u F (x) = f (x).

AnanoruvyHo MOXXHO ONPEAEINThL MOHATHE HepBooOpas-
HOM U Ha OTpe3Ke [a, b], HO B TOUKaX a ub HaZo paccMaATPUBATL
0IHOCTOPOHHHE MPONSBOJHEIE,

IODpumep 1. F(x)=+x ects neppoobpasnas xis PpyHK-
__1 1
wmn f (x) = 5/ 18 (0, o), Tax Kax (Vx) =55

IIpumep 2. F(x) = sin 2x ecth nepBoobpasHas A1
byurmuu f(x) = 2 cos 2x Ha (-0, ®), Tax rax (sin 2x)' =
= 2 cos 2x.
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Teopema 1. Ecau F (x) — nepeoobpasras Ons Qynr-
yuuf (x)na (a,b), moF (x)+ C — makice nepoobpasnas, ze
C — n1060e nocmosHHoe Lucno.

HokazaTenbceTno. Ameem (F (x) + C) =F (x)=f (x).

Teopema 2. Ecau F, (x) u F, (x) — dse nepeoobpas-
note dna f (x) na (a, b), mo F, (x) - F, (x) = C na (a, b), 20e
C — Hexomopas nocmosnHaA.

Horazarenscrtso. Ioycnosmo F'y (x)=F, (x)=f (x).
Cocraeum dyuxmmio O (x) = F, (x) — F, (x). OueBngno, 4TO

Qx)=F,x)-F,x)=fx)-f(x)=0 Vx € (a, b).
OTciona 10 m3BecTHoII Teopeme (cm. Teopemy 6 § 4.12) za-
rirogaem, uro @ (x) =C, 1. e. F;(x) — F,(x) = C, uto n
TpeboBAIOCEH JIOKA3aTh.

Taxum obpasom, us Teopem 1, 2 BrITeKaeT, ITO €CIH
F (x) — nepsoobpasnasa gaa f (x) Ha (a, b), To mobasa npyrasa
nepsoobpasnan O (x) nna f (x) Ha (a, b) uMeeT BHL

D(x)=F(x)+C, 1)
rre C — HeKoTOpAdA HOCTOAHHAA (pHc. 73).

Ounpenenenue. Ilpousgonsnas nepgoobpasnan 0ns
f () na (a, b) Hasvieaemca neonpedenenHbtM UHLMEZPANOM OM
dynryuu f (x) u obo3HAIAETCA CHMBOJIOM

Jf@ ax. ©)

3nak J HA3BIBAETCA UHMezZPanom, f (x) dx — nodvinmezpany-
HbiM evipadiceruem, f (x) — nodvinmezpanvhoil GyHKyUEil.

Ecnu F (x) — ofna u3 neproobpasHeix aaa f (x), To co-
TJIacHO CKA3aHHOMY

Jtmax=Fm+c, 3)

rae C — coorBeTCTBYIONMM 06pa3oM rofgobpaHHas IOCTOSHHAA.

Onepanuio HaAXOXKAEHHs HeoIpeJellIeHHOTO MHTEerpaja
6yneM HasbIBaTh UHMezpuposarnuem byrxnun f (x). Ona mpo-
THBOIOACKHA onepanuu AuddepeHINPOBAHNA — HAX0XKJe-
HU S IPOUSBOXHON -
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# Fant Ormernm, uro ecin F (x) eets niep-
BoobpasHaa pus pyHruum f(x), To
Fa TIOABIHTErPaEHOE BRIpaXkeHue f (x) dx =

= F'(x) dx = dF (x) saBnsercs: pudie-
peHnuanom nepsoobpasHoii F (x).
ITossxe MBI nokaskem (cM. § 6.3),
Puc. 73 470 ecau f (x) nenpepuiéna na (a, b ), mo
Ona nee cywecmeayem nepsoofpasnas Ha
(a, b), a cnenoBaTeNLHO, W HeONpeAeeHHbIH HHTErPaJl.
OTMeTHM Dsiji CBOMCTB HEONPeieJIeHHOr0 MHTErpaJa, Bbl-
TEeKAJOIHX U3 €r0 OIpeNeseHn.

1°. dJ f (x) dx =f (x) dx. B camom nene, Jf (x)dx=F(x)+
+ C, orcopa
dJ' f(x) dx = d(F (x) + C) = dF (x) = F' (x) dx = f (x) dx.
20, JdF x)=F(x)+C, T e. J M d TaKiKe B3aMMHO

COKPAIAIOTCS, HO K F (X) Hy>KHO JOOABHTEL HEKOTOPYIO IIOCTO-

74l b3

auayio C. Umeem JdF (x)= JF’ (x) dx = (o onpeyeneHuo) =
Fx)+C.

3°. JAf(x) dx = A [f(x) dx + C, rne A — nocrosmmoe
wncyo, C — HeKOTOpas IOCTOSHHAA.

e Jifx +g@lde= [f(x)de+ [g@) dr+C rrec

— HEKOTOpas IIOCTOSHHAL.
B camom perne,

(jf(x) dx+ jg(x) dx)' = U f(x) dx)'+(j g(x) dx)' =
= (mo onpefieneHnio) = f (x) + g (x).

C mpyroit cToponsi,
U[f(x)+ g(x)]dx)' = (110 onpenenenuo) = f (x) + g (x).

Taxnm obpasom, QyHKEuUS J' fdx+ J £ dx v yHrnus J [f+
+ 8] dx sBAsIOTCA NEPBOOBPAZHLIMM JJIsl OFHOM U TOMH e QYH-
knun f+ . Ho Torfa OHM OT/IM9AI0TCA HA HEKOTOPYIO TIOCTONH-
Hyo C, YTO ¥ HAIIMCAHO B paBeHCTBe 4°,
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5°. Ecnu F (x) ects nepeoobpasnas pas f (x), T0
jf(ax +b) = %F(ax +b)+C.
B camom zene,
[zll—F(ax+b)]' = % - aF’ (ax + b) = f (ax + b).

SanuIieM TabJUIy WHTEIDANIOB, BHITEKAIONTYIO M3 OCHOB-
HBIX opMyn auddbepeHIHaNbHOI0 UCUMCIEHM.

1. [o-dx=cC.

a+l

2. [x*dx = £_+C Voaz-l
o

3. jx_l dx = jd—xx = In |x| + C, Ha unTepBane, He comep-

kameMm x = 0.
4. ja"dx:—‘i—+C(0<a,a¢1), Ie"dx=e"+C.
Ina

5. jsinxdx=—cosx+C, jcosxdx=sinx+C.

6. | dx_ _tgx+C, j_d—’.f=—ctgx+Cnanm'epBaﬂe,
s x sin’x

TZle IOALIHTEerpaJbHas GYyHKIHA HelpepbIBHA.

arcsinx+C,
7. j -l1<x<1).

—arccosx+C

dx _ | arctgx+C,
1+ —arcctg x+C.

9. jshxdx=chx+C, jchxdxzshx+C.

10. jd—gc =thx+C, jsﬁfx = —cthx + C (x = 0).
11. —ln|x+\/x2+1|.+C=Arshx+C,
‘..Jx+
j72—=ln|x+ Jx2—1l+C=Archx+C(lx|> 1).
x -1

12. jm_l‘f’;:-zl-ln’——iiz' +C (=1
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CireBa B Ka K JOM PaBEHCTBE CTONT IIPOKSBOJILHAS (HO onipe-
JeneHHadA) nepBoobpasHaA GYHKIMA [AJs COOTBETCTBYIOIIEH
NOAKIHTErpaNbHOM (PYHKI[MY, CIIPABA e — OJHA OIpeZeieH-
Had neppoobpasHas, K KOTOpoil elle NpubaBiasieTcs KOHCTAHTA
C Takad, YTOGHI BHITIOTHAIOCE PARCHCTEO MEMKLY STUMH QYHK-
IAAMH.

Joxaxenm ¢opmyny 3. Tax xak mpu x # 0 |x]’ =sign x u
x sign x = |x|, TO

1 signx _ 1
(In |x| + C) H(l X)) = I - x (x #0),

# dopMmyna 3 JoKasaHa.
Joxaxem eme ¢opmyny 11:

(njx + V41| + CY = 51|gn(x+ x1+| )k1+\/xgc+1)=
x4+

(x + \/——_1 )sign(x + FH )

1

el

Va2 +1|x+\/x +1|

u dopmyna 11 pokasana.

C npyroii cTOpOHEI, "7_ Arsh x + C, noaromy no
x'+1

Teopeme 2 Arsh x = In [x + V&’ +1{+C. Ho rak xak Arsh 0 =0,

10 In |x + VA +1] = Arsh x (cm. § 4.6, 1. 9).
IIpumMensis cBOMCTBO 5°, MOMKHO HAIMCATH BOJee CIIOMK-
Hyio Tabauny mHTerpasoB. Hanpumep:

Isin (ax + by dx = —% cos (ax + b) + C.

OrMeTnM, YTO ec/u onepanus AuddepeHIMpoBaHns sie-
MEHTAPHBIX (PYHKIMH CHOBA OPUBOAUT K 3JIeMEHTAPHLIM (hYHK-
IMAM, TO ONlepAIMA HHTETPHPOBEHHSA Y3Ke MOXKeT IIPUBECTH K
HE3JIeMEHTAPHEIM (DYHKIUAM, T. €. QYHKINAM, KOTOphIEe He
BHIDAXKAIOTCA Yepe3 KOHEYHOe YHCJIO SpU(PMEeTHYEeCKHX OIepa-
IIMil ¥ CyNepnOSHITUI 3IeMeHTAPHbIX (DYHKIMIA.
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Hanpuwmep, goxazano, 910 CIeLyIOIMe HHTErPaJbl He HE-
TerpUpPYIOTCA B 9JIEMEHTAPHEIX (QyHKIUIX:

2
je *dx — uaTerpaa Ilyaccona,

2 -
Icos x" dx, Ism x dx — uaTerpans ®pernens,

dx

] — HHETerpajbHbli jgorapudm,
nx

jwdx — UHTEerpajbHEI KOCHHYC,
x
dex —— MHTErpaJIbHbI# CHHYC.
x

VYxagagHbIe HETETPAJLI XOTA U CYUIECTBYIOT, HO He SBJf-
I0TCH aJleMeHTapHBIMH GyakuuamMu. Hmelorca npyrue croco-
66l AJIA MX BEUHCIeHHs. HanpuMep, MHTerpaibHbIH CHHYC
MOXKHO IIPEACTABUTL B BuAe GECKOHEUHOrO CTEIEHHOro paja
(c. § 4.16)

§ 5.2. MeToabl HHTErPHPOBAHHA

OCHOBHYIO POJIb B HHTETPAJILHOM HCYHCIEHIH urpaer ¢op-
MyJa 3aMEHBI NIepeMEeHHBIX (MK IIOACTAHOBKH)

ffemax=[fe® e ®dt+C=[flo®dp@)+C. (1)

B aroit dopmMyne npegmonaraercs, YTo X = @ (1) €CTh He-
npepeBHO guddepenIirpyeMasn (MMEIOaA HellpepbIBHYI0 IIpo-
u3POHYW) GYHKHHA Ha HEKOTOPOM HMHTEpBANE HOMEHEHMA I,
a f (x) — HenmpepbIBHAs QYHKIHNA HA COOTRETCTBYIOLLIEM MHTED-
Bajie WIH orpeske ocu x. IlepBoe papercTBo (1) yTBepKaaerT,
YTO JIeBAs eI0 UACTh TOXKJ€CTBEHHO PABHA IIPaBOii, eci B Helt
(nocne muTerpupompanusnl) creiars NOACTAHOBKY X = Q@ (1) H
noaebpaTs cooTBeTcTRYIOIYI0 KoucTanty C. JlokakeM aTo yT-
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sepoxnenvie. Cneea B (1) crouT QyHKUMSA, KOTOpas ABIAETCH
nieproobpasnoii orf (x). Ee npoussoznasn 110 ¢t pasna

a d '
ae )T @ dx = ([ < fo 1) ¢' @)

CnenmoBaTensHo, ecliM BBECTH B 5TOM (DYHKIIMH IOACTA-
HOBRY X = @ (t), TO HONYIUTCH NEepBoobpasHas or PyHKIMH
f(@ @) ¢’ (). Hererpan e cnpasa ecTh, II0 ONpPeAENEHHIO,
HeKkoropas nepsoobpasHas ot f (@ () ¢’ (). Ho ase nepso-
obpasubie A OHOM ¥ TOM ke QYHKIMU OTIHUYAIOTCH HA He-
KOTOPYIO 10CTOAHHYIO C. 3T0 M 3aIIMCAaHO B BHJE IIEPBOrO pa-
seHcTBa (1). YTo KacaeTcsa BTOPOro, TO OHO HOCHT GOpPMANBHEBII
XapaxkTep — MBI IIPOCTO YCJIABJIMBAEMCH NUCATH

JP® ¢ @ dt= [F@ do. 2

Hanpuwmep,

fe'x dx = %je"z 9x dx + C = %je‘z dx? + C =

=1feaurc,=Le v, - ldvcu=-4 @
Ilepsoe paseHcTBO HammcaHo B ciiy 3° § 5.1, BTopoe B cuy
(2), Tpetre — B cuy (1) (oCTOSHHAA USMEHIIACK) 1 YETBED-
T0¢ — B cHAy GopMynbl M3 TAOAULBI (IIOCTOAHHAA HM3MEHH-
nace). OHAKO B NpaKTHKe BBUNCICHMH B WIEHAX, COAEPIKa-
I¥X HeolipefieJIeHHbIN MHTerpas, KOHCTauTs! C He IMITYT, 1
TorAa nenouka (3) yupoljaercs:

2 2 2 2
x 171 % 1.~ 2 1 X
¢ xdx=3 [ 2xdx= [ d’=1e 4 C
-[ 2 2 j 2 ’
K TOMY Ke MBIl OIIyCTHJI¥ OUYEBHAHEIE 3-€ B 4-e PABEHCTBA.
2
Bor eme npumep: I = _[\/a -x* dx, a > 0. Takoro
HHTerpayia Het B Tabnuune. Eciu nmonoxuTs x = a sin ¢, To

\/az—x2 = aVl-sin’t = acos? u dx = a cos & dt. Cnegoga-
TenLHO,
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I _[a costacostdt=a Icosz tdt= aZJ‘1+cos2tdt

_dt ——sm2t+C
4

Ho t = arcsin®, nosromy
a

Q

2 2 2
I=2 arcsin® + a?sint cost+C= a?arcsin— +
a a

2 2 2
+£2.§"1_(2€) +C= gz—arcs'mﬁ + % a-2 +C.
a

2
_.-\laz—;»c2 dx = %\/az’—-xz + 92— arcsinf +C.

]

Hrax

ITpusenem eme puMepsl, KOTOPHIE BCe DABHO HAM IIOHA-
[oBATCA B TEOPHM MHTErDHPOBAHUA PAIHOHANBHBIX Apobeii:

dx-a)_ 1 :
o e Cm e ™y @

dx __
(x—a)” —I
J 229 pnp-arc; )

I dx _[ dix/a) _ arctg +C;
x*+d® a'l+(x/af a ’

dx _1 _ _
e f(x e
2 (nlx - a|—ln|x+a|)+C——lnlx a|+C;
x+a

‘[x +px+q _.J-(x+(p/2))

_ [dx+(p/2) _ 1 _P _ .
~J-(x+(p/2))2~ x+(P/2)+C (q 4 0):
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I dx =f dx =
+px+q Y (x+(p/2) +(g—-(p*/4)

d(x+(p/2))
d(x+(p/22)) 1I
(x+(p/2) +d’ (x+(P/2))

2
=—‘1;arctgﬁ—(p—/?l+0 (q—%=a2,a>0); (6

J‘__ dx __j' d(x+(p/2)
L+px+q 7 (x+(p/2 +a’

x+(p/2 2
lnlx+((§;23+a e G- % =’ a>0y
(2x+p)dx ¢ d(x*+ px+q)

Ixz+px+q—j Lipxig -0 | + px + gl + C;

_Ax+B j2x+(2B£A) Ig2x+ p)dx ,

x2+px+q X+ px+q X+ px+q

A[@B/A)-p , A

J.::cz+px+q Injx" + px + gl + J-;vc +px+q’ Q)

(A;tO, D=%(%— )) (nanee cM. (6)).

JlJ1 TeOpHMH MHTETPUPOBAHYS PAIIIOHABHBIX APODeii BAK-
HO, YTO BHIYKCJIeHUe waTEerpanoB Tuna (4) — (7), roe a, A, B,
P, ¢ — KOHCT&HTHI, IPHBOAUT K 3JIEMEETAPHBIM (QYHKITHAM
(paruonanbHEIM, In 1 arctg).

Ilepeiinem x popmyne urnmezpuposarus no Lacmsam:

Iuv’ dx=uv—jvu’ dx +C )
HIIH, 9TO BCe PABHO,

_[udv=uv——_.-vdu+C.

Tak xak B (8) cnpaea ecTs HeoIlpeie/IeHHBII HHTErPaJl, TO
nocTosHRYI0 C O0BIYHO OIyCKaloT.
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B panwoit dopMyne npeanonaraercs, YTo U (x) U U (x)
— HenpepsBHO Auddepennupyemeble dyaxnun. Crpasepiy-
BOCTH (hopmyJbl (8) Berrexaer U8 TOro $haxkTa, 9YT0 NPOUIBOA-
HEIE OT JIEBOH 1 NpaBoil yacTeil paBHEBI:

uv' = (wv)y —ou'.

@opmyna (8) cBOgUT BBEIYMCIEHME HMHTEIDana Iu dv ¥

BBIYHCJIEHHIO HHTErpaia _[v du. Brruucienue no gpopmyne (8)
HOCHUT HA3BBAHHE Memoda UHMeZPUPOBAHUA N0 YACTAM.

IIpumep 1. Bemmcaurs Ix In x dx. Tlonoxum

u(x) = Inx, jdu= _d_x_’

x
xdx = dv, v=jdv=jxdx=l°22—.
Torpa
jxlnxdx-— ® Inx - dex %lnx—x{+0.

HDpumep 2.Borumcaurs uaTerpans: I = je“" sin bx dx,

I, = je‘"‘ cos bx dx, rae a, b — nocToaHHEEIe yHciaa. B Jannom

clydae IIOALIKTErPATbHOE BBIPAYKEHHEe MOXKHO IPeACTABUTL B
BHJle Tipousseniennd u (x) 1 dv (x) aBoAKuM obpasoM: u = €™,
dv = sin bx dx w1 u = sin bx, dv = " dx.

Hrak, nycth

u = e, | du = ac”“dx,

cos bx
—p -

Torga o MIPABHIIY HHTETPDHUPOBAHUSA II0 YACTAM HMeeM

sinbxdx=dv |v= -

~_1 o> a | gex =_l ax
I= be cosbx+b_[e cos bx dx be

K unrerpany I, cHOBa IPMMEHNM METO MHTETPHPOBAHYSA
o uacTAM, ronaras u = €, dv = cos bx dx. Torza

cos bx + %Il. )
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I,= %e“ sin bx - &1 (10)

U3 (9) u (10) nomyuaem cucremy aus onpenenenvs I u I,

—ar__1

bI— e cosbx,}
a 1 & si
bI+I b sin bx.

Pemas aty cucremy, mosyaum

I= asmbx beosbx e C I = bsmbx acosbx e + C.
a+b @+

IIpumep 3. Borumcnurs unrerpan I = jarcsin x dx.
ITonaras u = arcsin x, dv = dx, noayaum

. dx .
I = x arcsin x —[-X2X_ = x arcsin x + V1-2 + C.
j h__ xZ
IIpumep 4. IlpuseseM eme npumep, KOTOphll Gymer

Hy>KeH JI11s TeOPMH MHTEeTPHPOBAHUA PAUMOHANLHLIX Apobeii.
Ilyets £ > 1 — HaTypaabHoe u @ > 0; Torma

dx __2[_dx x-2xdx _

@+ay)" (x2+a) x+a)

2xdx
— dx 1 x 1 dx
a_[ (= +a) +2{(1—kXx2+az)k—1 1""‘[(:|c2+a2)k4}’
A[—8x  _ x 4+ 2k=3 dx
(x2+a2)k Z(k—IXx2 )H 2k~1) (x +a )k—1
Tenepr (ecya k > 2) K MATErpajly B IPABOil YaCTH MOXKHO

NPUMEHUTE TOT K€ IIPOIIeCC, MIPHBOAAILMI K IMOHMYKEHHMIO HAa
eIMHUITY ITOKA3ATENA CTeIIeHN B 3HAMEHATENe NOALHTErPATLHON

OTKyAA
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Zpobu. B XoHIe KOHIIOB IPHAEM K HHTEIPAIY OT (:}c2 + az)_1 (mpu-
BopAIemy K arctg).

Taxkum obpasom, IpH g — (p /4) a’ > 0 1 BAaTYpAJILHOM
k uHTETpan

dx _ du — P
‘[(x"’+px+q ‘[x +a) i e (u o 2) h

GepeTcs B 2JIeMEHTAPHBIX QYHKIHAX.

IIpumep 5. Beruuc/mTe HHTETPAJIBL

ebz

IP (x){cosbx; dx,
sinbx

roe P, (x) = anx" + .. + @)X + @; — anrebpanyecKmit MHOro-
YIEH CTEIIeHY 1.

Jlanubie MMTETPANbI BBIYHCIHIOTCSH N-KPATHBIM IIPUMEHe-
HIIeM MeTOAA MHTEerPHPOBAaHUS IIO YACTAM, IOCJIEAOBATENIBHO
nonaras u = P, (x), sateM u = P/ (x), ... . ITonysatompyecs
METerpajhl 6yayT yOpoliaTsCs, TRK KaK IIPOU3BOAHAN OT aj-
re6parueckoro MmuorounernaP, (x ) Gyzner anre6panyecKuM MHO-
TOYJIEHOM CTEIIeHH, HA eQUHHILY MeHbIlel.

Tax Kax XapakTep nepBooGpasHOii AJisi pACCMATpUBAae-
MBIX 37ech PYHKIMIL JIETKO YralblBaeTcs, TO 3TH MHTETPaIbl
MOKHO BHIMMCJIATE TAK HAILIBAEMBIM Memolom Heonpedenen:
HbLX Ko3duytenmos.

Hanpumep, naa IP,, (x)eb" dx nepBoobpasHad UMeeT BHA
Q, (" +C,rae Q, (x) = b, X" + ... + byx + by u by, ..., b, —
MOK& HeusBecTHhIe KO(GHUIMeHTE. ITH K0o3PIHUIINEenTH Mbl
HAXOAUM K3 YCJIOBHA, YTO

@, ()" + C) = P, (x)e"” wm @', (x) + bQ,, (x) = P, (2).

IIpupasnuBas KoadduneHTE! IPH OAMHAKOBHIX CTEIe-
HAX X, MBI u Haiigem Bce yucis by, ..., b,. ITor crrocof Hashl-
BaeTcaMemodonm HeonpedenenHbLx KO3(DDUYUEHMO6. SRECH MB
BOCITONL30OBANIUCE TeM (PaKTOM, YTO JB& MHOTOWIEHHA DaBHHI
TOrZ& M TONBKO TOTA8, KOrfa paBHbI K0d((QuIlMeHTsl NpH
COOTBETCTBYIOLIUX crenensx x (cm. § 4.14, Teopema 2).
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TIponmirocTpupyeM CKABAHHOE HA KOHRKPETHOM IIpUMepe:
[ + 1) e*dx = (ax® + bx + ¢) € + C.
B parHOM Ciy4ae
Pz(x)=x2+ 1, Qz(x)=ax2+bx+c,
rae xoadhdunuenTts a, b, ¢ Hago rairru. Hmeem
@) ey =[ax’+ 2a+b)x +b+cl " = + 1) ¢,

OTKyZA ax® + (2a+b) x+b+c=2x>+1. Tak Kak aTo PaBeHCTBO
JOJPKHO OBITH BEPHO ISt BCEX X, TO KO3(bIHITHeHTE IpK OfH-
HAKOBBIX CTEIIeHAX X B JIeBOH M MPaBO¥ ero YacTH paBHEI MEX-
Iy coboit (§ 4.14, (15)): a=1, 2a + b=0, b + ¢ = 1. Takum
obpasom,

j(x2+1)e"dx=(x2—2x+3)e"+C.

§ 5.3. KoMnnexcHrie uMcaa
ROMRJL@ICCH.bL.MU qucaamiu HA3PIBAKOTCH BbIPDAXKEeHHA
z=a+bi=a+ib,

TRe a, b — pelcTBHTEJIBHBIC YUCJI8, & [ — CIeHaNbHBIH CHM-
BOJI; IPH 3TOM JLJIA KOMIUIEKCHBIX YMces 2, = a, + by, 2, =a, +
+ ib, BBeIeHBI NNOHATHA PABEHCTBA M apHu(MeTHYeCKHe onepa-
IINH 110 CAERYIOINM IIPaBUIAM:

1) 2z, = z, Torna u TOJALKO TOrAA, KOI'a a,=a,ub =b,;
a+0i=a,0+bi=bi,1-i=i.

2z, tzy=(a,xa) +i(b; by

3) 2, * 2y = (a8, — byby) + i (ba, + a,b,).
4_a6thh .batab (. .

4) ) a§+b22 +i a22+b22 (az+b2 ;tO).

Hs 1) u 3) caegyer, uto
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Taxum 06pasom BEeZIEHHEIE ONEPALIY CIOXKEHHA B YMHO-
KeHus o6JARAIOT CBOKCTBAMHM KOMMYTATUBHOCTH (2, + 2, =
= 25 + 2y, 2925 = 252;), ACCOMHATHBHOCTH ((2, + Z5) + 23 = 2, +
(25+ 23), (2,2,) 253 = 2, (2,25)), mucTpuUbyTHBHOCTH ((2, + 2,) 2=
2,24 + 2,25)-

Mo HO el1je CKa3aTh, YTO C KOMILUIEKCHBIMHM YHCIAMH MOX-
HO ONepUpPOBaTh B TOYHOCTH TAK JKe, KAK Mbl IIPHBBIKJIH OIle-
pHpOBaTEH ¢ 6YKBeHHBLIMH BHIDaKeHHSIMM B asrebpe, HO npu
3TOM Onepalliy YIpOINAIOTCA TeM, 4YTO if=-1.

W3 croiicTra a + 0i = a ciepyer, UTO MHOXKECTBO KOMII-
JIEKCHBIX YHCEJI COLEPXKUT B cebe KaK YyacTh MHOMKECTBO BCEX
NelCTBHUTEIbHBIX yuce. IIpH 3TOM JIerKo BUAETH, YTO IIpHMe-
HeHMe apupMeTHIECKHX AeicTeull 2), 3), 4) K BhIpaskKeHUIM
z, = a, + 0i, 2, = @, + 0i OPHBOAMT COOTBETCTBEHHO K a, t a, +

+

+ 0i = a, * a,, a,a,+ 0i = a,a,, % + 0i = i‘:_:(a2 # 0).

Yucso z = a — ib Ha3BIBACTCH CONPANCEHHBIM K KOMILACK-
cHOMYy yucny z = a + ib. [eiicTBUTENbHOE YUCIO |2] = J+ b
HASHIBAETCH MOOYNeM KOMNNEKCHO20 Yucaa 2. ONeBHIHO, 4TO

- 2
z2-z2=2% |2, - 25| = l2,] - |25y {2y + 24| < 24| + [24)-
Ecsm xoMILIeKcHOe 4ueyo 2 = @ + ib

TPaKTOBaTh Kak TOYKY (BexTop) M (a, b) % ”
miockocTH xOy, TO |2| paBeH PacCTOAHHUIO Vi P
Touk M (a, b) oT Havana KOOpHHMHAT %
(puc. 74). 7] ] L]
Ecau Ha 1LMOCKOCTH BBECTH IIOJIAD-
HBEIe KOODAHMHATHL (P, ¢), TO Puc. 74
a=poos@=pleosd 5 ). &)

b=psin@ =]z sin@

B cuty 8TOro KOMILJIEKCHOE YMCJAO Z MOYKHO 3alMcaTh B
dopwme
z = @ (cos ¢ + isin @), 2)
rae p — MOZAYJb 9YHCJA Z, ¢ — yroa (B paguaHax), KOTOPhIH
—
cocTtasasieT seKTop OM ¢ nosioKuUTeIbHBIM HATIPABJIIEHNEM OCH
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x. OTOT YyroJl HA3LIBAIOT eINe GPZYMEHINOM KOMNAEKCHOZO0 YUC-
g z ¥ 06ozpavaroT cumMBoJioM @ = arg 2z (0 < ¢ < 2m).

OueBwaHO, (¢ = arg 2 ecTb ONHO3HAYHAA GyHKIE: oT 2 # (.
BBORST ellle M1 MHOrOSHAYHYIO PYHKITUIO (@pzyMenm 2 ¢ 601m-
ol 6yKBBI)

¢©=Argz=arg z + 2kn
k=0, 1, 2, ..),

KOTOpa# JdeT BCe 3HAYeHHA (P, KA KOTOPBIX JJIA AaHHoro 2 # 0
VAOBJeTBOPSIOTCH nBa paBeHcTBa (1).

Yucyio z = 0 eguHCTBEHHOE, AJsI KOTOPOIo He HMEeeT CMBIC-
JIa ero apryMeHT, HO 3aTO €r0 MOYKHO ONIpefeNauTh KaK YHCIIo,
MOAyJb KOTOpOro paber HyJo (|2 = 0).

arg z (c mayoii 6yxBbI) HASBIBAIOT €INe APZYMEHmOoM 8
npueedernoii popme. Unorna GuisaeT yA06HO CHATATD PryMeH-
TOM B NpUBeJeHHOI (GopMe yroJi, IPHHAAIEKAIHE K APYIroMy
nosyuHTepBaay [, o + 27%) mauHbl 27, Hanpumep [-m, 7).

Yucna a ¥ b HASBIBAIOT OelicmMeumenvHoil U MHUMOIL Ya-
crAMu 2 ¥ 06o3HauatoT cumBoiaMH a = Re 2, b = Im z. Taxknm
obpasom,

z=Rez+ilm=z.
Ecny z = x + iy, TO MHOXKECTBO TOUEK 2 IockocTH xOy,

VAOBJIETBOPHIONIMX paBeHCTBY |2| = R (J?+y* = R), ects 0K-
PY#KHOCTb pajuyca R ¢ MeHTpoM B Hadajle KOOPAUHAT.
Ilo onpeneneHHIo

é°=cos @ +isin@ (-0 < @ < 00). 3)

OueBHIHO, YTO €% ectr xoMIUIeKcHAs GYyHKUMA® (IpH-
HHUMAIOIAA KOMILIEKCHEIE 3HAYeHMsI) OT AeHCTBUTEIBHOTO ap-
rymeHnTa . fcuo, 4ro & — nepuoauyecKas QYHKIHS NepHO-
ra 27 &9 = ¢,

1 2 2.2
Tak Kak |€¥] = Jcos ¢+sin"@ = 1, To Np¥ HeIIpePLIBHOM
usMeHeHMH () Ha nonyuHTepsBane 0 < @ < 27, Touka €' nenpe-

* On. Hamly kHMTY s]luddepenunansHnie ypasHeHus. KpaTHple HHTer-
pansl. Pansl. CyHKHUE KOMIUIEKCHOIO NepeMeHHoros, § 6.1.
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T

PHIBHO OIIHCHIBAET OKPYKHOCTH paguyca 1 ¢ LeHTpoM B TOYKe
z=0.
CropaBenjuBel paBeHCTBa

+ H fep; —
e’('h Wz):e'he'ﬂz, e P _ L__ (4)

B camomM pene,

€% = cos (¢, + @) + isin (@, + @,) = (cos @,cos @, -
— sin @,;sin ‘st %sm @,cos @ + sin (cos @,) = (cos @, +
+ isin @) (cos @, + isin @,) = ™7,

T _ 1 - -
£* ~ cos@+ising ~COS@—ising =
= cos (—@) + i sin (@) = ¢°,
Ina nponsnom.non KOMILTIEKCHOMN [IEPEMeHHOH 2 = X + iy
GYHKUA €° onpefensieTcs NPY OMOLIM PABEHCTBA

e =e'e?, z # 0.

Orcrona B cuay (3)
¢’ =e" (cos y +isiny). (5)
Ha ocnosammu (2), (3) BCAKOE KOMILIEKCHOE YHCIIO 2 MOMKHO
IIpenCcTaBNTE B (hopme
i
z=pe? (p = 0), (6)
Ifie HEOTPHUIATEJNLHOEe TUCIO0 P = |2] AN JAHHOTO Z eNHHCT-
BEHHO, a Ipu p > O yroxn
¢©=Argz=argz + 2kn
onpepesieH ¢ TOYHOCTRIO o 2k (B = 0, +1, £2, ...).
Bripaxxenus (2) u (6) HasbIBAIOTCS COOTBETCTBEHHO Mpu-
20HOMEMPUYLECKOIL 1L NOKASAMENLHOLL POPMAMU KOMNAECKCHOZO0
yycna z.
IlpuBeseM NpHUMeps! KOMILIEKCHBIX THCE, 3AITUCAHHBEIX
B IIOKa3aTeJIbHOi ¢opme (cumras @ = arg 2):

Lris (712.“:-,12.) S

i=0+1-i=€™%1=¢" ,—1=em.
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Hs3 pasencts (3), (4) nerxo nonyuaem Gopmysry Myaspa
(cos @ + i sin @)" = €™ = cos n@ + i sin nQ. (D

CrpaBefJiMBO TaK¥Ke PABEHCTBO

2,2, = |z,] Iz, o2,

7. e. IPH IIePEMHOXXEHHY KOMIUIEKCHBIX 4YMCeJ MX MORYIH
MEePeEMHOMKAIOTCH, 4 aPryMeHTh] CKJIaABIBAIOTCH HE3aBHCHMO
OT TOTO, B KaKoi )OpMe OHH B3ATHI — B IIPVBEIEHHOMN HIIH HET.

Onepaliys IOCTPOEHH A COLIPAMKEHHOI'0 KOMIUIEKCHOIrO THC-
na obnafaeT clefyIOIUMH IIPOCTHIMI CBOMCTBAMM:

2tz =2, % 2, 22, = 2,25 (j)"‘gl (z,#20). @
2

B camom xene,

(a,+bi)x(a,+bj) = (@, ta)+ B 1b) =
=(a, tay)—i(b,tby)=(a,~by)*t(a,- byi) =

= (g, +bi)x(a,+ b)) ;

nanee, TaKk Kak

ge_“’ = plcos@+ising) = p (cos ¢ — i sin @) = pe ™,

TO

i +o2) Hp1+92) _

22,=p €%, =pp £ = pp g

=p,€ "Plpze ipy _ =p, eﬁm 2e'wz —2' > ”
Tonob6Hoe foKa3aTeMLCTEO HMEeT MeCTO H B CJIydae [acTHOro.
PaCCMOTpnM 3aa9y O BhIUMCIEHUN KODHA 7i-ii CTENeHN U3
unuena @ = pe (p > 0). Tpebyercs, TakuM ofpasom, Han'm BCe
ayena b = ré raxue, wro b" = a. Ho Torma r"¢™ = pé ® . p>0)
M, BCJEJCTBHE €IMHCTBEHHOCTH TPeICTABIEHHUA KOMIUIEKCHOrO
uKc/a B OKA3aTeNbHoM dopme, p =77, n@ =0 + 2km, k=0, £1,

12, ... . 3 nepeoro paseHCTBa clenyer I' = ’\'/i; (r — apudme-
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THYECKOE 3HAYEHHe KOPHA 7i-H CTENeHM M3 [OJOMKHUTENBHOTO
uucia P). U3 BToporo xe, ¥ro @ = %+3ﬁ—“~ (=0, 1, ..).

Tax kax bynxkuus e’ nepmoguueckas c HepHoaoM 27,
TO SHEYEHM# (, AalolMe CYIeCTBEHHO Pa3JiMuHble KODHM
n-i cTelleHH M3 @, COOTBETCTBYIOT TOJLKO 1 3HaYeHHAM k:

(Pk = %.Q.—Zk;l—n (k = 0, 1, eey L — 1)' (9)

OcraneHbIM 11eabIM E COOTBETCTBYIOT 3HAYEHHA ¢, OTIHNYAaI0-
IiHecH OT OAHOrO U3 3HaveHuit (9) Ha BeIMYHHY, KpaTHYIO 2.

Ms1 noxasanu, 4TO y KOMILJIEKCHOTO uucaa a # 0 cyme-
CTBYET n (M TONBKO 1) KOPHelt CTeNeHH 1, 3THCHIBAEMBIX 110

dopmyie
’{/E:""peie:‘/‘;e‘” (k = 0, 1, asey 1L — l)v

rae ¢, onpeneifloTcH papeHcTBaMu (9).

HIpumep s
. =YF=-E -0, 1, 2.
o, 3 Y _ JEA (=0.1.9).
3°. 1+i l—lz{‘\r '2e2“ G (k=0,1, ..., 5).
NANFEMy -0, 1),

§ 5.4. Teopus MmuHoOrouNeHa n-i cremeny
Mmuoro4neHoM r-ii CTeNeH: HAIBLIBALTCS QYHKIAA BHIA
N n Z k

Q.@D=aq+az+..+az2"=Da, (1)

THe @, — TNOCTOSIHHBEIE KO3hDHUIHEHTE! AelCTBMTe LHEIe KX
KOMILUIEKCHBIE, 8 2 — IlepeMeHHas, BOOOIe roBOPA, KOMILIEKC-
HAafA, KOTOPasd MOMKET IIPUHUMATL JIIOObIe KOMILJIEeKCHbIe 3HA-
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yeHus (z =X + i) MJINA, BEIPAXKAACH FeOMETPUIECKHIM S3BIKOM,
2 MOKeT OLITh JII000H TOYKOM KOMIIJIEKCHOM ILIOCKOCTH.

Kaxxnoit Touke 2 KOMIJIEKCHOM IJIOCKOCTH IPH IIOMOILIH
dopmyss! (1) npuBoguTCH YHCHO @, (2), BOODILE FOBODS, KOMII-
nexcroe. B panbHeifinem Gypnem cunrars, 4To @, # 0. Ecimu
Q, (@) = 0, To wHCI0 @ HA3LIBAETCH KOPHEM UL HYJeM MHO-
rouneHa @, (2)-

Paccy»xast B TOYHOCTH TaK e, kax B Hayase § 4.14, roe
paccMaTpPHMBAJICA MHOPOWIEH OT AeiCTBUTEIBHOT0 IepeMeHHoro,
MOKHO NOKa3aTh, YT0, KAKOBO OBl HU Ob1JI0 KOMILJIEKCHOE YHC-
10 2y, MHOrO4wIeH @, (2) pasnaraerca rno CTeNeHsAM Z — 2, U
[IPUTOM €ANHCTBEHHBIM 00pasoM, T. €. IIpefCTABASAETCS B BHe

Q. () = Sb, @ - 2
k=0

rie b, — mocTOSHHBbIE YMCJia, BOODILE MOBOPHA, KOMILIEKCHBIE.
Ouesmgno, Q, (z,) = b,. OTcioga cienyer, YTO A/1s TOTO, YTOOLI
TOYKA 2 6bLIa KOPHEM MHOrowWIeHa @, Heob6XoAMMO 1 nocTa-
T04HO, 4TOOBI HyJleBoi KoadduiueHT b, pasnoxeHus @, mo
cTeneHAM 2 — 2, 6b11 paBen nymo (b, = 0). Ho ecya by, = 0, TO
@, MOYXHO NIPEACTABHTL B BHJeE

Q.@=(2-2)Q,,@ Vs, 2

rie @, , ecTh HeKOTOPEIi MHorouner crenenu n — 1. Haobo-
por, eciu @, MOKHO NMPEACTABHTH B BHJe (2), MHaYe TOBODA,
eciy ©, () MOKHO pasfenuTh Ha 2 — 2, 6es ocratka, TO, 0ve-
BU/IHO, 2, €CTb KOPeHb Q.

Mgut pokazany Treopemy bBe3sy:

J s mozo umobvt mnozouren Q, (2) umen (Komnarerchbiil)
KOpeHb 2, Heobxodumo u docmamouho, wmobvL OH Oenunca Ha
z — 2y, M. €. LMobbL €20 MOHHO ObtO npedcmasumv 8 gude
npousgedenus (2),20e Q,_; — HeKOMOPLLilL MHOZOUACH CTMENeHU
n-1.

Ilycrs z, ecTe KopeHb @, M, TAaKMM 00pasoM, MMeeT Me-
cro npencrasnenue (2). Ecan npu stom @, , (2y) # 0, T0 Ha
OCHOBaHMM TeopeMbl Besy, npumMeneHHOIi kK @ |, MHOTOWIEH
Q, ;(2) He genurcH Ha 2 — 2, a €@, (2) X0oTA ¥ NENHUTCA Ha Z —
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~ 2,, HO He HeJMTCA Ha (2 — 25)°. B aTOM CiIydae roBOPAT, 410
2, €CTH NPoCcmMoil Kopehs (Hyav) Muorodnena @,. [Tycts Teneps
Q,_, (z¢) = 0, Torga mo Teopeme Besy, npumenensoii k @, , (2),
MHOrOWIeH @, , (2) ;;eJm'rcx HA Z — Zj, ¥ MBI IIOTYYHM DaBeH-
crBo @, (2) = (z - zo) Q, (2, rne Q, ,(2) ects HeKOTOPHLH
MHOTO'WIEH CTELIERH i — 2. Ecnn Q,_, (2() # 0, To Q,, (2) nemmr-
ca Ha (z — 20) HO He fienurcs Ha (2 — :z‘,)3 M TOTHE YMCJTIO 2,
Ha3BIBAETCA KOpHeM (Hynem) kpaTHocTH 2. B obiem ciydae
ZI7Is1 HEKOTOPOTO HATYPANBHOIO § < 71 HMeeT MeCTO

Q@ =(@E-2)Q.,@, Q,(z)=*0,

rae @, _, (2) — MHOro4JieH CTeIleHM 71 — 8, ¥ TOTKA F'OBOPSAT, UTO
2, ecmb Kopenb (HYnv) MHOzZOUNEHA @, KPAMHOCMUL S.

CrnpapepyiuBa TeopeMa CYIIeCTBOBAHUS KOMILIEKCHOrO
KOPDHA Y MHOrou4jeHa.

OcHoBHas Teopewma. Beakuit MHOzZoOwNeH n-il cme-
neHu umeem no Kpaiireil mepe 00uH KOMNACKCHYLLL KOpeHb (HYb ).
ME&I He naeM 3Zlech HOKA3aTENBCTBA HTOM TEOPEMEL.

W3 BHee BrITEKAeT BAKHOE CJIE[CTBHE.

CnexcrBue. Muozounen n-it cmenenu Q, co cmapuius
He PABHbIM HYNI0 Kosppuyuenmom (a, # 0) umeem n womn-
JNEKCHbLX KOPHELL € Yiemom KpamHocmu, unave z06opa @, (2)
npedcmagnsemcsa 6 sude npoussedenun

Q, (@ = a,(z-2)'(z-2)".(z—-2)", ®)
Py Pyt tp=n,

20e z,, ..., 2, — pasauyHvie KOpHU G, KPamHocmeil, coomeem:
CMEEHHO Py, ..., D;.

JdoxasaTtenscTBo. CormacHo 0CHOBHO TeOpeMe MEOro-
ujeH @, MMeeT N0 Kpaiineil mepe onuH kopeHb. OGosHaYMM ero
yepes 2,, a ero KpaTHOCTh — 4epes p,. Takum obpasom,

Qn (2) = (Z_zl)plQn—pl(zl) n—pl(z) # O)

Ecmu n — p, =0, T. e. p, =n, To HEOBXOXUMO Q,,_,,l(z) =a,u
TeopeMa foKasaHa. B atom ciyuae @, (2) =a, (z — z,)".



§ 5.5. JERCTBHTEJLHBIN MHOTOYJIEH n-it CTENEHH 247

Ecxn ke p, < n, 1o @, ,(2) ecs muorowren crenenw n — p,, He
JensIquiicad Ha 2 — 2, 1 ero Ctapunii KosQdUIHEHT He DABEH
Hyao. K HemMy MOXXHO IIDHMEHHTH OCHOBHYIO T€ODEMY, B CHIY
KOTOpOii OH MMEeT KOMILIEKCHBI] KopeHs. O603HaUuM €ro 4epes
2,, & €ro KPaTHOCTh — Yepes p,. B pesyisTare IOJyTHM

Q, (&) =(e-2)(z~ zz)szn_p,- @)
(Q (zi) * 0, j= 1, 2).

n—p-Pg

Ectun-p,—-p,=0, 10 Q, (2) = a,. Ecan mer, TO mpouecc

~PyPy
MOXKHO NPOROJDKNTE. OZHAKO 3TOT IMPOLECC IIOCNEe KOHEYHOro
upcia (He GOABIIEro 1) STANOB 3aKOHYATCH, H MBI HOTY4YMM (op-
myny (3). Eciu B mpaByio yacTs (3) moacTaBuTh BMECTO 2 YHICHO,
OTJIMIHOE OT 2, ..., Z; TO OHA He 0GPaTHTCS B HYJIb. JTO NOKABH-
BAET, YTO APYIHX KOPHEii, KpoMe HalJeHHLIX, MHOI'OYJIEH Q, e

HuMeeT ¥ npefcrasieHue (3) e JMHCTBEHHO.

§ 5.5. lelicTBMTeNbHBIH MHOTOYJNIEH N-#
CTeneHHn

Mzorounesn
Q. @ = Ya,7 (@, # 0) ®
k=0

HASEIBAETCH OelilcmeumenbHblM, €Clii ero KO3PPUIHEHTH a,
— gelicTBHTeNbHbIE UWCAA. DTO Ha3BAHHE OODACHAETCH TEM,
YTO NeHCTBUTeIILHBI MHOI'GWIEH, €CJIHM €r0 PACCMaTPHBATD TOJb-
KO IS IeiiCTBUTENbHOM TepeMeHHO 2 = X, IPHHIMAET AeiCTBY-
TejbHLIe 3HaueHHs. I{oHeuHO, A/ KOMILIEKCHBIX 2 HelCTBH-~
TeJIbHbIH MHOrOWIEH IPUHHAMAaeT, BOOOINE rOBOPSI, KOMILIEKC-
Hble SHAYEHHA.

JI e M M a. J[n8 delicmeumenvrozo MHOzoYAEHA @, (Z)uMe-
em mecmo paseHcmeo

Qn (2_) = 6;(_25 VZ'
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HJdorxazaTenscTso. Hamm paccysxaennsa 6ynyt 6asu-
poBaThcs Ha paBeHcrBax (8) § 5.3 u Tom ¢daxre, YTO AAA AEii-
CTBMTEJILHBIX G, UMEET MecTO 4, = @, ViMeem

Q,@ =Yo7 =3a7"=3aF = Yad =00, @
k=0 k=0 k=0

k=0
yTo u TpeboBajock.

Teopema 1. Ecau zy= o + i} (B # 0) ecmv xomnnexc-
Hutil KopeHb Wil kKpamuocmu deilcmeumeabH0z0 MHOZOYNEHA
Q,, mo 2y = & — i} ecmv moire Koperv Q, u Moil He KpAMHO-
cmu, u mozoa

Q, @ = [ - 0+ B Q5 (@ 3

20e Q,,_,, (z) — OeiicmeumenvhbLii MHOZONACH CIMENEHU N — 2V,

He pasHbLil HYNI Npu z = 2, U 2 = 2,
HokasaTeabrcrro. Ilyets 2, = a + iff (B # 0) ects

Kopens Q. Toraa 50 =a — if§ — ToXke KOpeHs @, IOTOMY UTO

B cunty (2) @, (z) = Q,(2)) = 0 =0. Yucna z, ¥ z, He paBHbBI APYT
BpyTy u Q, (2) menuTcs Ha

-a-if)-o+iP)=(z~ ) +p (4)

7. €. Ha AeficTBUTeNbHEI MHOrowieH BTopoii crenenu. Taxnm
obpaaom,

Q,() =z - )+ B1Q,, ),

rae 6, _,(2) — MHOroO4JIeH CTeneHu n — 2, O4eBMABO, AeHCTBH-
TenbHblH. Benn yacTHoe OT fenenus AeicTBUTENLHLIX MHOIO-
YJIEHOB ecTh AeficTBUTeNILHBIE MHOYOUNeR.

Ecm z, — xopenp @, KpatHocTH VBV > 1, TO 25 —
KOpeHs €, , KpaTHOCTH V — 1, noaToMy, IIOBTOpSIS HAIIM pac-
CYXKIeHMA B OTHOLIEHHM Q, , (2), MOKHO M3 HETO BBIIENUTE
MHOXxUTens (4). Bropoit e mHOXUTENs Oyner AelCTBUTEND-
HbIIl MHOTOWIEH @), _, creneny n — 4. ITosropus atoT npoiece v
pas, noJIiyduM npejcrasierne @, (2) B suze (3), rae @, ,, (2) —
AedCTBUTENIbHBIA MHOIOYJIeH crelleHH nn — 2V, obnagaronimii

cBoiicTBOM @, _,, (2,) # 0. Ho Torna u Q,_,, (2,) # 0.Bexns ecan
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65l 50 6Bl KOpHEM REHCTBUTENILHOrO MHOroOWieHa Q, 5., TO
HEMHHYeMO 2, Toxe Obiii GBI KODHEM STOr0 MHOrOWIEHa.

3anavya. JlokasaTs, 4TO MEOTOYJIEH @ (2) = 2°—32%+ 22
HMEeT He MeHee TpeX HeiCTBUTeNIbHBIX KOpHEii.

Teopema 2. feiicmsumenvnviii muozounen @, (2) co
cmapwum ko3@guyuenmom a, # 0 moxcem 6bime npedcmas-
JeH 8 gude npoussedeHus

Q@ = a =)' (-c)[e - a) + BT

oIz -y + B2 = ang(z—cj)"i Q[(z - (x,.)z +B17%, (5)

20e ;> 0, by + oo + P+ 2(Vy + e + V) =1, € nny €, —
deilcmeumenvHbvle KOPHU Qn Kkpammuocmeil coomeermcmeeH-
HO Wy, ..., B,y @ @y £ Bii, ..., o, * B,i — nonapuo conpaxcen-
Hble KoMneKCHbte KOPHU @, KpamHuocmeil cOOmMeemcmaeH-
HO Vi, ..., V,.

3amMevuaHue. JeicTBUTENbHBE MHOMOWIEHE! BTOPOH

CTelleHN, BXOAALNe B npouseeneHre (D), Mo)xHO npeobpaso-
BaTh TAK:

(z- (1,.)2+ Bf =2% - 2(xi2+(af. + ﬁf)=22+pl.z + g
2 o2
pj=—20;,  g;=0o;+f.

Iloatomy copmyny (5) MoKHO 3aUMCATE ellle B CIEAYIoIeM
BUZE:
Q, ) = anI_](z—c,-)“‘ 1[[(22 +pz+q), (5"
= x

2 w -
ThAe 2° + p;z + q; — AeHCTBUTENbHbIe MHOTOYIEHB! BTOPOi
CTeNleHM, MMeoliHe KOMILIEKCHbIe KODHU O; L iB; (Bi >0,

p - 4g;= -4 < 0).

HoraszaTenscTso. Haocnopanun ¢popmyns: (3) § 5.4

r

Q. @ = 1z-¢)"q, (2,

]
e Q,, (2) — meficTBHTENbHEBI MHOTOWIEH CTENeHH m = 1 —
Wy = ... 1. Ecom m = 0, To, oueBunHo, @, (2) = a,; B ofinem
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Ciydae IIPMMEHSEM IIOCIEeNOBATERHO TeopeMy 1 X KOMILIeK-
CHBIM KOPHAM Q.
. OTMeTHM, YTO OCHOBHAA TeOpEMa JHOKa3bIBAET TOJBKO CY-
IeCTBOBAHNE KOPH#A (BOOOIle KOMIJIEKCHOTO) Y MHOTOWIEHA
n-it crenesy, He xaBasd 9OGHEKTHBHEIX METOLOB HaXOXKIEHHUA
ero B obimem cayuae. Bupouem, mokasaTeaLcTBO 3Toi Teope-
MBI IIPOBOAUTCH METONAMI MATeMaTHIeCKOro AHANN38, 8 He
anreOpsl. MuI He loKa3kIBAEM 3€Ch 3Ty Teopemy. OHa CBA3aHA
OpraEndecKky ¢ Teopueit GQyHKOHI KOMILIEKCHOTO IIepeMEeHHO-
ro.

CyinecrByioT GopMyans! pelesns obIx ypaBHeHnit BTO-
Poii, TpeThel 1 YeTBepTOil cTenereil. 11 ypaBHeHMIl CTeneHn
n > 4 takux dopmyn wer. AGenr* goxasan, YTO OHU HE MOTYT
CYIIeCTBOBaTb. JTO HAZ0 IOHMMATE B TOM CMEBICJIe, YTO NPH
n > 4 KOPHM YpaBHeHUA X" + ... + a,x + ay = 0 (a, # 0) He
BHID2XKAIOTCH Yepe3 K0a(GHUNeHTH! a, NocpeAcTBOM (QYyHK-
I(UH OT aTHX Ros(bq:fnmen'ron, npencraBasiommux coboil pe-
3yABTAT KOHEYHOT'0 YHCJIa ONlepanuii ToJIBKO CIeAYIOLIero BHAA:
CJIOMKEHNA, BEIUMTARNA, YMHOXKEHIA, NeJIEHUA K U3BJIeYeHUA
KOpHH,

§ 5.6. HATerpupoBaHye pallHOHAJIBHBIX
BHIpaXXeHUH

OTHolleHKe ABYX anrefpandecKuX MHOTOWIEHOB

F(x)
f()—Q() 1)

P, (0)=by+bx+...+bx",
Q. (x)=a,+ax+ ... + a,x",

b,a,#0, m=>0,n > 1, HA3RIBACTCA PAYUOHANLHOU PYHK:
yueil 1 exe payuoHaavhoil dpoburo.

Byzem cunTaTh, 4T0 pauuoHavias dpobe fdeiicmsument
Hasa, T. e. P, n @, — nelictBuTenbHBIe MHOrouwJIeHsl. Kpome
Toro, OyneM CUMTATH, YTO X — HeMCTBUTENLHAA NEepEeMEHHa.

* H. I'. A6ens (1802-1829) — srifatonuiica HOPBEIKCKUT MaTeMAaTVK.
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Pannoranpubie byHKUuM BIga

A — A (k>2), -Ax+B
x-a (x- a) x+px+q
(x +px+q)

rae A, B, a, p, ¢ — pelicTBuTenbHEIE YHCAR, B — HaTypanbHOe
YHCIO, & TPEXUAEH X + DX + ¢ He MMeeT HeACTBHTEILHBIX
KopHeil, 6yaem HasLIBaTL npocmeilwumu dpobamu.

B § 5.2 MBI mokasany, Kax BRIYUCIAIOTCH MHTETDAJBI OT
npocreinunx apobeit (cm. (4), (5), (6), (7), (11) § 5.2).

ITycTs HanO HaliTH HeONpeneNeHHBI HETErPaJl OT PaIio-
HaaeHOM dyrxnun f (x) (cm. (1)). Ecim m 2 n, To OpocThIM
llefenyeM BbIfedsdeM K3 [ LEAyI0 JacTh:

f (x) = MHOTOUNEH + (m, < n).

LG
Q,(x)

HuTerpiposaine MHOrOYNIeHa He IIPEACTABIAET TPYAA 1
TPYAHOCTB CBEJIACH K MHTErPHPOBAHUIO PAIIHOHAIBLHOK ApobH,
Y KOTOpOIl CTelleHb YHUCIUTENA MEHbIle CTeleHU 3HaMeHaTe-
nd.

Byznem 1i0aToMy c4uTaTh, YTO Halla panHoHAIbHAA ApOGh
f (x) npasuavhas, T. e. CTENEHD ee YKCIUTESI MEHbIE CTe-
UeHy 3EameHaTens (m < n).

Teopema 2.Iycme 3Hamenamens npasunvroil deiicm-
sumenvHOil payuoxanvhoil dpobu pasnoxcer no gopmyne (5
§5.5:

Q, () =a,(z—¢)"... (z-c)" @+ pe+g)... @ +pz+ qs)v‘.

Tozda dpobv (1) moxcro npedemasumv u npumom edun-
cmeeHRbLM O0pasom 6 sude caedyousels cymmu: npocmeiiiux

dpoGeii:
Blx) _ A, + A +...+A""‘+

Q%)  (x-¢)t (x-c)” x—¢
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Ar.l Ar,2 + T, 4, +
- Hr p,—l o —
(x—c) (x-c) ¢
Bl,lx + Cl 1 Bl 2* +Cl,2 Bl.vl Ly

8,2 8, v,x + Cs, A

B, x+C, , B
% s = et —3 v (3
(x2+ psx+qs)' (x2+ psx+qs)' “+px+q, )

roe A, B, C (c coomeemcmayrowumu undexcamt) — nocmosn-
Hble Yucad.

OTa TeopeMa YTBEpIKAAeT, YUTO JJisa mMoboH IIpaBHJIbHOM
PALMOHANBHON AeiCTBUTENBHOM APOGH CYIIECTBYIOT ITIOCTOSH-
Hble uncaa A, B, C ¢ yKasaHHEIMH MHJIEKCAMHI TaK, YTO MMeeT
MEeCTO TOMKAECTEO (3) AJIA BeeX X, HCKJII0UAA SHAYEHHSA X =Cy, ...,
«ess €, ANA KOTOPBIX 0Be uactu (3) He ompejesieHbl. OTY Teo-
peMy MOXKHO AKKYPATHO AOKA3aTh, HO Mbl 3ReCh €€ JOKa3bl-
BaTh He Gygmem.

TosicHum GopmyupoBKy Teopembl 1 Ha npumepe. Co-
IrJIacHo Teopeme 1 mMeer MecTO PaBeHCTBO

28+ x+2 A A, Mx+N
2f 2 - + 2 2 L] (4)
(x-1) (x +x+1) x-1 (-1 x"+x+1

rae A,; A,, M, N — BIIONIHe ollpe/ileTeHHbIe IIOCTOSIHHBIE HC-
Ja. YTobel HaliTH MX, IPHBORKM (4) K ofIeMy 3HAMEHATEJIO
¥ TIPUPABHHEBAEM YHCJIHTENH JeBoll 1 NpaBoil vacreii:

2x3+x2+x+2=Al(x—l)(x2+x+ 1+
+AE+x+ D)+ Mx+N)(x-17  (5)

Packpripas cxoOku B ipaBoil yacTu (5), rpynIupyeM WIeHb! ¢
OAVHAKOBBIMY CcTelIeHAMHU X ¥ NIpHpaBHuBaeM KoobdHIIMenTRI
NPy OAMHAKOBLIX CTeleHAX X obeux vacreir (cMm. § 4.14, Teo-
pema 2);
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2=A +M,

1=A,+N-2M,
1=A,+M - 2N,
2=-A, +A, + N.

()

Mu! IOYYHAM 4YeThIpe JHHEMHLIX YPAaBHEHMH C 49eTbhIphEMA
HensBecTHBIMU A,, A,, M, N. 31a cucrema 110 Teopeme 1 umeer
peneHHe ¥ IPUTOM efuHCTBeHHOe. Pemana cucremy (6), nony-
mm A, =1, A, =2, N=M = 1, ¥ noTomy

2 +xP+x+2 1 2 x+1
(c—1)(x +x+1) X1 (x—1)° a1

)

B ofimem caydae, eciy Mu! Haup KoaddminenTor A, B,
C B (3), nns MHTErpNpOBaHusa Apodu P, /Q, y Hac Bce rOTOBO:
HeoImpeJeleHHbIi MHTerpal ot JeBoil uactH (3) paBeH cyMMme
HeoNpeZeeHHBIX MHTEeTPAJIOB OT BCEX WIEHOB NpaBoi ILIIOC
HeKoTopas nocrosiHHasg C. Brime yxxe 6b1y0 0OTMEYEHO, UTO
MHTETPAJIE! OT JI060T0 13 uieHOB (3) MBI YMEEM BhIUMCIATEH.
B cnyuae npumepa (7)

x+1
‘[(x 1) £+x+1

2+’ +x42 d =J‘ dx
(x— l)z(x2 +x+ 1)

=In|lx-1]|- ;%i+ln\/xz+x+1 +71--a';\rctg—2—f'\c7il

3ameuarnune 1.Pasencrso(5)BepHO 1A moboro x# 1.
Ho oHo Torga BepHO u 1Ipu X = 1, HOTOMY YTO CJI€Ba M CIIpaBa B
(5) cToaT HenpepbiBHLIE GyHKIUH OT X. Ilogcrasus B (5) x =1,
nonyunm 6 = 34,, T. e. A, = 2 u, nonoxkuB x = 0, moayuum
2=-A,+A,+ N, 1. e. N=A,. 3ru paunne (4, =2, N=A))
cuIbHo ynpoigaior cucremy (6). Ha npakruke nogoGHBEIME
coofpakeHMsiMM He Hano IpeHeGperaTs.

Bameuanue 2. [IpHHIUIHATBEHO BCAKAA PANUOHAIL-
Hasg (PYHKUHA MHTErpHPYeTcs B 3JIEMEHTAPHBIX QPYHKIIMAX.
TIpaxTHYeCKH II0JHOe HHTerpupoBaEne (1) MOXKHO HOBECTH HO
KOHIIa B CJiyJyae, ecJIX H3BeCTHHI Bce KOPHH §, 11 MX KPATHOCTH.
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Ho mb1 yaxe roBopmiu B § 5.5, uTo 370 He Bcerzia yjaercs
y3HaTk. B cBA3H ¢ 3THM BCAKOro POAA YIPOIIEHUS MHTErpaia
OT PAMOHAJIBHOKE APo6H (1) ABNSAIOTCA OYEHE UEHHBIMH.

C aT0i1 TOUKM 3peHUs 3aCIYKUBAET GOMLIIIOro BHUMAHNSA
meTor OcTporpanckoro*, o6erduo usnaraemblii B Goyee Ion-
HbIXx yueOHHKax*¥,

§ 5.7. HHTerpupoBanHe HPPANNOHAJIbHBIX
byEKIHH

PaccmoTpum ciryuan, Korna saMeroil repeMeHHOH MOXKHO
CBECTH MHTETPHPOBAHNE HEPAITNORANHHEIX QYHKIINH K HHTErPH-
POBAHHIO PALHOHANBHEIX (YHKIWHE (T. €., KAK rOBOPAT, pa-
[ACHANN3KUPOBATE UHTEIDA).

Ilycre R (x, y) — panmoHaabHas GyHKIMA CBOHX apry-
MEHTOB X M ¥/, T. €. HaZ X M |/ COBEPIIAIOTCH TOJBKO apudme-
THYeCKHe onepanun, 4Tobbl noayuutk R (x, y). Hampuwmep,

axy+ y2

R (x, y) = —2 =~ — pauuonanruas QyHKIMA, a
cx+x

fx, p)=Jc+y + x* — He sBiAeTCA PpaIHOHAILHOI,

cx+
TNOCTOAHHEBIEe YHCJIA, M — HATypaibHOe umceao, ad — be # 0,
R (x, y) — panuoHansHaa QyHKIUA.

I. BRIuucauTL jR(x, ~ax—+3)dx, roe a, b, c, d —

DOYyHKLUIO BHAA R(x, l&i‘%) HasbIBAT JpobHO-AU-
cx+

Helinoll UppayUOHANLHOCBIO.

IlokaxkeM, uTo 3aMeHa ¢ = ax_+‘l; paIMOHATM3HDPYeT
+
m
unrerpan. B camom pexe, £ = 2X+b  oryyna x = b—mi -
cx+d ct —-a

panuoHaisHada GyHKIuA or . Janee,

* B. M. Ocrporpagckuii (1801-1861) — mnizanmuiica pycckmil ma-
TeMaTHK.
*¥* CM., HanpaMep, «Kypc MatemaTRueckoro aHanusa» C. M. HEronsc-
koro, T. 1, § 8.7.
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" l|ad bcldt
(ct —a)

IToaTomy
IR (x, rd‘—l—x—tg)dx =
cx+d

jR(’c’t dt”, t) mt(m:[“d)bﬂdt_ R, @ at,
ot

rae R, (f) — pauuoHanepHad QyHKIMSA 110 {, MHTErpHpPOBATH
KOTOPYIO MBI YMeeM.

IMpumep 1. Buuucaurs 3 x+1dx. 3znecs
(x- 1)
3
R(x, y) = —Y¥ .. ITonaras 3 x+l _ t, monyuanm x = L +1
(=, y) 1] "x—l V4 1
2

dx = 6t dﬁ ,x—-1= BL Taxum o6pasom,

(£-1) t -1

3 3 2
31’x+1d Y PR A Gl ) M7 ¥
I(x 1y ==] -1 4 zI
4
__3a __3 3’!&]
8t +C= 8( 1 +C.

IIpumep 2.

6f'dt _

[ 4
Jl]x+3x -[ 6 (x ) £+t
=6I(t2—t+1)dt—ln|1+t|=2t3—3t2+6t——ln}1+t}+C.

. BruucauTs jR (x, Jax2+bx+c) dx, rpe a, b, ¢ —

2
mOCTOSIHHbIE uKncia. Pyukuuio R (x, Vax +bx+c) 6ynem Ha-
3bIBATH K8adpamuYHOIl UPPAYUOHATLHOCTIBIO.
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Ecym rpexunen ax® + bx + ¢ nmeer IeiicTBATe IbHEIE KOP-
2 =
HU X}, X, TOQX +bx+c=a(x~x)(x - x,) u

R(x, Yax’+bx+c) = R(x, (- x,) =R ( ’ )
X=X
M JleJ0 cBOANTCA K cayualo 1.
IToaromy GyneM cyuTaTh, YTO ax® + bx + ¢ He uMeer Aeit-

CTBHTEJIbHBIX KopHe# u a > 0. Torpa pamuoHaausanms HH-
Terpaja MoKeT OBITE JOCTHIHYTA C IIOMOIILIO IIOACTAHOBKH

Jiinepa*:
t = vax’ +bx+c + xJa .
2
t —¢

O'rc:onaaxz+bx+c=t2—2::cJE+ax2 T. €. X = —
’ otJa +b

paguoEanbHas ¢yskiusa or t. Ho Torna
2
, 2 t —c¢
ax’+bx+c =t—xJa =t - Ja
2uJa+b

— TaKXKe panuonanbHas GyHxkousa or t. [losromy

[R(x, Yax' +bx+e) dx = [R, (@) dt.

3Bameuanue. Ecmma<0, ac>0(ax +bx +c=0), 10
MOKHO CJeNaTh 3aMeHy

2
ax’ +bx+c = xt + Je.

[z, 7 2 2
IIpumep 3. BLI‘IHCJIHTLJ a +x° dx. BuHoMm x” + @
He UMeeT meilcTBHTEeNbHEIX KopHeil. IlosTomy nomaraem

B 2 '.2
=Ji+d +x, 2+ = - 2x+2% x= tgta

2 2
2 2
Vr'+a? =t - x =134

* Dry HOACTAHOBKY MOYKHO IDHMEHATH U B CJYYAE eHCTBUTENLHEX KOp-
Hel mpe @ > (0 HA MHTepBaNe, Iue ax® +bx +c¢ = 0.
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Orcropa

— 4 4 2 2
wVira® =1 =8 gx=tra ;ta dt.

B cuny aroro

Imdxz t+a t2+az 1j[t+ +—]dt—

2t 2F £
=a—21n|t|+ﬁ—9:+C=a—21n[t]+t4_a4+C=
2 8 8f 2 ?

2
2 2 2 2
=92—1n|x+~/x +a |+§\/x +a” +C.

IIl. AaTerpupoBaeue Bripaxernuilt R (cosx,

sin x). Panmonanmnsaius _[ R (cos x, sin x)dx mgocTuraercs ¢

[IOMOLIBIO IIOACTAHOBKH t = tg (x/2) (-7 < x < M), KOTOpas
Ha3BIBAETCS YHUBepcanvhoil. B caMmoMm nrene

cin x = 282 _ cos < 182 _1-¢
1+tg’ (x/2) 1+t 1+tg’ (x/2) 148
x = 2 arctg ¢, dxz—zg%,
1+¢
MO3TOMY

IR(cos x, sin x) dx = IR (l—tz, 2t2] 2dt2 = IRl () dt.
1+ 1487 )1+4¢
Eemz dyuxnusa R (x, y) obnagaer cBOMCTBAMM YETHOCTH
MY HEYETHOCTH II0 NIePEMEeHHBIM X MJIH ¥, TO MOT'YT yrioTpeb-
NATHCS M IPYTHe NOACTAHOBKHM, TAKIKE PAIHOHANIU3NDYIONITe
MHTETpa.
ITycte

Pu,v)
Qu, v)
rie P u @ — MHOrO4YIeHBI OT U M U.

1) Ecoz omuE u3 MeorousneHor P, @ yersbid 1o v, a apy-

9, 3axas 704

Ru, v)= (u = cos x, U = sin x),
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roil — HeJyeTHLIH 10 U, TO IOCTAHOBKA § = COS X PAI[HOHAIH-
3UpyeT MHTErpal.

2) Ecnu opuH M8 MHOro4YIeHoB P, Q ueTHsI 110 1, a Apy-
Toi1i — HeveTHHIH IO U, TO NOJCTAHOBKA £ = Sin x PpaLHOHAaJIH-
3upyeT MHTErpa.

3) Eciu P v Q: a) 06a He M3MEHSIOTCS IIpH 3aMeHe U, U
COOTBETCTBEHHO Ha —U, —U Hyu §) 068 MEHAIOT 3HAK, TO MHTET-
paj palHOHAIK3UPYeTCs IOJICTAaHOBKOMH ¢ =tg x (Man f =ctg x).

IDpumepn:
dx dt
1°, 9% _(;—tg —Inp c—ln!t ’
sinx ( ) -[ n i+ €
J‘sm X dy J‘Sln xd(cosx) J‘l cos xi(cos x) =
cos x cos’x

2
=({=cosx)= Jl;f dt.

3 3
B pannom cayuae R (u, v) = Y=Y 1. e. uncnmrens
v uv

HeYETHBIH OTHOCHTENBHO U, & S3HAMEHATE L YeTHBII IO U, ¥ Mbl
HMeeM fieJIo co caydaem 1).

30, J’ dx i =J' dx -
a’cos’x+ b’ sin’x (a2 +b° tgzx)coszx
d
=(t=tgx)= 7’;%

3necn tmcmrre:m P (u, v) = 1, a 3HamenaTens @ (u, v) =
=a*u® + b* v’. 06a ne MEHAIOTCS DK 3aMeHe U, U COOTBETCTBEH-
HO Ha —U, ~U, T. €. Mbl HMEEM J[eJI0 CO CIydaeM 3a).



Tnasa 6

OnpepgeneHHbIA MHTErpan

§ 6.1. 3agayn, NpHBOOAIIHE K IIOHATHIO
oIlpefeJIeHHOTO HHTErpajia, H ero omnpenejeHHe

a) 3aganuM Ha oTpeske [a, b] (@ ¥ b — KoHe4YHHIe YMC-
Jla) HEOTPHUATENLHYIO HellpephBHYIO dyHKuKIO f (x). 'pa-
Uk ee n306paxkeH Ha puc. 75. IlocraBum sagauy: Tpebyer-
Csl OIPEeNnuTh INOHATHE IAOIIAAK GUTYDHI, OrPAHWYEHHOHR

# )T

Puc. 75
KpuBOil Iy = f (x), OCBIO X, IPAMBIMHK X = @ ¥ X = b, 1 BEIUHC-
IUTH 3Ty nnomaAb. IlocraBaeHHylo 3aJa4y €CTECTBEHHO
PeLIMTEL TaK.
IIponssenem pasbuenue oTrpeska [a, b] Ba n gacreit Tou-
KaMH

a=x,<x<..<x,=b, 1)
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BLIﬁepeM Ha KaMdJIOM M3 IIOJYYEHHBIX YaCTUYHBIX OTPE3KOB
[ 2,1 =0, 1, ey n = 1) (2)

IO IPOM3BOJILHOM TOYKe éj € [xj, xj+1], onipe/ieJIMM 3HAYEHUA
hyHKIMM f B 5THX TOYKAX M COCTABHM CYMMY

n-1
S,=2fE)Ax;,  (Ax;=x, - x), (3)
j=0

KOTODPYIO HASBIBAIOT UHMEZPANbHOU CYMMOL U KOTOpas, oye-
BH/IHO, paBHa CyMMe ILnomanel 3allTPHXOBAHHLIX NPAMO-
YrONMBHHKOB (CM. puc. 75).

Bynem Tenepr crpemuTs Bee Ax; K HYTIO 1 OPHTOM TaK,
4T00BI MAKCUMAILHEIH (caMbIil 6om>mon) YaCTUYHBIH OTPE30K
pasbieHns cTpeMIIICA K HyJ0. Ecan Ipu atoM BenwuuHa S,
CTPEMMTCS K OnpeAeNeHHOMY Ipeneny S, He 3aBHCALIEMY OT
crocobos pasbuenus (1) u BLIGOpa TOYEK E_,j Ha YaCTHYHBIX
OTPe3KAX, TO €CTECTBEHHO BEJIHUMHY S HasbIBaTh Naowadvio
Haulell kpusonuneitnoil ¢uzypot. Takum obpasom,

S = mlxlAr]gl_0 Zf &) Ax;. 4

Hrak, Mbl jaiu olpenesieHne TUIOMALH Haliest KPHBOJIN-
HelHo# Guryps! (rpaneuuu). Bo3HuKaeT BOIIpOC, MMeeT JH
Ka)K/as Takasa Qurypa mjiomasis, HHAYE FOBOPS, CTPEMHATCH JIH
Ha CaMOM JieJle K KOHEYHOMY IIpe/lelly €€ MHTerPDAalbHAA CyMMa
S, xorna ij — 07?7 B panpueiiiuem Gyner 0ka3aHo, YTO ITOT
BOIIDOC PELIAETCS [IOJIOKHTENIBHO: KajK/as OTIpe/iesieHHA A BEIIIe
KPHBOJMHeHAA QUTypa, COOTBETCTBYIONIA s HEKOTOPOI Herpe-
PBIBHOM QyHKIMH f (x), JeHACTBIATEIEHO HMeeT ILIOANE B CMBIC-
Jie CAEJIAHHOIO Olpe/leleHNs, BRIPAYKAEMYI0, TAKMM 0bpa3zoM,
3aBHCAILUM OT 8TOH QUI'YypEI YUCIOM S.

Jpyroit BOSHIKAIOIMI 3[leCh BOIPOC, HACKOJBKO eCTeCT-
BeHHO /JaHHOE ONpefieJieHye ILIOMa M, KaK BCer/la B TAKHUX CAy-
Hadx, peruaercs NPaKkTHKoi. Mel ckadxeM TONbLKO, wTo Ipak-
THKa [OJHOCTBIO ONpaBJaa 3TO OlpeAesieHune. Y Hac Oyner
MHOTO cyuaeB ybesHUTbCA B MPARBMJILHOCTH C/IETAHHOTO OIpe-
NEeJIeHNSA.
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0) Han nmHeliHbIl HEOAHOPOAHBI CTEPIKEHD, JIEMKAILHT
Ha oCM x B Ipefesiax orpeska [a, b]. Tpebyercs onpenenmts
MAacCy aroro cTepsxHs. IlycTs nnoTHOCTE pacnpesieleHHs Mac-
CBbl B0 CTEPIKHA €CTh HEKOTOPAs HEIIPEPHIBHAA (DYHKI[HSA OT
x: p(x).

Jns onpenesneHns Macchl CTEPXKHS pazo6beM ero Ha n
TIPOM3BONBHEIX YacTel TOUKAMH @ = X, < X; < ... < x, = b. B
npefienax KaXKAOM YacTh [x;, x;,,] BEIGEpEM 10 IPOHARONBLHO
Toure &,

Tak kax B npefienax [x,, x,,,] dysknusa p (x) naMensercs
Maz0, TO Maccy YaCTH CTePIKHHA, COOTBETCTBYIOUIEIl OTpesKy
[%5 x;,,], MOxHO CuMTaTE NIPHGIMIKEHHO paBHoIt P (£,) Ax,, re

Ax, = x,_ - x,

Macca 7K€ M BCEero CTepyKHA NpHOIMIKeHHO paRHa
n-1
p (E_»a) Az, + p (E_q) Axy + ..+ p(& ) Ax, = Zp &) Axr
j=0

Touroe sHayeHne MacChl, OI€BUIHO, IOJYIUM B IIpesese,
KOT/la HAauGONbIINI YaCTHYHBI OTPE30K CTPEMHTCA K HYJO,
T. €.

m=lim Zp(&)Ax (4"

maxAxy —-O

OGe paccMOTpeHHLIe 3a/a4d ITPHBEJIM HAC K OHOM U TOI
e MaTeMaTHYeCKO! onepanuy HaJ QYHKUMAMY DPasiUIHOrO
HPOMCXOKAEHUSA, 3aJaHHBIMY Ha OTpeske [a, b]. Ham Bctpe-
THTCA MHOT'O IPYT'HX KOHKPeTHBIX 3a/a4, pellieHHe KOTOPBIX
CBOZUTCA K 1nofobHOH onepaiuu Hax GyHKINei, 3aganHol HA
0Tpe3ke. JTa onepauMsl Ha3BIBAGTCH onepayueil unmezpu-
Posanus PynKyUL HA ompesKe, a ee Pe3yABTAT — YHCIO —
Ha3bIBAETCSA ONnpedeneHHbLM URMEZDANOM O PYHKYUL HA OM-
peske.

Onpenenenne 1.IIycme Ha ompesxe [a, b] 3adana

ynryua f. Paszdenum [a, b] Ha wacmu npoussoisHbLMU MOY-
Kamu:

a=x,<% <x3<...<x,=b,

u 6ydem zosopumn, ¥mo Imum npouseedero pasbuerue R om-
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pesxa [a, b]. Ha xasxcdom wacmuunom ompesxe [x;, x;,] pas-
6uerus evifepem NPOU3IGONLHYIO MOUKY E_,J. € [x; xm] u co-
cmasum cymMmy

n-1
Cr=0x(N) = Zof &) Ax; (Ax; = x;,; — X)),
P

Ha3bieaemy unmezpaivhoil cymmoil Qyrryuu f, coomeem-
cmeywueil pasbueruro R.
Obo3rayum uepes
Ap= ,max Ax;
<j<n-1
MAKCUMANbHYI0 ONUHY wacmuulblx 0mpeskos (x;, X;,) pas-
6uenus R.

Ilpeden (ecau oH cywecmeyem ), K KOMOpomy cmpemum-
€A UHMEezZPANbHARA CYMMAC g, Kozdady — 0, Hasvieaemces onpe-
Jenennvim unmezpanom om Qyrrkyuu f Ha ompeske [a, b] u
obo3nawaemces caedywwun obpasom:

n-1 []
limoy = lim 7€) A5 = [f() dx @< )

Yucno a HasbIBACTCS HUNCHUM npedeslom onpeesieHHOro
WHTerpaia, a uyuciio b — sepxrnunm ero npedenom.
Onpepenende 1 3KBMBAJEHTHO CIEAYIOLIEMY.

Onpenenenne 1. Onpedenennvir unmezpanom om
¢ynryuu f Ha ompeske [a, b] Hasvieaemesn wucno I, ydoenem-
eopawuee credyowemy ceoiicmey: daa 6caxozo € > ( mMoHHO
Haiimu yucao & > 0 maxoe, umo dna awbozo pasduenus R

ompesxa [a, b], y komopozo A, = maxAx; < 8, evnoanaemca
1
HepaeeHcmeo
n-1
log — Il = Y fl£)Ax —I| < €
j=0

npu npousconvHom evibope mouek &, € [x;, x;,,].
TlousiTHe OIIpelesIEHHOTO HHTErpasa TaK, KaK MBI eI'0 oll-



§ 6.1. BATAMIH, ITPHBOAAIIHE K HOHATHIO OIIPEJJEJIEHHOIO HHTETPAJIA 263

pezienin, OBLIO BBEAEHO ISl HEIPEPLIBHLIX (GYHKUMI ¢dpaH-
nysckuM MaremMaTukom Kolin i B o61meM caydae Pumasom* —
Aas QYHKINE He 0083aTEILHO HENPEPBLIBHLIX (MHTETPHPYE-
MbIX 1o Pumany). O6brub0 npened (5) HASHIBAIOT UHIMEZDAAOM
Pumana n GyHKIMIO, 719 KOTOPOIL 3TOT IIpEfAe) CyLIeCTBYeT,
HA3BIBAIOT UHMezpupyemoil 6 cmbicie Pumana.

Ecnu ¢dynkuusa f nenpepuieHa Ha [a, b], To nia Hee Bce-
g, KaK Mbl y3HaeM, npenei (5) cyliecTByer.

T'oBOpAT TAKKeE, YTO HellpePHIBHAS Ha OTpe3Ke [a, b] hyHK-
IHA UHMezpupyema Ha HeM 6 cmbicae Kouwu.

B 1. a) mbI onpepesnuin (cM. puc. 75) miomank IIOCKOH
(urypei, orpaHUYEHHYI0 CBEPXY rpadHKOM HellpepbIBHOM QyH-
Kuuu y = f (x) 2 0, cHH3y 0CchIo X ¥ ¢ GOKOB IPAMBIMA X = a H
x =b. MBI MO2KeM Teneps CKa3aTh, UTO IJIOLIAAb 3TOH GUTyphl
pPaBHa onpejieJleHHOMY WHTerpaiy or [ Ha orpeske [a, b]:

S = _Tf(x) dx.

Me1 MoskeM elnle CKa3aTh, ITO MACCa CTEPIKHA, 0 KOTOPOM
uuUia peus B 1. 6), paBHa onpefieIeHHOMY WHTETPAXY OT ero
JuHeiTHOH HJIoTHOCTH P (x) B mpepenax [a, bl:

m = ]"p(x) dx.

Hrak, mo onpeneneHuIo onpedenerHbiM UHTEZDANOM OM
¢yuxyuu f na ompesre [a, b] Hasvieaemen npeden urmezpanv-
Holt cymmbt (5), K020a MAKCUMANBHDBLL HaCMULHbLLL OMPe30K
pasbuenus R cmpemumcs Kk Hyni.

B aToM onpezniesieHHH, KOTOpPOE TENeps YKe He CBA3AHO C
3agaveil 0 HAXOXKAEHNH oAy, GQyHKIus [ He 06sa3aTeJIbHO
HerlpepbIBHA M HEOTpPHUIaTe/IbHa Ha [a, b]. Hago orMeTuTs, uTo
9TO onpepesieHHe He YTBEPXKIAET CYLIECTBOBAHHE ONpe/iesieH-
HOro MHTerpana JUIs BCAKol GyEKIMY [, 3aKaHHoi Ha [a, b],
T. €. CYIIecTBOBaHNA nipeAena (5). OHO TOJILKO rOBOPHUT, UTO
€CJIM 3TOT Ilpefes CylllecTByeT JJIs 3ajlaHHOM Ha [a, b] byuk-

* B. @. Puman (1826-1866) — BEIgarouuiica HeMenkuili MaTeMATHK.
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HA f, TO OH HABHIBAETCHA OIPEHENCHHLIM MHTETPAJOM OT f Hi
[a, b}

Cnenyer umMerh B BHAY TAKMKE, UTO KOINa I'OBOPAT, UTO
VKasaHHLIH 11pefen I cyinecreyer, TO OApPa3yMEBAIOT, YTO OH
He 3aBHCHUT OT CIIoco00B pa3bHeHus orpe3ka {a, b] Ha yactu n
BEIOOpA Ha HOJYYEHHBIX YACTHYHEIX OTPE3KaX TOYEK F,j.

HenocpenctBeHHOe BEIYHCIEHNE OIPE/IeJIEHHOIO HATErpa-
Ja no dopmysne (5) CBA3AHO ¢ TPYAHOCTAME — HHTEIDAJbLHEIE
CYMMBI CKOJBKO-HUGY D CI0MKHBIX GYHKUMI HMEIOT IPOMO3J-
KWii BUJ 1 3a4acTyI0 He JIETKO npeolpasoBaTh HX K BUAY, YR0D-
HOMY I BBIYMCJIEHUS TIPEHeJiOB.

Bo BcsikoM cayuae, Ha 3T0M IIyTH 7
He YAaJIoch CO3LATE ODIIEX MeTo-

noB. ViHTepecHo oTMETHTL, UTO V{'
BIEPBBIE 3a5a9y 3TOTO POJAA PELIHII vt
Apxnumen. ITpr momMoim paccy- 1S ,; L
ZleHHI, KOTOPEIE OTHAJIEHHO HATo-

MMHAIOT COBPEMEHHBIH MeTO[, Iipe- Puc. 76

J[eJIOB, OH BHIYMCIIUI ILJIOIHAAb Cer-

MeHTa Napabonbl. B fanbHellneM Ha OPOTAMKEHNH BEKOB MHO-
rve MaTeMaTHKH DPelIaJi 3aja4yd Ha BBHIYMCIEHHEe ILION[ajH
duryp n ooremon tesi. Bee ke erge B XVII Bexke nocTaHoBKa
TaKMX 3a5ia4 ¥ MeTOAbl MX PeIlleHUs HOCHJIH cyTy60o YacTHBIH
xapakTep. CyliecTBeHHBII CABAT B 9TOM BONpoce BHec i Heio-
ToH ¥ JlelbHMIY*, yKaszaBiine OOLMIA METON peIlIeHUs TaKuX
sanad. OHU MOKA3aJIH, YTO BBIYHCJIEHHE OlIPefeJeHHOrO HHTer-
pasna oT GYHKIMK MOKeT ObITh CBEieHO K OTHICKAHIIO ee Iep-
B00ODpAa3HOii.

Kax ObLIO OTMEYEHO BEIIIE, HEIIPpEPHIEHAA Ha [a, b] dysx-
LHA MHTerpupyemMa Ha [a, b). 9to 6yner noxaszano B § 6.7.

Byner Takke q0Ka3aHO, YT0 MOHOTOHHAA HA OTpe3Ke [a,
b] dyekuus uHTerpHpyemMa Ha HeM. Hazgo yuecTb, YTO MOHO-
TOHHAA (MYHKUMS MOJKeT MMeTh Pa3pbhIBEI B KOHEUHOM HIH
naXKke cueTHOM umcie (cM. reopemy 2 § 3.4).

L7

* U. Hetoton (1643-1727) — reHuanbHbiil aHrnuiickuil QUMK K Ma-
Tematuk. I'. B. JleiiGaun (1646-1716) — menukmit HeMerykmii Marens-
THK.
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Ha puc. 76 usobpaxxen rpadux dyuxuuu y = f(x), 3a-
IaHHOH Ha orpesxe [0, a]. OTa pyHKIMs HenpepriBHa Ha [0, x,],
yObBaer Ha [x,, Xx,] 1 Boapacraer Ha [x,, a]. CrenorarembHo,
OHA MHTErpupyeMa Ha KaXJ0M H3 3TUX oTpeskos. Ho Torza, Ha
OCHOBAHWH aAJUTHBHBIX CBOMCTB HHTETPAJA, O KOTOPBRIX peyb
Oyzet Bllepesiy, Hallla PYHKLMS MHTETPUPYeMa HAa BCEM OTPeaKe
{0, a] (cm. § 6.2, Teopema 3).

Taxum obpasomM, eciu orpesok [a, b], Ha KoTopoM 3azaHa
$ynrnua y = [ (x), MOKHO paspesaTh Ha KOHEYHOE YMCIO Ya-
CTHYHBIX OTPE3KOB, HAa KaXKJ0M M3 KOTOPBIX OHA HEelIPepPLIBHA
MIN MOHOTOHHA, TO TaKadA QYHKIHS WHTEerpHpyeMa Ha [a, b].

Heioror u Jleitbuun gokasain TeopeMy, CBASHIBAICILYIO
ABa BRXKHBIX IIOHATHS MATEMATHYECKOT0 AHAIN3a — METerpa-
Jla ¥ HPOM3BOAHOM. JTa TeopeMa BHIDASKAETCS COOTHOIIEHHEM
(dbopmynoit Herorona—JleiiGHuIa)

b
F)-F@= [f@) dx. (6)

3nech f (x) ecTs npon3BoJbHAN HENPEPHIBHAA Ha [a, b] byHK-
mud, a F(x) — xaxkas-nubo ee nepsoobpasuas Ha [a, b]
F' () = f (x)).

TakumM 0GpasoM, a4 mozo wmobvl 6blYUCAUML onpedener-
HbLil URMezpar om Henpepbienoil pyrxyuu f Ha ompeskefa, b,
Hado ysnamu ee nepeoobpastyio gyuryuio F (x) u eaamv pas-
nocme F (b) — F (a) 3Havenuit amoil nepeoo0pasnoil Ha ICOHUAX
ompe3ka [a, b].

Ecan y»e CUMTATDL M3BECTHBIM, YTO HelpPepLIBHAH HA OT-
peske [a, b] dyakius f (X) uHTerpupyeMa Ha HeM ¥ UTO AJIsI
a70it PyHKIIMH cylnecTByeT nepeoobpasHan F (x), To opmMyry
(6) moxxHO BEIBecTH Oe3 Tpyga.

Ilycts R ecTh mMponaBoibHOe pasbueHme

Aa=%x%<x <...<x,=b
orpeska [a, b] va uactu. Torga (HosicHeHuA HMKE)

F®)-F(a)=F(x,) - F(xp)=F(x,) - F(x, )+ F(x, )~ ...
n-1

o =F(x)) + F (%)) — F (%) = D [F(%,,,) — F(x)] =

k=0
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n-1 n=1 b
= 2F &) @ - ) = 1 &) Axy— [ (x) dx, (D)
r=0 K a

k=0
OTKYAa M cienyer dopmyaa (6).
B yerseprom paseHcTBe (7) Mbl MpUMeHHIH TeopeMy Jlar-
paHKa o cperHeM

F (xk+1) - F (xk) = F' (ik) (xk+1 - xh)7

B CHJIy KOTOPOii{, eCcTh HEKOTOPAas TOYKA WHTEpBANA (% x,1)-
Tlocnensee cooTHOIIEHHE CHE[YeT U3 TOTO daxra, uro PyHK-
nusa f HenpepeisHa Ha [a, b], cienopaTessHO, MHTErpHpPYeMa
Ha [a, b], 1 notoMy ee m0Gas MHTErpanbHasd CyMMa M, B da-
CTHOCTH, OJyYeHHAs HAMH NpHMeHeHUeM TeopeMsnl Jlarpan-
3Ka, cTpeMMTCA mpH Ay, — 0 K ompejeeHHOMY MHTErpaly OT
f Ha [a, b].
Cnpaseanuea Teopema.

Teopema 1.Heozpanuuennas na ompeske [a, b] pynrcyus
He urmezpupyema HA 3MOM OMpesKe.

Taxum o6pasom, 028 mozo wmobe: pyHyus f bviia unmezpU-
Dpyemoii Ha ompe3ske [a, b}, HeoOxoBumo, wmobsL oHa ObLaa Ozpany-
YEHHOU Ha 3Mom Oompe3Ke.

OnHaKo 3TO YCIOBHE He ABISETCH JOCTATOYHBIM.

I p nmep. Pyaxkuua

1, ecam x panMoHANLHOe,

vor-{

orpaHpveHa: | (x)| = 1, Ho He METErpHpyeMa Ha JIOGOM OTpesKe
[a, b)(a <b).

B camom zexne, ecin B €e MHTErpaibHOM CyMMe 3a TOYKH F,j
BHIGPATE PALMOHANBHEIE YHUCIAR, TO

ecn¥ X ¥ppalnoHalbHoOe,

n-1

n-1
=)W E)Ax;=)1-Ax;=b-a.
=0 j=0
Ecxau xe srifpats F,j HppalMOHAJIBHBIMHY, TO

n-1
Op= D (-1) Ax;=~(b - a).
P
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9TO NOKA3BIBAET, YTO Of He MOXKET HMETh OZIH U TOT Ke Ipe-
BEJ IpH JiroboM BBIGOPE é’;]., H, CIEOBATENEHO, (HYHKITHSA \y He HH-
TerpupyemMa Ha {a, b].

HoxasatensveTBo Teopemsul 1. Ilycrs

n=1

Op= Zf (&) (x4 — %)
i=0
€CTh MHTErpaIbHas cyMMa (GyHKIHH [, COOTBETCTBYIOIAA HEKO-
TopoMy pasbiennio R: a = x, < x, < ... < x, = b. Ecan nonycTurs,
uTo (yHKnUA { He orpaHWYeHa Ha [a, b], TO OHA HEOBXOZKUMO He
OFpaHMYEHA HA OJHOM H3 YAaCTHYHBIX OTPE3KOB, NIYCTh HAa

%, %, .]. Badpuxcnpyem, € [x;, x,,,] Ana Beex i # iy, a g, Oynem

IOKa cYuTaTh nepemenHoii. Craraemoe fi (f";b)(xw—xb) He orpa-
HHYEHO Ha [xb, xi)ﬂ] » & CyMMa OCTaNbHBIX CJIATae€MBIX €CTh OIIpe-

nenennoe uucyio. Ho toraa |64 Moxuo caenars Kak yrogao 60is-
IIAM IIPH COOTBETCTBYIOILEM NTOAGOPE TOUKHA &b € [xb, JC,-UJ,,] " dyH-
Kue f He MOKeT GLITH MHTErPHpYyeMoll Ha [a, b]. Bear U3 uHTer-

pupyemocT ¢yuruny f ua [a, b] cnefyer, 4TO ee HHTerpajLHbBIE
CYMMEI OrPaHMYEHBI IIPH 11060M BhiGope &,

BupoueM, B fanbHeiilIeM Oy/eT BBEIEHO NOHATHE HECOD-
CTBEHHOI'0 MHTerpaJia. HekoTophie HeorpasYeHHEIE HA OTPe3Ke
GVHKIMH HHTETPHPYEMEI B HeCOOCTBEHHOM cMEIcJe. Ho 06 3ToM
Oyner peub LO3ZHee.

§ 6.2. CroiicTBa onpegeleHHBIX HHTEIPaJIOB

B aTom naparpade mbr 6yzieM H3yuaTh CBOMCTBA HHTEIPH-
pyeMurx ¢GyHKIuH. Bbillle y»xe 0TMeYasnoch, UYTO HenpephiB-
Hble 1 MOHOTOHHEIE Ha OTpe3Ke [a, b] GbyHKIMY MHTErPHpYye-
MBI Ha HeM. 310 OyzeT mokKasaHo nosaHee B § 6.7.

Teopema 1. Ecau M — kxoncmaunma, mo

TM dx =M b - a). )
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B camom nere, uHTerpasbHan cymma ¢yuxuun [ (x) =M
ans moBoro pazbnenns R orpeska [a, b] pasHa

n-1 n=1
GR = ZM ij = MZij = M(b — a).
j=0 =0
Orcrona
limo, = M (b — a).
Ap—0
Teopema 2.[lnsdynryuu
0, xe€ja,bl,x#c,
A, x=c,

v, (x) ={

]"\yc (x)dx =0.

B camoM fiene, 3aaUuM IIPOM3BOJILHOE pazdnennie R oTpeska
[a, b]:

a=x,<x;<..<x,=b.

Oznus U3 OTPE3KOB ITOr0 Pa3bHeHNns, MyCcTh [X,,, X,,.,], COBEPKHUT B
cebe TOuKy C: X, SC < X, IToaromy MHTErpanbHaa CyMMa

m+1*
n-1

GR (Wc) = ZWC (&.bh) Axk = WC (&Jm) Axm
k=0

(ocTanbHEIE claraeMbIe 3aBEAOMO paBHEI HyI0). Tak Kak jy,_ (x)] €
< 4}, To

lop (y)l < 4] A-"‘:m -0
npu A, — 0, 1 Teopema OKa3aHa.

Teopema 3.Ecau ¢ynryus f unmespupyema na Kax-
dom u3 ompesxos [a, ¢}, [¢, b] (a < ¢ < b), mo oHa unme
zpupyema na [a, bl u

[£(0) dx= e de=[f@ dx @

(ad0umuenoe ceoiicmeo onpedenenrozo unmezpaia).
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JokasaTenbcTBo. 3a4aM IPOU3BOJILHOE pasOHe-
HHe oTpe3Ka [a, b]

Ra=x,<x<..<x,=b,

OZHAKO TaKOe, YTO OjHA H3 TodYek R, mycTs x,,, coBIafaer
TOYKOii ¢ (x,,= ¢). Torpa R nHAyuupyer (HABOAKUT) HA OTPE3Kax
la, c] u [c, U] ompenenennrle pasbuenns R, u R,:

Ria=x,<x,<...<x,=¢,
Ryic=x_<x,,<..<x,=b

Zf(&)Ax —Zf(ﬁ)Ax +Zf(§)Ax = Op +0p , T.€.

]—m
Op = Of +0p,. l’ch-rb

A= max IAxI — 0.
O<j<

Torpa n nogaBHO 7‘3, - 0n 7‘& — (0. CnemosatenbHO,

c b

h{récrﬂ = lu{(l)ch + hmo- J'f (x) dx + j f(x) dx.
a <

ITO PABEHCTBO [OKA3aHO NOKa AN pasbuenuii R, comep-

xammx B cebe Touky c¢. Ho Torsla oHO BepHO M JJis JIHOBBIX

pasbuenuit R (cM. nemmy 1 zuoxe). ClieoBaTeIbHO, HHTETPA

b
J'f (x) dx cywecteyer u uMeer Mecto (2).

a

Tlo onpenenenunzo

:ff(x) dx = 0, (3)
b a
[f@dx=-[fxydx (@®<a), (4)
o b

rie [ vHTErpupyema Ha [b, a.
Hetpyato BuaeTs, eciau y4ecThb coryiamenus (3), (4), aro
paBeHCTBO (2) BepHO AJas JI0OBIX uncena, b, ¢, inis 651 f 6pLaa
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MHTErpHpyeMa Ha MaKCHMAaJILHOM U3 OTPe3KOR [a, b], [a, c], [c,
b].

Hanpuwmep, B ciyuae, ecnu ¢ < a < b, Ha OCHOBAHHH TEO-
peMbl 3

jfdx: jfdx+ j'fdx

jfdxz jfdx—jfdx= jfdx+ j'fdx,

u MBI monyauiau (2).

Teopema 4. Ecau ¢ynxyuu f, u f, unmezpupyemvt Ha
[a, b}l u A, B — npoussonvhbie wucaa, mo

j'(Afl + Bf,) dx = Aj' f, dx + Bj'fz dx. (5)

a

B vacmuocmu, npu B = 0 noaywum pasercmeo
b b
[Af, dx = A}, dx, (6)

NOKa3bLEaNULee, YINo NOCMOSHHLIL MHONCUMENb MONCHO 6bLHO-
cumob 30 3HAK onpedenenHOz0 UHMezpana.
INIpu A =1, B =*]1 norywum

j(f1 tf)dx= jf, dx * jfz dx. (7

JdoxaszaTenbceTBo. [l14 npouseonsHoro pasdbuneHus
R nmeem

n-1 al o
FZO[Afl &) + Bf, (€)] Ax; = A;f1 (&) Ax, + Bj:zof &) Ax,

Orciona, Iepeiifda K npepeny npu XR — (), nony4yuM paBeHCTBO
(5). Ono, ovyeBnpHO, BepHO U NIpH b < a.
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Teopema 5.Ecauunmezpupyemyro na [a, b] pynryuio
f sBudousmenumo 6 mouke c € [a, b], mo 845 noayvennoii nocne
eudouamenenus QynryUL f; uMeem Mecmo paeeHCcmeo

jfl (x)dx = jf(x) dx.

HokasarenscTso. Bujousmenenne pyHKuun f TONbEKO
B TOYKE € CBOJUTCA K TOMY, 4T0 K [ (x) npubasnsieTca GyHKINS
BHZA
0, xe€la,bl,x#c,

A, x=c,

oo

rane A — Hekoropoe uncaxo. Torpga
i) =f@)+y, (x).

IIpu sToM no Teopeme 2

j'\yc (x) dx = 0.

ITosTOoMy B CHITY TEOpeMEL 4

j'fl (x)dx = jf(x)dx+ j‘\yc(x)dx= jf(x)dx,

uTo 1 TpeGOBaJIOCI: AOKAa3aTh.

3amMevyanue 1. s TeopemMsl 5 MBI BUAUM, YTO HMHTE-
rPUPYeMOCTh PYHKIINY [ He 3aBHCHT OT TOr0, KaKue 3HAaYEHHUSA
OHA IPUHWMAET B HEKOTOPOI ONpeieNIeHHON TOYKe.

Hanpuwmep, dpynxknus Y (x) = (sin x)/x onpegenesa Ha
nonynurepeane (0, 1]. Ecan nonoxuts ee paBuoit 1 mpu x =0
(y (0) = 1), To 0Ha GyjieT HenpepbIBHOI, CIefOBATENBHO, HH-
rerpupyemoii Ha orpeske [0, 1]. Ho oma ocraHeTrca HHTe-

1
rpupyeMoii, u ee pm'rerpa.nj\y (x) dx Gyzer paBeH TOMY Ke
0
SHAYEHMIO, €CIH IONOKHuTs, uTo W (0) = A, rne A — mroGoe
YHCJIO.
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Teopema 6. Ecau gynrguu f u @ unmezpupyesto. Ha
ompesxe [a, b] u yBosremeopsaiom Ka mem HepaceHcmsy

fx) < @),

j f(x)dx < j ¢(x)dx (a <b). ®)
Hoxasarensctso. Ana moboro pasbuenna R

uz_lf (E,]) ij < E(P (é;) ij

j=0 j=0
noromy, 4ro Ax; > 0. IToaTomy mocsie nepexoaa k npefesy Ipu
Ap — 0O no.nqu\a (8).
Teopema 7. Cnpasednuso nepaserncmeo

] b
Jfwdx < [f@ldx (@ <b) (9)

URU, eCniu 0 He 0083amenvH0 MeHblLe b, mo

(9"

<

Jif)idx|.

z0e f u |f| unmezpupyemui na [a, b].
Hoxasarenscrtso. OueBngno,

W <fE <@ Vxelg b

Ho Torna #a ocHosanuy Teopemsr 6

b b b
Jelifmhdx < [f(x)dx < [f@ldx  (a<b)

~finds < frax < finax,

| Ifdxl Ifl dx (a<b),

4TO T TpeﬁonaJIOCL TOKA3ATE.
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{lpx a < b rpaenie yactu (9) u (9') passs Mexk Ay COBOIL.
Ecnu ke b < a, To B cuny (4)

< Jifiax=

b

»

b
Ifdx

[fdx
b
T. e. HMeeT Mecto (9').

Hakowneu, cay4ait a = b cBOAUTCA K OYEBUHOMY COOTHO-
mermo 0 < 0. 9tum porasano (9).

b
fifiax

Bameuvanue 2. Hurerpupyemocts f ua [a, b] Baever
3a coboii maTerpupyemocts |f] Ha {a, b] (cM. Huxe § 6. 7,
sameuanue 2). Jlna kouxpernnix QyHKLHUHA 3TO BCeTAa OYeBH/I-
Ho. Hanpuwmep, ecnu pyHKIMA [ KycouHo-HeUpepLIBHA HA [a,
b] (oua, xax GyzAeTr AoKazaHO, MHTErPUpyeMa), TorAa H |f] Ky-
COYHO-HENPEePHIBHA.

O6parno, us uHTerpupyemocrH |f (x)|, Boob6ie rosops, He
ciegyer MHTerpupyemocts f (x) Ha [a, b].

Hanpumep, dyuknua Y (x), OIpUBeAeHHEAA B IIpHMepe
§ 6.1,
1, AAa panMOHANBHBIX X,

V(=)= { -1, pAns uppanMoOHaIBHEIX X,
He uHTerpupyema Ha [a, b]. Mexay Tem |y ()| =1 ua {a, b] &
€CTL MHTerpupyemas Ha [a, b] bysxuus.

Teopema 8. Ecau ¢pynkyus [ unmezpupyema u Heompu-
yamensta Ha [a, blu cywecmayem mouka ¢ € [a, bl nenpepvraro-
cmu f, 8na komopoil f () > 0, mo

b
j f@dx>0 (a<b). 10

HoxaszaTenscTso. Bygem cuurars, uto ¢ € (a, b). Tax
Kax f HenpepsIBHa B TOUKe ¢ H f (€) > 0, To cyigecTByer oTpesok
[c - 8, ¢ + 8] rakoit, uto (cm. § 3.3, Teopema 4)

f(x)> -’12‘):1]>0 Vx € [c- 8, ¢+ 8]

Torpa

j'f(x) dx = Tf (x)dx + Tf (x)dx + j f(x)dx >0,
a a -8

c+8&
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IIOTOMY 4TO

-5 b
[r@wax=0, [f@mdx=o,

c+d

c+8 s
Jfxydx> [ndx=28q>o0.
-8 -8
Ecnu ¢ = a wnnu ¢ = b, To Bmecro [c - 8, ¢ + 8] npugercs pac-
CMaTpHUBaTE OTPe3okK [a, a + 8], coorBercrsenno [b — &, b].

Jlemma 1. ITycme Ona ozpanuvenoil na [a, b] gpynxyuu f
6bLNONHACINCA PAGEHCMBO
lim o, =1,
MRy0
z0e R, pasbuenue ompesra [a, b], codeprcauiee 8 cebe mouky ¢
(a < ¢ < b). Tozda amo pasencmeo eepro u das NPOU3BONLHBIX
R:

b

Jim o, = 1= [fx)dx.

HoxasarenscTso. Ilycts R ecTk Ipou3BoIbHOE pasbue-
Hue OoTpe3Ka [a, b], He cofepaxkaimee Touxy C.

Ria=x,<x; <. <X, <X, <...<Xx,=Db,

THAE X, <€ < X,

Hobasnsas x R Touky ¢, nony4nm paséuenve R,. EcmuA, — 0,
TOMA, — 0.

Ecym seibpocuts 13 G, cnaraemoe f (€,) (x,,,; — *,,) ¥ npnba-
Buth f (§,) (c — x,)+ F (E}) (x,,,; — €), TO IONTYYHM HHTETPANBHYIO

CYyMMY By, . Ilpu arom
op=0R. +},

rae b =F () Xy ~ %) = F(E ) (€= 2,) = [ (7)) (X0 — ©),

x, <& <ec,ec<t, <x,,,. OuesupHo,
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MEM@E, ,—x)+Mc-x)+M(x,,,—0=

=2M (X,,, — X,) pyrs 0.

m+1

CnepoBaTenbHO,

limo,= limo, + lim p=I+0=1I
Ag~0 R0 *

e

§ 6.3. Harerpas Kak GyHKIMA BEPXHEro
Hpegesa

3amMeTHM, 4YTO

j'f(x) dx = Tf(u) du,

T. €. HE MMEeT 3HaYeHUs, N0 KaKoll GyKBe — X MM U —
MHTerpHpOBaThH Ha oTpesKe [a, b]. Beas B oGoux ciyuaax modad
MHTErpajbHas cyMMa | MMeeT BHJ

Gp = §f &) Ax,.

Ilycrs 3amana mHTErpupyemas Ha otpeske [a, b] dyHK-
nus f. Toraa, xaxoBo 651 HU 6BLIO X, YAOBIETEOPAIOITEE Hepa-
BeHCTBAM a < x < b, dyHKIHA f HHTEIpHpyYeMAa TaKKe HA
orpeske [a, x]. _

9T0 yTBepxkAeHMe TpebyeT JOKA3aTeNbCTBA, HO MBI He
6yZeM ero pokasbiBaTk. B KOHKPETHEIX CAyYasdX, Kax Ipa-
BIJIO, 8TO YTRepxgeHue oueBnauo. Hanpumep, HenpepnisHAA
(MoHOTOHHas) GyHKUKA Ha oTpeske [d, b] B cBOW odepenab
HenpepbIBH& (MOHOTOHHA) Ha [a@, x], cienoBarentHO, MHTE-
rpupyemMa Ha [a, x].

SajzaaumM IpousBoJbHOE 3HadeHue x € [a, b]. Hac Gyzmer
WHTEpeCOBaTE ONIpefieIeRHbIN HHTerpaJl OT f Ha oTpeske [a, x].
910 ecTs HeKoTopas pyHKLMA oT X. OGo3HaunM ee uepes F (x).

Hrak

b
F @)= [f @) du. M



276 TJIABA 6. OIPEJENEHHBIN HHTETPA T

Mz! yrotpebiasiem 6yKByY u B Ka-
YecTBe NEePeMEeHHON HHTEerPHPORAHNSA,
4TO6bI OTNIMYUTEL €6 OT BEPXHETO IIpe-
JeJia HHTeTPUPOBAHMSA X.

Ha puc. 77 usobpasken rpapux
OTPaHUYEHHOH KyCOYHO-HEIIPEPhIBHOL
$yHKnMY f ¢ TOUKOIT pasphra c. Yuc- Puc. 77
10 F (x) pya 38afaHHOTO X BRIDAIKAETCS
Ha pucyHKe miomanbio Gurypet ABxa. IIpu namenenun x Ha
[a, b] namenderca F (x).

Teopema 1. Ecau ¢pynryusa f uUHmezpupyema Ha om-
pesxe [a, b], mo ¢ynkyua F, onpedenennas no dopmyne (1),
HenpepbieHa 6 nioboii mouke x € [a, b).

HoxasarenscT s o. 3a1aAuM IPOUIBONBHYIO TOUKY X
¥ IIpujanuM eif npupamenve k (13 puc. 77 H306parkeHo Momo-
sxuresbHoe h). UMeem

I x+h

If(u)du' < M ||

IF G+ By~ F () = | [fw)du-ffw)du

M =|fwl Vu € [a, b)).
Mp! MONYyYNIH HEpaBEHCTBO
|F(x + k) - F(x)) <M {H,
M3 KOTOPOr'O CJIEAYET:

Lm[F (x + h) - F ()] = 0,

T. e. F HelpeprIlBHA B TOuKe x.

IogueprreM, 9To x MOMXKeT GLITE TOYKOI HeIllpepBLIBHOC-
TH M TOYKOI pasphiBa f, u BCe paBHO PpyHKuus F (x ) sHenpe-
PBIBHA B 3TOH TOYKeE.

Teopema 2. Ecnru unmezpupyemas na [a, b] pyuryus
f Henpepbiena 6 mouke x € [a, b], mo 6 smoii mouxe cyujecm-
eyem npouszeodnasa om F (cm. (1)):

F' (x) = f (x). (2
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HoxazarenscTso. IlycTh ¥ — TOYKA HEIIPEPHIBHOC-
1 f. Uveem

&_"’_’%—.@ = %[T}(u)du—zf(u)du] = 71211 f(w) du =

x+h

= S U@+ @- @) du=

xth

= pfGone 1 J U@ -7 @i du=

x+h

=f@+ % [ - @] du. (3)

Ipu nonyyenny (3) MbI HCIONB30BAJIH LOKASAHHEIE BLIILIE CBOL-
CTBa ONpeAeNeHHOro MHTerpaya. B deTBepToM pareHCTRe MBI
BOCIIONB30BAIHCE TeM (GaKToM, 4To f (x) He 3aBHCHT OT U U TIpH
MHTEIPHPOBAHEM IO U HaAO CYMTATE f (X) KaK HOCTOSIHHLIH
MHOMKUTENDb (CM. Teopemy 1 § 6.2).

IoxkaxeM, 4To

xth

S I - @) du —- o (4)

PyHKIHA f HEIIPePLIEHA B TOUKE X, IO3TOMY IS JII0Goro
€ > 0 mo¥HO ykasarh Takoe O > 0, yto ecau |h| < &, To

fwy-f(x))<e Vuelx,x+H].
Toaromy pas |k < &

< <

{I'if(u)—f(x)]du

1 x+h
- _!lf(u)—f(x)ldu

—};xz’;du

=|lsh’=s,
h

H Mbl O0OCHOBANH CBOMCTBO (4).
M3 (3), nepexoas k nmpeaeny npu h — 0, ra ocroBaHuH (4)
MONYYHM, UTO CyLecTByeT nmpousBogHas F' (x), pasHas

F (x) = limw = f (x).
h—0 h
9rum TeopeMa 2 spoxasaHa.
Ob6paTuM BHMMaHKE HA TO, UTO B TeOpeMe 2 XOTA H O3B0~
nanock pyHKMM [ GRITE paspeiBHON Ha orpeske [a, b], HO B
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TOH TOUKE X, B KOTOPOIl yTBEPIKAAIOCH CYII[eCTBOBAHHE TIPOH3-
BOJIHO# oT F, npexunonaranoch, 4To PyHKINSA f HEeNpepbIBHA.
Wuaue Teopema, poobiye rosops, 6biia 661 HeBepHa.

Teopema 2, B yacTHOCTH, YTBEPXKJASET, 4TO ecau f (X)
HenpephsIiBHa Ha oTpeske [a, b], To F (x) umMeeT NPOUSBOAHYIO
Ha 3TOM OTpesKe, parnHyio [ (x) (F/ (x})=f(x) V=x € [a, b)).

Taxum obpasom, ecau gynryus f nenpepviena na ompes-
ke [a, b], mo dna nee cyuecmayem nepeoobpasnas HA IMoOM
ompe3sxe. ITpu smom 6 kavecmee 0dHOlL U3 nepecodpasHbLX MOKC-
Ho 63amb unmezpan (1).

Orcroma cneayer, 4To Heonpedenenmblit unmezpan om
dynryuu f, HenpepwvieHoil Ha [a, b], paren

[f@dx=[fwdu+c, xela bl

rae C — HEKoTOpas IIOCTOSHHASA.

§ 6.4. ®opmyaa Herorona—Jleit6anna

IJta dopMysia MMeeT BUJ

- (1)

[}
jfiydu=0@) - @@= @

3neck f (u) — HellpepuIBHAA Ha oTpeske [a, b] byBKIusA,
a @ (u) — xakas-11u60 ee nepBoOGPASHASA HA BTOM OTPESKE.

Popmyna Herorona—Jleitbuuna 6elia yike JoKaszaHa B
§ 6.1. Tam mpeATIONaranoch H3BECTHLIM, YTO HeTIpEPHIBHAS Ha
[a, b] byuknusa [ MHTErpUpYeMa U MMeeT NepBooGpasHyIo Ha
[a, b].

Temeps Mbi y3ke 3HaeM u3 § 6.3, UTO MHTErpUPYeMOCTE
HeIpepeiBHOI Ha [a, b] dyHKIUK Baeder z3a coboil cymiect-
BOBaHHe y Hee nepsBoobpasuoil Ha [a, b].

Ilpusenem ppyroe aoxasaTenncTso popMynsl HeloToHa—
Jleit6auna. BepreMcs Kk QYHKIIHH

F) = [f@ du. @



§6.4. ®OPMY JIA HBIOTOHA-JIEABHALIA 279

3aMeTHM, UTO

a ]
F@=[fwdu=0 u F®) = [f@) du. 3

Kpome Toro, mel 3Haem, uro F (x) ectb meprooOpasHas pis f (x)
Ha [a, b). IToatomy, ecom @ (x) ecTs kakas-nuGo, BoobILe ApY-
rasi, mepeoobpasHasn, TO cymecrsyer koHeranra C Takas, 4TO

Px)=F(x)+C Vx € [a, b]. 4)
s (2), (3), (4) monyaum

]
Q@) - P@=F@® - F@= [f@du,

M MBI Jokazamu dopmyny (1).

IlIprmep 1. (F(b)—F(a):F(x)

J

1 3 =
E!'xz dx = %lx;l, = %

910 NOKAa3BIBaeT, 4YTo IIoIazns (puc. 78) samTpuxopaHHOI
., . 3
duryper, nekameii mof napabonoii y = x°, pasna 1/3.

INIpumep 2.
_[sinxdx=—cosx|g =1+1=2.
V]

Takum oOpasom, mnomagsb GUryps (puc. 79), orpasnyes-
HO cEEpXY CHHYCOHAOH i =Ssin X ¥ CHUSY — OCBIO X, PaBHA 2,

IIpumep 3. Pysrnus

-1, -1<x<0,
Q(x)=signx = 0, x=0,
1, O0<x<x1.

HellpephiBHA Ha orpeske [-1, 1], sa mcrmovyennem touxy x = 0.
Orpezok [-1, 1] moxxkHO paspe3ars Ha apa otpeska [-1, 0], [0, 1],
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y-2t ¥
7 sinz
[} 33
Puc. 78 Puc. 79

rlie OHA MOHOTOHHA, CJIeXOBaTeNbHO, UHTerprpyema. IlosTromy
¢ (x) nuTerpupyema #Ha [-1, 1]. Cupaeegnuea dopmyna

Fx)= _Tsign udu=-1+x (-1<x<1). (5)
-1

B camom nente, sa noayusTepsane [—1, 0) dysxuus ¢ (x) me-
npepreieHa: ¢ (x) = —1. Ee neprooOpasHas Ha 3TOM IOJIY-
MHTepBase pasHa —x. Iloaromy, npumensas ¢popmyny Huio-
ToHa—Jleitbuuna, nonyyum

[signudu = [(- 1) du=—uf, =-1 - x (-1 < x<0). (6)
e} 5

B cuny Teopems! 1 F (x) HenpepblBHa, B YACTHOCTH, B TOUKE
x = 0, moaromy

F(0) = lim(-1-x)=-1. (7

Hna x>0

x 0 x
F(x)= ISignuduzj'signudu+jl-du=—l+u;=
4 el 0
= —l+x. (8)

Hs (6), (7), (8) cnenyer (5).
Bostee saeranThas (opMyna NOMYYUTCH, €CIH MHTEIDH-
poBaTh OT TOYKH X = 0:

Jsign udu = |x|. 9
0

Ilon waTerpasom B (9) cTour paspeleHasA B Touke x = (
OTPaHUYEeHHAA (PYyHKIUA, HHTEIpak KaX GYHKUMS BEepPXHETro
upepena F (x) = |x|, ecTs HempepriEHAA PYHKIIHA, B TOM YpCIe
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H B Touke x = 0, 4yT0 cornacyercs € reopemoit 1 § 6.3. Oguaxo
npouseopHasa F' (0) He cymecTsyeT, ¥ 3TO He IPOTHEOPEYMT
Teopeme 2 § 6.3, xOTOpasi rapaETHpYET CYIL€CTBOBAaHUE NPO-
uggofHoi F’ (x), ToneKO eciu f HeIpepLIBHA B TOYKE X.

Teopema | (0 samene nepemenrnoi). Hme
em mecmo paeerncmeo

b d
Jimdx= [Flo® ¢ @ dt, (10)

20e pynryus @ (t) HenpepuiéHo dudgpepenyupyema Ha [c, d,
a=¢ (), b= (d) u f(x) nenpepvisna na [A, B] = ¢ (¢, d))
— o0paze ompeska [c, d] npu nomowu gynryuu .

HdokazaTtenscrro. Ilycts F (x) u O (f) — nepsoob-
pasHble (PyHKILMK COOTBeTCTBEHHO f (x) K f [¢ ()]0’ (¥). Torna
(em. § 5.2, (1) w Hixe) cpasegimso ToxAecTBo® (£)=F [ ()] +
+C, ¢ <t <d, rge C — HexoTOpaa rrocrofansas. [losromy

FO) -F@=Flo@]l-Flp©]= 2@ - D). (1D
Ho na ocnorannu popmynet Helorona—JlelGrulia nesas 4acThb
(11) pasra neroii yvactu (10), a npasas yacts (11) — npasoit
yacti (10), a ato mokasrisaer opnysy (10).

Ilpumep 4.

2 2 2 2 2 2 2

]\/a ~xdx=(x=asint)= _[ a —xsin"tacostdt =
0 0

nf2 2
= a* Jcosztdtzazj
0

2 : =2 2
1+c052tdt_a_[t+5m2€] 2_ T
0

2 T2 2 B

0 4

3amMeuaHne. Bepxuuil npesies1 HHTETpUPOBAHKUA TIO ¢
MOYXHO B3SITH DABHBIM %’l, a pesynbTaT GyIeT TOT ¥Ke, K JT0
corjiacyeTcs ¢ TeopeMoir 1.

ITpumep 5.

in 4n
Jsmgtdt=—f(1 —coszt)d(cost)=(x=cost)=
[} 0

=—j(1 ~-xY)dx =0,
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IIOTOMY 4TO B IONYYEHHOM HMHTErpajie HMKHUY IIpefes paBeH
BepXHeMy.

NIpumep 6. Ecin f — vyernas dyaxkuusa (f (—u)=f w)),
TO

jf(u) du = Z_Tf(u) du,

IIOTOMY, YTO

0 0 a

@ du=@=-2)=~[fCx) dx=[f(x)dx=
-a a 0

- ff(x) dx = Tf(u) du.

NMpunmep 7. Ecnu f — nHevernas pyuxuus (f (-u) =

=—f (u)), 10

jf(x) dx = 0.

IIpumep 8. Ecau f — nepuoguueckas QyHKIHA IEPU-
oma 27 (f (x + 2m) = f (x)), TO

a+2n 21
J 1) dx = [f(x)ax
a 0

OTOMY, 4TO

2Tmf(::c) dx=(x=1t+2n) = Tf(t+21t) dt = Tf(t) dt =
o 0 0

0
=-[f@at
H, CJeNOBATENABHO,

2n+o 0 2n 240 2
| fx)dx=[f(x)dx+ £ ) dx+ | f(9 dx = [f @) dx.
a a 0 2n 0
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IIpumep 9.
3n -1 . 1
Jsin*tdt=(x=costy=-[(1 - x) dx= [(1- %) dx=
0 1 -1

o1 — o d = _x_s)
_25(1 x)dx_Q(x 5

IIpumep 10. Peruun npumMep 5, MCIONB3YA IIPUMEPE
8, 7:

1

4

— .

3

lo

4in 2n 4z £
[sin*tat= [sin®tdt + [sin®tdt=2 [sin’tdt=0,
0 0 2%

-0
.. 3
TaK KaK QyHKIHA sin’ § HeueTHasd.

Teopema 2.Cnpagednusa popmyna uRMezpupOBaAHUA
no yacmsam dns onpedesleHHOZ0 UHMezZPALA:

iu' (HDvxdx=u(x)v (x): - iu (x) V' (x) dx, (12)

z0e u u v — HenpepvisHo dudepenyupyemoie Ha [a, b] pyrk-
yuu.

DoxasaTreanscTso. IIpoussenenue u (x) v (x) umeer
Ha [a, b] HenpepHIBHYIO IIPOU3BOIHYIO

@@ v @) =u@v (x)+u (@ v ).

Tosromy no teopeme HuroroHa—Jleibruia

u(x) v (x)

b= [l o @+ v @) v () dx =

= iu () V' (x) dx + j'u’ (x) v (x) dx,

otkyna cnenyet (12).
IDpumep 11.

jln(1+x)dx=(u=ln(1+x), dv =dx) =
¢
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:xln(1+x)|(1] —I%:an—lldx+l£E:

=n2-1+l(l+x)f=-1+2mn2.

Teopema 3 (o0 cpegHeM OAnf OHPEeHENeH-
Horo wHTerpauna). Jaa Henpepovienoii Ha ompeske [a, b]
dynuryuu f cywecmsyem mouxa & € (a, b) maxas, umo

]
Jf ) dx=1® ®-a. (13)

HoxaszarenscTBo. Tak xak f HenpepwiBHa, TO I
Hee cyliecTByeT nepeoobpasnaa @, nmoaromy

[T ax=0®) - P@=TE @¢-0a)-=
=fE ®-a), Ee(ab). (14)

Ileproe pasencrso B (14) ects dopmyna Herorona—Jleii-
6HuIA 8 HenpepbIBHOM Ha [a, b] dyHKwy f. Bropoe paBen-
cTBo ecTh hopmyrna Jlarpamxa nna @. HaxoHel TpeThe cne-
Iyer U3 Toro, uro @' (x) = f(x) Vx € [a, b].

§ 6.5. OctaTox dpopmynsr Teiinopa
B MHTEerpajlsHoi ¢ropme

ITycrs dyarnusa f (x) vMeeT HeNPePHIBHBLIE IPOM3BOAHEIE
ho nopanka n + 1 BxiroumtentHo. Torma B cuny (opMynsi
Hrworona—Jleiibuuna

dv=dt|v=t—-x

fx)=7Ff@+ ]c-f'(t) dt = (U=f'(t)

du= f”(t)dt) ]

—F@+E-DF O - -0 F ®dt=f(a)+
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+f(@)(x-a)+ T(x—t)f”(t)dt=

u=F"(t) du=f"(t)dt
= _ _ (x’"t)z =
(x—tydv=dt |v=—F"5
=f(@+ —f—() f(a)(x af +jf'" ® (x t) dt.

Ilpononsxasa paneile npomecc MHTETPHPOBAHMSA II0 YaCTAM,
HOJIYYHM

)
() = Zf @ - o+ r, ), 1)
k=0
roe
r@= Loc—or 1 @y a. @

@opmyna (1), (2) HazeiBaeTca gopmynocit Teitnopa c
0CMAMKOM 6 UHMeZpanbHoil (opre.

Ilpunensis k unrerpany (2) (1o ) reopemy 3 (o cpenuen)
§ 6.4, 6yneM mMeTH

@@= G- PO E-a, &€ (.

Tosaras
E=a+0B(x-a), 0<0<1,
Hoyyaem
n+1
r(x)= Lx—'—g)—— A-0"f""@+0(x- a)),

T. €. OCTATOYHBII e ¢opmysnl Teitnopa 110 cremensaM x — g
B popve Ko (cr. § 4.14, (10)).
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§ 6.6. CyMMLi Jap6y*. ¥Ycanosus
CYyIleCTBOBRHHS MHTErpaja

Ilyers Ha oTpeske [a, b] sagana orpaHMueHHas byukuus f
(f (x)| € M). Beenem pasbuenue
Ria=x,<x <..<x, =b.
ITycrs
m;= inf f(x), M,= sup f[(x)-

b oxdnx,y) xe{z 1)
Hapsjly ¢ MFHTErpaabHEIMM CyMMaMu

n-l

Op =Zf(‘\;,)Ax;

PacCMOTPHM CYyMMBbI
n-1 n-1
SR:ZmiAxi- S =ZMAx,-’
=0 =0
KOTOPBl€ HASBIBAIOT HUMCHel u eepxueil cymmamu Jlapby. Oue-
BHAHO, UTO S < Sp.

CymmMbr [ap6y we 06A3aTeNhHO ABIAIOTCH HHTEerpaJbHBIME
cymmamu. Onako ecnu f (x) — HenpephBHAR GYHKIMS, TO § g B
Sp, AIBJAIOTCS COOTBETCTBEHHO HAMMEHBUIEH ¥ HANGOIBIIEl U3 HH-
TerpajbHEIX CYMM, OTBEYAIOIMUX AAHHOMY pa3GHeHMIO, TAK KaK
1o reopemve Beitepmrrpacca f (X) mocTuraer MUHMMYMA ¥ MAKCH-
MyMa B KaXIOM [x;, x,,,], ¥ 08TOMY MOMXKHO BHIGpaTh TOuKH &,
&', € [x, %,,,] Tax, uro f(§)=m, u f €=M,

Tak xax m, < f(£) < M, u Ax,> 0, T0

sp < Op < Sp. (1)

IIpy duxkcuporanHOM pazbueHuN Sp U S, — IOCTOAHHEIE YHCA,
2 MHATETPAJbHAs CYMMa G OCTAETCSH IIEpeMEHHOM B CHJY HpPOM3-
BospHOCTH Yucen . Jlerko BuaeTs, uTo 3a CYET BHIGOPA TOUEK €
CYMMy Gp MOKHO C/lelaTh Kak yrofHo 6IMskoit K s, M Sy, T. €.
NPH NaHHOM Da3bHeHNH S, B Sy ABJIAOTCS TOYHON HUMKHEH U TOU-
Hoil BepXHeil rpaHaME AJIf MHTErPAIbHBIX CYyMM:

n-1

n=1 n-1 n-1
sp= ) m,Ax, = inf 2 (&) Ax, Sp= M, Ax, = sup Zf (&) Ax,.
=0 & =0 =0 & =0

* I'. Hapby (1842-1917) — ¢paHiyscKHil MATEMATHK.
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Ilyers R,, R,, R, — pasouenua [a, b]. Ecin xe Touxku R, npu-
Hajexar H,, To 6ynem nmucate R, C R, u roBoputs, uro R, ecTs
npofosnkenve Ry. Ecnu MHOXKECTBO TOUEK, M3 KOTOPLIX COCTOMT
R, ecTb TEOPETHKO-MHOXKECTBEHHAA CYyMMa MHOJKECTB TOUEK, U3
KoTopkix coctoAT R, u R,, To 6ygem nucate R; = R, + R,.

CeoiicTa cymM Jfap6y:

1°. Ecau x umernuwumcs y pasbuenus R mourkam denenus do-
Gaeumb HOBble mouKU, mo eéepXraa cymma apby (Sy) He 603pac-
maem, g HUXHAA (Sg) He ybbieaem:

Spg <8 sp<s, VECR.
Takum obpasom,
SR_SR g SR—SR'

JdokaszarenscTBo. 1A 10Kka3aTeNkLCTBa, OUEBHIHO, MO~
HO OrPDaHUYIHUTHCA CIy4aeM, Korga aobapiseTcs OfHA HOBasd TOYKa
nenerusa x' € (x,;, x,,;). Ilyers S, — BepxHaa cymma [ap6y mina
pasbuenma R u Sp — nns pas6uenus R'. Toraa S, otnuuaercs ot
Sy Tem, uTo BMecTo craraemoro MAx; B cymme Sp Gynyr asa
ClIaraeMeIx:

M, (x' - x)+ M, (x,, — x),
rae
M' = sup f(x), M" = sup f(x).

2 &
xx, * 22, x,1]

Tax xax otpesku [x,, x'], [*', x,,,] ABRAIOTCA YacTRiO [X,, X,,,], TO
M, < M, M", £ M, (Upu yMeHBIIEHENY 0BJIaCTH PACCMOTPEHHS

SUp MOXKeT TOJIbKO YMEHBIIUTHCA). IToaromy

M, (x' —x)+M", (x

i+l

xS M, (X —x,+x,,, - x)=M, (x,,; - x),
T. €. Sp < 8, 4TO ¥ TPeboBANOCH JIOKA3ATh.

HJIH HHXHHX CYMM JOKAa3aTeJILCTRO aHAJIOTNYHO.

2°. Kascdan nuxnan cymma JlapOy He 6onvule kax0oi eepx-
neii cymmut Jlapby, xoms Get omeexarowjeil Opyzomy pa3GueHuro
5, <8, .
npoMEHCYMKQ: s, <Sp,
HoxaszaTenrcrtso. Ilyers R; = R, + R,. YunThBas CBOIi-
o <
¢TBO 1°, moayunm SRI\SI?BQSMQSR2 .

Takum oﬁpaaom, MBI JOKa3aJI|, YTO MHOXXECTBO HMXXHHX CYMM
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Japby {sp} orpammyesc cBepxy Kakoil-nubo BepxHell CyMMOi
Sy (8 < Sp), ¥ mOTOMY CHULECMEY eI MOYHAR BEPXHAR DAL HUNC-
HLX CYMM:

I, = sups, < Sg.
R

K Tomy e MuI nokasany, UTo BCAKAA BePXHSS cyMMa S, He
MeHbine umcna I,. 3To NOKasHBaeT, YTO0 cyujecmeyem mouHas
HUWHAR ZDGHL BEPXHUX CYMM

x .
I = u&f S, = I..
:
Hrax I, < I . IIpu satom aiia moboro pasbuenus R BbiuonHs-
I0TCHA HEPABEHCTBA
]
sps<I.<I <8, (2)
*
Hucna 1., I Ha3EIBAIOTCA HUNCHUM U 6EPXHUM UHMEZDAAGMY
Hapoy.

Teopema 1 (cymecTBoBaHuA HHTErpana).[Jra
mozo ¥mobbl onpedeseH bl UHMezpaA 0ZPAHUYEHHOIL QYHKYUL
f (x) cywecmeosan, Heobxodumo u docmamouno, ¥mobet

n-1
gﬁmo (Sp—sp) = ;)% ;Q. Ax, =0, 3

rpe 44cno ;= M, — m; Ha3uIBaeTca KoaebaHuem PpyHryuu f (x) Ha
(X %41

HoxasaTtenserBo. 1. Heob6xoaumocTs ycno-
nua. JlonycruM, uro onpefesennttit uaterpan I dyuxknun f(x)
cywectpyet: T. €.Ve>(0 36> 0 Takoe, uTo Kak TonbKOA, <O, Gyzer
I -&<0p <1+, kax Obl Ml HE BrIGUpPamH Toukk &, € [x,, x,,,].

Brime Mul yCTAHOBUIH, YTO Sp ¥ Sy, npu AanEOM R asnsiores
TOYHOI HHKHEH ¥ TOYHOI BepXHEl rpaHsME 1l MHTEIPaIbHBIX
CYMM Op, €CJI BAPbHDOBATE TOUKaMH ¢, € [x,, x;,,]- Hoaromy

I-e<spSop<8;<I+eg VRcAy<§,
T. €.

limsn =1, JimSy=1

%ipo(sn ~8)=0.
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II. focTtaTo4uHoCcT 5. Ilycts yenosue (3) Bvinonrewno. Tor-
*
Zla u3 HepaBeHcTBa (2) cnenyer, uyro I, = I . O6ozrauum obiee 3Ha-
YeHVe 3THX AByX uucen uepes I (I, =TI =I). Torna
sp SIS, (4)
U3 (3) cnenyer, wro pus mobore € > 0 38 > 0 Takoe, uto |S, ~ s <€
npu A, < 8. Ho Torga us (1) u (4) nomyuaem
H —og <€ nopu Ay <8,
T. €. I ABJAETCA NPeNesioM ANA G, ¥ [ (X) MHTErpHpyeMa.
3ameyvaHn..e. V3 goKkasaTensCTBa TeopeMbI BHIHO, YTO ECIIH

¢ysxuma f(x) unrerpupyema ma [a, b], To lims, = lim S, =
Ag—0 Ag—0

b b
= jf (x) dx, u obparso, ecnu lims, =limS,=1, 10 I = jf (x) dx.
J Py A0 J

§ 6.7. HETerpupyeMoCTh HempepPLIBHEIX U
MOHOTOHHBIX (BbYyHKI[MHA

Teopema 1.Ecnu pynryuaf (x) nenpepriena nafa, b), mo
oHa uHmezpupyema Ha [a, b].

HoxazarenscTro. Tak xax QpyHknua f (x) HempephIBHA
Ha [a, b], To oHa paBHOMepHO HenpepbiBHA Ha [a, b] u, ciaegoBa-
TearHo, Ve > 0 38(g) > 0 Ttakoe, YToO Kak TOIBKO [a, b] pasbur Ha
uacTH ¢ Ag < 8, To Bee Konebanma , < £. Orciona

n-1

Do Ax, <e EAxi =€ (b - a).
=0 =0

n-1
B cnny npoussonpHocT € saxmouaem, wro lim Do, Ax; =0, u
R 0

no reopeme 1 § 6.6 dyrxunsa f (x) urrerpupyema.

Teopema 2. MoHomoHHAR HA OMPpe3Ke PYHKYLLA UHITLeZDU-
Ppyema Ha amom ompe3ske.

HoxasaTenberTso. Bysem cuurats, wro f (@) < f (b), una-
ye QYHKIMA IIOCTOAHHA ¥ TEOPEMA TPUBHUAILHA.

Tak kax f(a) < f(x) < f(b) Vx € [a, b], To Haima pyHKIMA
orpaHUYeHa Ha [a, b]. Beenem pas6uenue R orpeska [a, b] c A, < 6.
Tak xax B AanHoM caydae ;= f (x,,;) ~ f (x), To

10. 3akaz 704
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n-1

n-1
D 0Ax, <8 Y@, =8[f (x,) — f (xg) + F () — flx)+...
=0 =0
e+ (x,) — F (x,)]=8[f ®) - f ()],
xy=a, x, =b. Boibepem Teneps & = g/[f (b) - f (a)]; Torna
n-1

Y oAx, <E,
=0

H IO TeopeMe cyluecrBoBaHus (teopema 1 § 6.6) sakmogaeM, wro
f (x) unrerpupyema. Teopema fokazaHa.

3aMeuyanue 1.0TMeTHM, YTO MOHOTOHHAN GYyHKLUA MO-
KeT MMeTh CleTHOe MHOKECTEO TO9eK pasphisa. Hampumep, pyu-

m.may=x+—l-—, 1 <x< —1—, n=1,2,...,y(0)=0, MmoHOTOHHO
n n+l n

Bospacraet Ha [0, 1], MmeeT cueTHOE MHOXECTBO TOUEK pasphIBa.
CrenoBatenbHo, 110 Teopeme 2 OHa MHTerpupyema.

3aMmevanue 2.Ecau f(x) uHrerpupyeMa ua [a, b] (a <.b),
7o |f (x)| TakKe MHTerpupyeM.
B camom nerne, Vx' u x" us [x;, x,,,] umeem

HF GO = If )| < If (&) — £ (")l M

Ecin o], o, — xoneGanus I (x)|, cooreercTrenEO f(x), Ha [x;,

X;,1]» T 13 (1) erenyer, o ©; < ©, U

n-1 . n-1
Sorar, < Soas,
=0 =0

Tak kak f (x) usTerpupyema, T0
n-1

D Ax, » 0 mpu A, — 0,
=0

HO TOr/IA

n-1

Zm:Ax,. - 0,
=0

H, CIeAO0BATENBHO, |f (x)| uHTerpupyem.
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§ 6.8. HecoGcTBeHHBIE HETErpaInI

3azanuM Ha KOHEYHOM IOJyuHTepBase [a, b) dyHKIMIO
f. DonyeTumM, 4yTo OHA HHTerpHupyeMa (HAIpHUMEp, HeIpepPHIB-
Ha WIH KYCOYHO-HenpepsIBHA) Ha JiroboM oTpeske [a, b'], raoe
b < b u He orpaHHvYeHa B okpecTHocTH Touku b. Torza ee
mHTerpan Ha [a, b) wim, uto Bce paBHo, Ha [a, b] B 06EIHOM
cubicie (PuMaHa) He MOYKeT CyLIeCTBOBATD, TIOTOMY YTO MH-
Terpupyemas Ha [a, b] no PuMany QyHKLuA HeobXoZuMo
orpanmdena. OfHAKO MOXKeT CAYINUTLCS, YTO CYIIECTBYeT KO-
HEeYHBIN Npenesn

¥
lbjg'ljf (x) dx.

Ecau 3710 TaK, TO 3TOT IIpefienl HASHIBAIOT HECOOCMBEHHbIM UH-
mezpanox om f Ha otpeske [a, b] U 3anMCHIBAIOT B BHUIE

\ ,
[ dx = 1im[r @ dx. M

v
B Taxom ciydae roOBopsT, YTO UHMEZPAL _[ fdx cxodumcas.
a
B npoTuBHOM Ciyuae roBopAT, YTo OH pacxodumcs Wiu
He CYIIleCTBYeT KaK HeCOOCTBEHHEBIH PMMAHOB MHTErpaJ.
Honycrum Terreps, 9To GhyHKnuUA f 3anana Ha myde [a, 00)
H MHTerpupyema Ha joboM KOHeYHOM oTpeske [a, b'], rae
a <V < . Ecam cymiecTsyer npegen

lim[f() dx,

TO OH Ha3BIBAETCA HecoOcmeeHHuM UHmezpanom om f Ha
[a, ) u o6GosHauaercs Tak:

00 b
j f(x) dx = }',imjf(x) dx.
a a
Ycnosumesn B ciefyronieil TepMUBEONIOTEN. BhIpaskenne

Jf @) dx €))
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OymeM HasbIBaTbUHMezparoMm (om f) ¢ edurcmeerHoi: 0cober-
Hocmbylo 6 mouke b, ecnu BBIIONHAIOTCA CleAYIOIME YCIO-
BUA: ecin b — KoHeuHasa Touka, To GyHKIHUA { maTerpMpy-
ema Ha [a, V'] nupu mobom b, VAOBJIETBOPAIOIIEM HepaBeH-
cTBaM a < b’ < b, u, Kpome Toro, He orpaHUyeHa B OKPeCTHOCTH
Touku b. Ecm ke b= +00, To nipo dyrxmmo { npepnionaraerca
JIIIL, YTO OHA MHTErpupyeMa Ha [a, b'] npu mo6oM xoreurnoM
v >a.

b
HonoburiM 06pasom ompenensercs UHTerpaJ _[f (x)dx ¢

a
€IMHCTBEHHOM 0CO6eHHOCTRIO B Toukea. Tenepnb — Koneunas
To4YKa. Ecnu Touka a < b Toske Koneuna, To { B okpecTHOCTH @
He OrpaHI€HA ¥ MHTerPHpyeMa Ha JnoboM oTpeske [a’, b], rae
a<a <b. Ecnu me a = -0, 10 byrxmua f npexnonaraerca
HHETErpupyeMoit Ha [a’, b} gna sroboro o' < b.

B panpreiimem mut 6ynem JUIA OlIpeeIeHHOCTH paccMar-
PHBaTh HHTErpas (2) ¢ eAMHCTBEHHOM 0COBGEHHOCTBIO B TouKe b,
KOHeYHOI MK GecKoHeuHoit. Bee BHIBOABI 110 aHAJIOTHE MOTyT
6bITE lepeneceHEl Ha cIy4aii HHTEerpaja ¢ efUHCTBEHHON OCOo-
6eHHOCTBIO B TOUKE d.

Teopewma ITycmv 3adan unmezpan (2) ¢ edurncmeen-
Holl ocoberrocmuio 8 mouke b. lna ezo cyujecmeosanus Heob-
x00umo u Bocmamouro evinonHeHue Ycroeus (Kowu): das
6caxozo € > 0 cywecmeyem b, < b makoe, umo

<E, 3)

[yt

Kawoebl Obt HU Obrau b', b", ydosnemeopaiousue nepasercmeanm
by <V <b" <b.
HoxazarenscTso. Pacemorpum byHKIHIO

F(x) = Tf(t) dt  (a<x<b.

CyiiecrsoBanne HHTerpana (2) SKBUBAJIEHTHO CYIII€eCTBOBAHHUIO
Ipeneia liIII;lF (x), uTO B CBOIO OUEpeNE SKBUBAJICHTHO BbITION-
X

x<b
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HeHuio ycsosua Komu: pns moboro € > 0 cymectsyer b, rne
a < b, < b, Takoe, uTo BBINONHAETCA HepaBeHcTso |F (") —
-F () < € pna Beex b u b", ynoneTBOopAHOIIUX HepaBeH-
cream b, < b' < b" < b. Ho

F@®")-F®)= [fo dt,

H TeopeMa JOKa3aHa.

IIpumep 1. Unrterpan

Jez, (4)

rae O > 0—II0CTOsSHHOE YMCIIOo, MMEeT, OYE€BUIHO, €HHCTBEH-
Hy10 0c00eHHOCTh B TOuKe X = 0. YTO6BI BBISICHUTE, CXOXUTCA
TN OH, HAJO BBIUMCINTE IIpees]

_1

1
: dx_ : xl—“ _ e 1 Oy ’ 0«<1
i =i ) i - e~ i
>0 & oo, a.>1.

‘Taxum ob6pasom, muTerpas (4) cxoxuTes npH O. < 1 u pasen
(1 - o), u pacxogures npn o > 1. Ecum ske o = 1, To oH
PacXomNTCA:

1
lim d—=—11m In £ = +o0.
e=0 % x =0

IIpumep 2. UnTErpan

[t =gl m et
—c0 — QL N—oo
1 » a>1 (cxoxurcs),
={a-1
+00, a<1 (pacxozutcsa);

HHTerpa

oo N

Jd_x =lim J dx _ lim InN =+ o (pacxonuTcs) .

x N—oo 1 x N—co



294 TJIABA 6. OIIPE/IEJIEHHBIH HHTETPAJI

o0
IIpumep 3. Hurerpan _[e""dx HMeeT eHUHCTBEHHYIO
G
0CO0EHHOCTE B TOYKe X = +00. OH CXOIHUTCH U paBeH

o N N
J e*dx= lim [e dx = lim(—®)| = lim[l-e"]=1.
0 N—+o Nt 0 Nt

ITyeth cHOBa 3a5aH MHTErpaJ
]
Jf (x) dx, (5)

HMEIUI efUHCTBeHHYI ocobeHHOCTE B TouKe b. Torma uH-
Terpan

|7 @) ax, ©)

The a < ¢ < b, Takke IMeeT eHHCTBEHHYIO OCOOEHHOCTD B TOUKe
b. Ycaosue Komn cyujecrsosanus unterpanos (5) u (6) dop-
MYJIIPYETS 1 COBEPIIEHHO O MHAKOBO. IJ0aTOMY 3TH MHTErpajbl
OOHOBPEeMEHHO CXOAATCH MM OJHOBpeMEHHO pacxoaarcsa. Kpo-
Me Toro, IIpH a < ¢ < b, oueBHIHO. HMEET MeCcTo

If dx = lbigl:!fdx = lbjm(jfdx+ljfdx)=

a c

=jfdx+£jg1]'fdx=]fdx+jfdx: (7)

[
e j — OOBIUHBIH PYMAHOB COGCTBEHHBIM HHTErpaJi, a HHTer-

b b
panbl j " j HecoOCTBeHHbIE.
a €

OTMeTHM paBEHCTBO

¥
j(Af + Bp)dx = lbig'l_[ (Af + Be)dx =

= A%jfll},jfdx + Blbif',,lj‘q) dx =Ajfdx + B_b[(p dx, (8)
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roe A 1 B — nocrosmusie. Ero Hano moruMats B TOM CMbICITIE,
49TO €CJIM CYIeCTBYIOT MHTErPasibl B MPaBOd YacTH, TO CYIie-
CTBYeT TaX>Ke UHTErPaJl B JIEBOH M MMeeT MeCTO PABeHCTEO (8).

T'oBopar, uTo nHTErpan (5) (MMEIOUHH 0COBEHHOCTD B TOU-
ke b) cxodumes abcontomrno, ecnu cxoguTes HHTErpaa

b
[t @) dx )

or abcomorTHoro 3HaueHns |f (x)

AGconromro cxodawuiica unmezpan cxodumes. B camom
Aere, u3 cxopumocTy uHTerpaia (9) cnenyer, uro gis np6oro
€ > 0 na unTepBane (a, b) naitnercs Touka b, Taxad, uro ecam
by<b <b" <b, TO

£> T]f(x)l dx =

Tf(x) dx

T. €. AJ1s1 uHTerpasa (5) BeimonHsAercs yenopme Komm. Tax
KaK

? f(x) dx

.
< [If (o)l dx,

TO IIocTie IIepexofa K mpexneny npu b’ — b gns aGcomrorHo
CXONALLErocs: HHTerpana (5) moayuum

) | b
Jfedz < [if @) dx. (10)

3ameuanue. Hepasenctso (10) BepHo u gus Heabco-
JIOTHO CXOA’HH{EI‘OCS{ HHTerpana — B 3TOM ciay4dae cnpaBa
CTOMT €0, 8 CHMMBOJX CO MBI cuMTaeM GoJbIIuM J06Oro Ko-
HEYHOTO YHCIa. ITHM LIAPOKO IONb3YIOTCA B TEXHHKE BbI-
uncnenuii, Ecnu nano yanats, CXONUTCS UM HET MHTEerpaj

b
If dx, MBI IMIIIEM HepaseHCTBO (10) u Mccrenyem Ha cxonu-

b
MOCTb MHTErpaJ J [fi dx. Ecnu aToT mociemuuii cxonuTes, T. e.

14
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b b
ecau jlf[ dx < 00, TO CXOAUTCS M HALI HHTErpal Ifdx. Koneu-

b
HO, €ClH J]fl dx = 0, TO mpUAeTCA K HANIeMY HHTErpay
a
IIPUMEHUTD Gojlee TOHKHE MeToAbl. BoBMOMKHO Bee ke, uTo
OH CXOAHUTCS, HO TOJBKO He a6COIIOTHO (CM. IIPHMEpHI B KOHIIe

§ 6.9).

§ 6.9. HecoGeTBeHHBIE MHTErPAIIbI
OT HEOTPHIATEIbHEIX (DYHKI[MI

IlycTe 3ajan uuTerpan
b
[f @ ax, o
MMEIOUNI e/IUHCTBEHHYIO 0CO0GEHHOCTL B TOYKEe b, 1 Ha 1IpoO-

mexxyTKe [a, b) unTerpuposarus f (x) = 0. Torna, ouesHaHo,
GyHKIUA

F(b’)=j'f(x) dx (a<b' <b

ot b’ MoHOTOHHO He y6biBaeT. IloaToMy, eciu oHa OrpaHUYeHa
F@®) < M, a<?¥ <b), T0 cymecTByer urTErpAT 1)

b v
[f@x) dx = ll}_rgjf(x) dx < M.
Ecnu sxe F(b') neorpanuuena, To uuTerpa (1) pacxopures:
b b
jf(x) dx = lim_[f(x) dx = 00,
b'—b -
Ecnu f (x) 2 O Ha [a, b), To mumuyT
b b
If(x) dx < 0 wim jf(x) dx = 0

B 3aBHCHMOCTH OT TOro, 6yJer Jii mHTerpans CXoZMTHCS WIH
PacXonuThHCH,
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Teopema 1. ITycme urmezpanot

fre ax, 1
fo @ ax, @)

umerom efJuHcmeeHHY0 ocoberrocmy 6 moike b u na npome-
wymre [a, b) sbitnoansomes nepasercmaa

0<f@ <o (3)

Tozda u3 cxodumocmu urnmezpana (2) cnedyem cxodu-
mocme unmezpana (1) u umeem mecmo nepasercneo
b

b
j fdx < j @ dx,
@ u3 pacxodumocmu unmezpaaa (1) caedyem pacxodumocmo
unmezpaaa (2).
HokasaTtenscTtBo. U3 (3) canenyer, aro gnssa <b < b

dex < T(pdx. 4

Ecmu renepr muTerpai (2) cxopures, To npaBad yacTs (4) or-
PaHHYeHA 4YHCJIOM, PABHBIM MHTerpaly (2), HO Torna orpa-
HuveHa U yeBad. W Tax Kak siesad yacTh npu Bospactanuu b’
MOHOTOHHO He YOBIBAeT, TO OHA CTPEeMHUTCS K mpeneny (MHTer-

pany):
'b[fdx= lbiirblf[fdx < 'T(pdx.

a a
Haobopor, us pacxozuMocTu uHTErpasa (1) cnepyer, uto
npezex JieBoii yactu (4) mpu b’ — b paBen 00, a crefoBaTeNbHO,
H IIpejle] IIpaBoif paBeH 0.

Teopewma 2.ITyecmv unmezpanvt (1)u (2) umerom edun-
cmeerHy1o ocoberrocme 8 mouke b, nodvinmezpanrviie Pymic-
LU nONONCUMENbHbL U cYuecmeyen npeden

im 1) _
lxlzlbl‘p(x) =A>0. (5)
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Toz0a smu urnmezpanivt 00HOBPEMEHHO CX00AMCs UAU 0OHOBPe-
MERHO pacxodamcs.

HoxasarenbscrBo. U3 (b) cnexyer, uto pjia moJio-
SKHTEJIBHOTO € < A MOKHO yKasaThk Takoe ¢ € [a, b), uro

A—s<£(%)5<A+s (c<x<b),

H Tax Kak @ (x) > 0, To

B@-p@<fX<@A+e9>E) (c<x<b. (6

b
W3 cxopumocrn uuTErpania J(p dx cnenyeT CXOOUMOCTL

a

b b

MHTerpasia I(p dXx 1 CXOAMMOCTE MHTErpasIa _[(A + &) @ dx, HO
[4 c

TOTZa IO IIpefbIIYIIeil TeopeMe CXOAMTCH TaKyKe WUHTEerpas

b b
Jf dx, & BMeCTe ¢ HIM HHTerpaJ j f dx. O6paTHO, B3 cXOAHUMO-

[ a

b b
cTH If dx crepyeT CXogMMOCTD I(p dx 1IoTOMY, UTO HAPALY C
a [4

(5) umeeT MecTO pPaBeHCTBO

imf® _1 59
ow 4’

3amMeuanue. PapencTso (5) osHauaeT, yTo GyHrmsa f
SKBHUBAJIeHTHA GyHKIMKH AQ 1Ipyn X — b. B 3T0M cnyuyae Takke

TOBOPAT, 4T0 QYHKIUH S 1 () IMEIOT O{MHAKOBBIH MOPSOK TP
x —b.

IIpumep 1. HMccaemosaTh HA CXOAHMOCTE HHTErPaJ
0
Isin Exe “dx.
0

Nmeem

©0
< [le™ sin kx| dx <
0

l_[e_’sinkx dx erdx=1 < o0,
0

O by 8
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Mzl mpumennsm Hepasercrso (10) § 6.8 1 3ameuaHue K
HEMY.

3nauxom ~ MeKAy MHTerpasaMu OyieM 0003HAYATEH TOT
(aKT, 4TO 3TH HHTErPAJLl B CUJIY TeOpeMbl 2 OJHOBPEMEHHO
CXONATCSH UM OAHOBPEMEHHO PACXONSATCS.

td j‘dx
IMpumep 2. |-8X ~]8L 0o,
-!smx lx

1 1
IIpumep 3. dx_ . [dx < co,
P P ;‘,’singx '([7;

IIpumep 4.

—— g

00
£J;—le""dac ~_[e"dx < 00,
1

HMurerpann: npumMepoB 2 ¥ 3 UMEIOT €JUHCTBEHHYIO OCO-
fesHocTh B Touke x = 0. Hago yuecty, uro sin x = x, sin Jx =
~Jx, x — 0.

HNuTerpan npumepa 4 MMeeT egHHCTBEHHYIO 0COOEHHOCTEL

x=-1 = _

B x = 00, Hafo yuecTs, uto == e* = e, x — +00.
x

HOpumep 5. J(xz— 3x+ 5)e_"dx CXOMTCH, TOTOMY YTO
[i]

-]

< fie® - 8x + B)e e dx <
0

I(xz - 8x + 5)edx
0
< MJ e 2dx < o0,
0

. 2 ~x/2 .
Hemo B ToM, uro im (x” — 3x + H)e *2_ 0, nosTomy Haii-
X—ao

merca N > O Takoe, uro [(x° — 3x + 5)¢ /% <1 Vx > N.

C mpyroii ctopossl, GyHKOUSA I(Jc2 -3x + 5)e7°'/ 2| Herpe-
peiBHa Ha [0, N], ciegoBaTensno, orpanudesa Ha [0, N] neko-
Topbim unciaom M,. Takum ofpasom, OHa orpanuyena wa [0, 00)
uncom M = max {1, M,}.
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§ 6.10. MuTrerpupoBaHue no YacTam
HeCcOOCTBEHHBIX HHTEIDAJIOB

IIpumep 1. HecobcTBeHHBIe MHTETDaIE
[P dx,  [O5% gy (@ > 0) 1)
a X s X

cxogsaTcd. B caMoM perne, MHTErpupys IO YacTsiM, TOJYIHM

4 . a
Jsmx dx = _cosxtj_jcos;x dx
x x
a a
IJiA BCeX KOHeUHBbIX A > a. Ilepexons Temeps K mpegeny npu
A — 00, monyuuMm

©0

o«
J'smx dx = cosa —Jcosz’xdx,
x . X

a

Tie MHTerpaj B IIPaBoil YaCTH CXONUTCH M Aaske aGCoIoTHO:

00

cosx
_[ ===dx
v X

o o
cosx
<I¥dx<j%’9=—l~<oo.
a x ax a

Ipumep 2. Unterpan Jﬂ’ﬁ dx cxonuTca He abCoIoT-
x
a
HO (YCJIOBHO), 100 MHTErpan

Tlii:_x'dx —c0  (a>0), )

T. €. pacxogauuiics. B camom gmene, B cHAy HepaBeHCTBa
2 2 . .
sin” x < |sin x| HecobGcTBeHHLIH HMHTErpaX

= = _lml_*_cﬁli _1T7du_ 1 Tcosu
=(2x u)—22{ . du—2?£u 2?{” du.

© » o a
Ho wnTerpan J'u cos u du cxoguTcs, a UHTErpasi Iu du pac-
2a 2a
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xomurcs. ClegoBaTeslbHO, HecoOCTBEHHBIA uHTErpas (2) pac-
XOAUTCS.

3aMmeuaHue. Cxogumocts uuTerpana (1) obnacuaercs
TeM, UTO (PYHKIUA Sin X mepuonMyecKu KonednerTcs, MPHHH-
Mad IOCJIeOBATENLHO IIOJOKMTeNbHbIe U OTpUIlaTe/IbHEIe
sHaueHus. HaKoILIeHue ILIOIa ¥, BLI3hIBAEMOe MOJI0MKHTe b-
HBEIMH 3HAYEHHAMHSIN X, KOMIIEHCHPYETCH COOTBETCTBYIOIIYM
HAKOILJEHUEM, BLIZBIBAEMBIM OTDHIATENbLHEIMH 3HAYEHUAMH.

9T0 ABIEHNE NOJY4YUT 0ObACHEHVE B TEOPHH pPANOB (CM.
paz JleitOHUIA ¥ YCIOBHO CXOAALHAECA PAABI).

TIpuBeneHHble MpUMEpPHI NOKA3LIBAIOT, YTO MHTErPHPOBAa-
HHE [10 YACTAM MOKeT OKa3aThCA IOJe3HbIM CPeJICTBOM MCCIe0-
BAHMA CXOAMMOCTH HECOOCTBEHHBIX MHTETDAJIOB.

Huxe npusogsTes obine coobpakesyis, KOTOPHIE JIyYIlle ITo-
SICHAIOT MEXaHHU3M 3TOr0 MEeTO/a.

Ilyere dyuknua ¢ (x) HenpepeieHa Ha [, o0) u O (x) — ee
nepsoobpasuasn. Ilyets, Kpome TOro, £ (X) HempepeiBHO Aubhde-
penuupyeman GyeErnud Ha [a, o©). Torpa

A A
Jowewdr=g@O @t - o e @ dx=

A
=gA)DP A)-g(@P(a) - J'd)(x) g'(x)ydx. (3)

Ecnn

1) lim g (A) @ (4)=0,

2) uaTerpan I(D (x) £' (x) dx cxoguresi, TO, OUeBUIHO, Cylle-

CTBYeT HecOOCTBEHHBIH UHTEerpas

0

A
I(p(x) g dx= }HEI@ x)gx)dx=-g (@)D (a)-

- j O (x) £ (x) dx. 7))
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Otciofia, B 4aCTHOCTH, BBITEKAET

Ilpusnax JMupHxie CXOLMMOCTHM HHTerpasa
(4). Ecnu dynxmmsa O (x) orpannuena (O (x) < M), a g (x) youI-
BaeT B CTPEMUTCH K HYJII0 IpU X — 09, To UHTEerpaJ (4) cxonutces.

$lcHO, YTO 9TH YCIOBHA BAEKYT CBoicTEO 1). Manee

Jowe @ax

<T](D(x)g’(x)ldx<MTlg’(x)idx:

) A
=-M [g'(x) dx =-M lim g’ (x) dx =-M lim [¢ (4) - £ (@)] =

=g(a)- M.
IIpumep 3. Uuterpan

« .,

_[ﬂl}l—x dx (o> 0),

a
UMeIoIUi eIMHCTBEHHYIO OCOOEHHOCTE B X = 00, CXOMUTCH TIPK
o > 0. 910 caenyer us npusHaka [lupuxiie, re HaJ0 CUMTATE £ (X) =
=x" @ (x)=sin x, ® (x) = —cos x (O (x)| < 1). AbcomoTHasn xke
€ro CXOAMMOCTEL MMeeT MecTO TOJILKO HpH O > 1, UTO JOKAa3bIBAeT-
cs1, Kak B npumepe 2 § 6.9.

§ 6.11. HecoGcTReHHBIN HATErpa
C 0CODEHHOCTAMM B HECKOJBKHX TOYKAX

Ilyers sanan wHTErpan
b
Jf@) ax, @
a
T. €. MoOKa (hopMajibHOE BHIpa'KeHVe (PHCYHOK), T/ie Toj 3Ha-

b
KOM _[ crouT QyHKIUA [ (x), onpeneseHHas Ha MHTEpBae (a,

a
b). Takum o6pasoM, a MOKeT GbITh KOHEUHBEIM YMCIJIOM MM
—00 ¥ b — KOHEYHBIM YHCJIOM MM +00,

JomycTuM, uTo MHTepBaN (@, b) MOXKHO pasOuUTEL HA KO-
HEYHOE YHCJI0 MHTEPBAJIOB TOUKAMH 4 = € < €; < ;< ... <¢y=b
TaK, YTO KAMXKABIA WHTErpas
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Crit
ff(x) d« (=0,1,..,N-1) (2)
Ck

HMEeT eUHCTBEHHYI0 OCOGEHHOCTh MO0 B TOUKe C, JMO0 B
TOUYKEe ck+1‘

Ecan Bce HecoGeTBeHEBIE MHTErpan (2) cxousres (ab-
COJIIOTHO CXOpsiTcA), To MuTerpan (1) maseaercs HecoGem-
BEHHbIM CXO0AUUMCA (ABCONIOMHO CXOOAWUMES ) ¥ CHMBOILY
(1) npunuceIBaeTca YMCIO

b N-1%1
[fde=Y | fx) dx.
a =V g

Ho ecnn xoTa 661 04UH W3 HETErpasios (2) pacXoouTcs, To
unterpat (1) cuuTaerca pacXoXAIIEMCS.

Ecmu f (x) 2 0, 1o, Tak e Kax B caydae UHTErpaJioB ¢
onHOIi 0cOBEHHOCTBIO, IIJIA HHTETpAJIA (1) ycnosumMes mmcaTs

)
£ dx < oo,

eCJIN OH CXOAHUTCH U

freo ax - o,

€CJIN OH PA&CXOOHUTCH.

IIpumep 1.
]ee_xdx = Te"’dx + Te_’dx =00+ 1 =00,
—o0 ey 0

JTOT HATErPa] UMeeT [Be 0COBEHHOCTH B TOUKe X = —00 i
x =00 =+00, COOTBETCTBEHHO MEI €I0 IIPEACTABHIH GOPMAaTLHO
B BUJie CYMMBI IBYX MHTETDAJIOB, KAMIBIN U3 KOTOPBIX HMeeT
OfTHY U3 YKa3aHHBIX ocobenHocreil. OueBngHoO,

O_[e_xdx = o0, ]ee—xdx = 1.
—0 0
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INpumep 2.(a>0)

w | cxoaurca yenoBrHO npu O<oax<l,

Iﬂ%ldx— cxomuTcs abcomoTHO mpu 1<a<2, 3)
x .

o pacxomuTca nOpu o=2.

B camMoM Jiesie, 3TOT MHTErpaJ MMeeT Be 0CODeHHOCTH — B
x=0u x = 00, MO3TOMY AJIfl €I'0 MCCACNOBAHUA PACCMOTPHUM

GOPMANIEHYIO CYMMY

o 1. o
Isn‘;xdx= Isnixdx + Isn(llxdx_
o X o X 1 X

1
Ilop unTErpanom _[ CTOUT IOJOKHUTEJRHAA (DYHKIHSA,

0
nosTOMYy OH JIMGO pacxopuTcH, INbo, ecinu CXoOmuTCa, To abco-
moTHo. J14 ero ucciezoBaHUA HAM IIOMOLYT HEPABEHCTBA (CM.

§3.3, (6)u § 4.19, npumep 1)

2 ylo g SIIX 10 (g L x < 1),

[+

7 x
OTKYza
) N 1
!%dx < le'adx <00 mpHO<2,
o X o
1 . 1
IS—m;&dx > Z—le_adx =00 mpuo = 2.
o X L
CrnepoBaTensHo,

Jl‘sin LY abCcoNIOTHO CXOAMTCH NpH < 2, @
2 X PacxXouTCHA npu =2,

Hanee (cv. § 6.10, npumep 2)

Tsinx dx cxoxuTca npu o> 0,
1 x° a6COoMIOTHO CXOMHUTCH TONBKO Ipu o>1. )



I'naga 7
Mpunoxenus uHTerpanos.
MpubnuxeHHble meToab!

§ 7.1. IInomangs B NONAPHBIX KOOPAHHATAX

IInomazne S GUrypsl, orpaHudeHHON [BYMA BBIXOIALIM-
MU U3 ITONAPHOro nomioca O aydamu 6 =6,, 0 =0, u xpusoi I,
3a]aHHOM B IOJAPHBIX KOOPMHATAX HEMpephIBHOI (hyHKIHei

Puc. 80 Puc. 81

p = f (D), moxkeT 6HITHL OmpeseneHa CAEAYIOLIMM 0GpazoM
(puc. 80). Ilpoussonum pasbuenue orpeska [0, 6,]:

6, <6, ... <6,= 0.

dnemenT miomanu Gurypsl, orpaHndeHHoit kpusoit I u ay-
yamu 0 = 0,, 0 = 0,,,, mpuGmKeREO BHIPAXKAEM ILIOIAEIO
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KPYTOBOI'O CEKTOpA, OTPAHNYEHHOT0 TeMH 3Ke JIYIaMH H OKPYK-
HOcThI0 paauyca p, = f (0,), pasHoit

1 PiAek- A6, =6, -6,

EcrectBenro CUYHTaTh, II10 OIIPeXeJIeHHIO,

max A0 2

&
s= tim 13580, - ljp - [F@a0. )
90

Mur mosryuinn ¢opmMyany IIOUIaH PUCYPEL B TOMAPHBIX
koopaunarax. Ilns srenpepruisroi dynkiuy f (0) urrerpan (1),
KaK Mbl 3Ha€M, CylieCTBYeT H, CJIeIOBATEIHHO, mpexes 000
HUHTEIPAJbHOII CYMMBI PABEH STOMY WHTErPay.

1T p u ™ e p. Mso6parkerHas Ha prc. 81 OKPYKHOCTS B IIO-
JIAPHBIX KOOpAKHATAX OIpejesisieTcs ypapHenueM p = 2R cos 0.
B cuny (1) mnomazas kpyra

S =2R? jcos 0 db = 4R? Il+cgs29 db = k%,

-n/2

§ 7.2. O6pem Tena BpaleRus

Ilyers I' ects kpuBas, omuchiBaeMas B IPAMOYTONLHOM
CHCTeMe KOODAMHAT X, I/ HeIIPePHIBHOM IMOJI0KUTEILHOI (hyHK-
uueit y = f (x) (a € x < b). Boruncnum obwem V Tena Bpalre-
HUS, OTPAHMYEHHOTI'O IJIOCKOCTAMHUX = @, X=b 1 MOBEPXHOCTHLIO
BpamgeHus kpusoii " BOXpyr ocn x.

IIpousBonum pazbuenne oT-
peska [a, b] Ha wacTu: @ = x; <
<x,<..<x,=b— u cunraem,
grto anemenT AV ofbeMa Tena, or-
PAHHYEHHOT0 ILTOCKOCTAME X=X,
X = x;.,, NTpUOIMIKEHHO paBeH
o0 beMy NUIUR/pa BhicOTh Ax, =
Puc. 82 = X1~ X, ¥ paguyca y, = [ (x,):

AV, ~ nyiAx, = nf (xp)’Ax,.
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n-1

Benuumna V, =7 ) _f ? (x,)Ax, TpuOMBKEHHO BhIpaxaer V u
k=0

V= lim ni_lfz (x)Ax, =70 Ifz (x)dx. (¢))
k=0 a

max Ax~0

Ms1 monyumnu ¢opmyay obbema Tena spanieHus (puc. 82).

IT pu M e p. Sanuncouy BpaiieHus (BOKPYT OCH X )
£ Y+

S5t 2

a b

€CTh TEeJIO, OTPAHHYEHHOE ITIOBEePXHOCTHIO BPANICHUA KPHUBOH

2
y=b1’1—:’c—2 (a<x<a)
a

BOKPYT OCH X, II03TOMY Ha OCHOBAHMH (opmyar (1) ero obrem
paBeH

<1

2 i 2 S\ _ 4, .2
V=nb® ||1-%;|dx =nb x-2o ||, = gmab’.
-a a a

§ 7.3. 'mangkas KpUBasaA B NPOCTPAHCTRE.
JAnuna nyrm

B § 4.21 65110 BBEIGHO TOHATHE IIJIOCKOH HEpepbIBHOM
KPHBOI, 321aHHO NapaMeTPHUYECKH, B YACTHOCTH riaalKoi KpH-
Boii. MBI XOTHM IIONOJHUTH 3TH CBeJe-

vusa. Ho szaoguo OymeM paccMaTpuBaThL ) Y
Gomee 0OIIYI0O KPUBYIO B IIPOCTPAaHCTBE. /J‘
Tpu ypasueHus (puc. 83) A
x=¢ (), 4 z
= <t <
y=v®, { @<t<b), @) Pue. 83
z2=% ()

Ifie QYHKIMHA (O, Y, ¥, HellpepLIBHLL HA [a, b], onpenensior He-
npepeul8 HY0 KPUBYI0, KOTOPYIO MeI 0003Hauum yepe3 [ . Ecau k
ToMy &€ GYHKIIHY (, Y/, ¥ He TOIBKO HEIIPEePHIBHBI, HO HMEIOT
Ha [a, b] HenpepHIBHBIE IDOM3BOIHBIE, OAHOBPEMEHHO He 00pa-
ujamoiyecs: B HyJab, Tol HasblBaetcazradxoil pueoit Ha[a,b].
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Tor ¢akr, uro npoussogusie ¢ (f), ' (£), ¥’ (t) ans mo-
Goro sHauenus t € [a, b] oxHOBpeMeHHO He 06pAINAIOTCA B HY I,
MOKHO BEIPA3MTh TaK: MMeeT MECTO HEPABEHCTBO

@ @O+ @+ % @)°>0 @)

Inda Beex t € [a, b).

Ecrmu Mb1 3apamum onpenenensoe sHaueHve ¢ = t,, TO B
cuny (2) onHo us cnaraemerx ¢ (ty), V' (£), %’ (f,) — mycTs nep-
Boe — He pasHo nyo (¢’ (f,) # 0). BeaezncTsue HenmpepeIBHOCTH
¢' cymecTsyer untepsa (t, —, t, + 5), Ha koTopoM @' (£) MmeeT
TOT K€ 3HaK, uro U ¢’ (¢,). Ho Torna na atom unTepsane ¢ysk-
s x = () cTPOro MOHOTOHHA H CYIIIECTBYET 06paTHAS K Heil
HETIPepPLIBHO AuGxpepeHnipyeMas GyHKINs ¢ =(p’1 (x), xe (¢, d),
rae (¢, d) — HeKoTOpas OKPeCTHOCTb TOYKM x, = ¢ (t5). B pe-
8yJIbTaTe Mbl IOJYYUM, YTO HEKOTOPEIA MAJBIH KYCOK Y KpH-
Boii I, comepskamuit B cebe Touxy A, = (¢ (&), V (£y), X (to))s
OIIHCBHIBAETCH ABYM:A HEIpepLIBHO Authdepenupyembimu hyH-
KIMAMHY OT X:

y=vy [(p“1 @] =y, (x),
2=yl @)=y (x

(c<x<d, x<xy<d, x, =@ (ty)). Ecau, na camom nene, Y’ (t,) #
# 0 wmu ' (£,) # 0, To, paccy»xzas moxobHbIM 0Gpasom, noJy-
MM, YTO HEKOTOPEIM Kycok Y C I sanucriBaeTcs ypaBHeHHAMI

x=0y (), z=% @
A<y<m A<y, < yo=v ()

HJIM COOTBETCTBEHHO

x=0,(2)y=y,(2)
(p<z<q,p<zy<q, zo=%(t))-

Ypasrennun (1) rnaaxoit kpusoit I me Tonsko samator I
(xax reomerpuyecKoe MecTo Touek (¢ (2), y (£), ¥, (1), t € [a, b)),
HO ¥ onpezensitor opuermayuio I, T. e. ranpasnenue, BIONL
KoTOpOro Bozpacraer napamerp £. Ha puc. 83 usobpaskena rmag-
kas Kpusas [, cooTBeTcTBYI0mAaa u3MenenuIo napamerpa ¢t Ha
orpezke [a, b] (a < b): A = (¢ (a), y (a), ¥ (a)) — HavanbHas
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roural’, B= (¢ (b), y (b), (b)) — xoneunas toural’, crpenxa
yKasemsaeT opuenTanuio I.

Korya napameTrpt HenpepbLIBHO BO3pAacTaeT ot a Jio b, Tou-
ka (@ (£), ¥ (1), ¥ () HenpepbIBHO ABUraeTcs no I or Hauaab-
Ho#t Touru A = (¢ (a),V (a),), (@) 5o Koreunoii Touxu B= (¢ (b),
y (b)), ¥ (b)). ABmKymasca TOUKa MOKET BOSBPATHUTLCH B IIpe-
sKHee TIOJI03KEeHHe, T. €. MOXKeT CIIyIuThes, 9To £, t, € [a, b],
t<t,mQ () =0 @) V() =W () X ()= Y (t), u Torna
kpusasl HasviBaercsacamonepecexaroweiica. Kpupaal Haswl-
BAETCH 3aMKHYymMoii, eciu Touku A U B coBnagaror.

Baepem ¢dyHKINIO £ = A (T), ¢ < T < d, UME0OLIYIO Herpe-
PLIBHYIO HE PABHYIO HYJNIO NPOM3BOAHYIO HAa [¢, d] u oT0D-
paskaromyto [c, d] Ha [a, b). Tak Kax A’ (T) He MEHAeT 3HAK Ha
[c, d], TO MOReT OBITH TOJBKO JBA CIyJIAd:

DA (1)>0,urornal (c)=a, A (d)=b,
2)A (1)< 0, uTorpal (¢)=b, A (d)=a.

Hama rnagkasa kpusad | MokeT 66ITh 3a7aHa YPABHEHHAMM

x=@A@®=9, (1),
y=y[A@®]=vy, (1) 1h
z=x[A@]=% @)

py oMol mapamertpa T (¢ < T < d). OxHa ¥ Ta Ke riaajgKad
kpusasd [ Moker ObITH 3afaHa HapaMeTpUYECKH IOCPEACTBOM
pasHbIX napaMeTpoB i, T, ... .

3ameTuM, 4TO YCJIOBMA (2) Ha A3BIKe T COXPaHAIOTCH, 110~
TOMY YTO COTJIACHO (hOopMYyJie IPOU3BOAHON (hYHKIH OT PYHK-
14’47

@1 @) + (W' @) + 0y @F = .,
=l @+ (' O + O @I @ >0. @)

OnnAaKo IpH BBEEHNH HOBOr'0 NAPAMETDAT MOYKET U3MEHHTHCHA
opuerTanua I'. Eciu A’ (t) > 0 Ha [¢, d], To dyukumsa ¢ = A (7)
crporo BospacraeT uA (¢) = a, A (d) = b. B arom cayuae ¢ Bo3pa-
cragueM T Bospacrtaer £ ot A (¢)=a go A (d) = b, T. e. OpueHTa-
nusa [ He mensaercs — ypasueHus (1) u (1') onpenensiior ofgHy
U Ty 7K€ TIIAAKYI0 KPUBYIO C TOMH K€ OPHEHTAIMEll, TONBKO IIpH
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HOMOII[M PASHBLIX IlapaMeT-

pos. Eciu xxe A' (1) < 0 Ha

A [c,dl, ToA(c)=buAr(d)=a

M IpPH BO3PACTAHWHM T IApa-

=4y  merpt ybriBaer. B atom cay-

A=Ay yae ypasHenusi (1) onpenens-

10T Ty ke KpuByio 1, 4To u

7 z ypaBHeHusn (1), Ho ¢ mpoTu-

4 BOIIOJIOMCHOIH OpHeHTaIuelt.

B Tex BoOmpocax, rpe

HYHO YVIWTBLIBATH OPHEHTA-

LIHIO KPUBOI, o 6yksoiil” monuMaoT He TONMLKO CAMYIO KPU-

BY10 (TeOMeTpHYECKOe MeCTO TOUEK), HO ¥ ee opreHTanui0. Hamo

NOMHMTB, YTO YpaBHeHHA (1) openeNdoT Kak caMmy KPUBYIO,

TaK U ee opueHTauuio (ABxenre Touxku | B HanpapieHuy Bos-

pactauus t ). Ecnu 3amenuts napamerp £ Ha Apyroit mapametp

T (¢ = A (1)), TO TONYUMUM TV ke OPHEeHTUPOBAHHYIO Kpusyio I,

ecs A’ (1) > 0. Ecaix sxe X’ (T) < 0, 70 MoNyuuM Ty 3Ke KPHBYIO,

HO OPMEeHTHPOBAHHYIO IIPOTHEBOIIOJOMKHO — ee yaxe (KaK OpueH-

TUPOBAHHYK) KPUBYIO) Hag0 ODO3HAUHMTL APYIrHM CHMBOJIOM,
ypoono vepes .

Ecnu sapaua opuenTupoBaHHAas Kpupas I mocpencTeom

ypaBHenuii (1), 7o I’ MoxHO, HaTipuMep, 384Tk YPaBHEHUAMHI

zp Ay

Pnc. 84

X = (P (_‘C):
y=vy (-0, -b<1<-0a).
z2=X (_‘C)’ .

BeeneM moHATHE AJIHMHEL AYTH HEIIPepbIBHONM Kpusoii 1.
ITycre 3agana HeTrpepuisHas kpusaal mocpencTeoM ypaBHeHHR
(1). Pasobrem oTpesok [a, b] sHauenuaMu a =t <t, <t, <...<
< ty = b. Kaxxpomy ¢, coorsercreyer Touka A, € I (A,=4, Ay =
= B). CoeguauM TOUKH A, OCIEN0BATENILHO OTpe3KaMn A A, |
(puc. 84). B pesyarTare nonyuum Jomaryio [y = AA,... Ay,
srucaunyio B I'. [muua I'y paBsa cymme gomn 4,4, |

Tl = 5 14,4, . )
k=0
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Ilpeden drunvi 1y, Koz0a marxcumymt;,,— t,cmpemumes

K HYAI0
lim_ [T, |=Il 5
oy Tl =1L ©

ecau ox cyutecmayem (eCTh KOHEeUHOe YHUCJII0), HA3bl8aemes Jau-
roii dyzu I'. Ml ero o6osnawmnu vepes [[].

MosxHO NOKa3aTh, 9TO AR M0G0 HeMpepEIBHOI KpUBOIl
(1) mpenesn (5) KoHeUHEI UK GeCKOMEUHKLH (400) CYII{eCTBYeT.
B cayyae, ec/ 3TOT IpejieNl KOHEUHBIH, KPMBAA HABLIBAETCA
CNpAMAAEMOLL.

Teopema 1. I'nadxas na [a, b} xpusasa I, onpedense-
mas pasencmeamu (1), cnpamnsema. Ee Oruna dyzu paena

N = Mp' @OF +{v @F +[x @ dz. 6)

B sT0i1 hopMynupoBKe BasKHO, uTO ypasHenus I 3azamre:
Ha oTpe3Ke [a, b). Ecau Gb1 oxu GpLny 3a8aHbI HA HHETepBae (4,
b), rne ¢, Y, ¥ HenpeprisHo guddepenupyeMs! Ha (@, b) ¥ X
HPOU3BOJIHBIE OJHOBDEMEHHO He PAaBHbI HYJIIO, MBI TOX(e CKA3a-
11 6b1, uTo ypaBeeHNs (1) onpesiensior raaakyio Ha (a, b) Kpu-
ByI0, HO OHa MorJa Obl 1 He ObITH cripAMIReMOit. OgHAaKo JIo-
Goit ee KyCOK, COOTBETCTBYIOLL{HIT HEKOTOPOMY OTDPE3KY [c, d]C
C (a, b) cnpaMnsneM.

HokxasatensrcTBo Teopemnul 1. IIpumensas Teo-
pemy Jlarpanska x pyaxauaAM @, y, X, Oynem umets (At =1#,,, —
—t, A= max At,)

AP = (t,,) — @ (t) =9 (T'DAL,,

Ay =y (t,,) -y () = ' (")AL,,

AY =X (Gey) — X @) =% ()AL,
M CIeA0BATENBHO (IIOACHEHUA HIKe),

= S Bar + @) +(®2) =

= I:‘;;\/[W @+ @+ o, =
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- S eI v @ BT s,

+ 1, o @F + [ @F + b (OF e ™

(smecs t',, t",, t', € (8, t,,,) — BOOBIIE pasmU4HBIEe TOYKH),
7. €. crpaseniusa Gopmyana (6).

B camom prene, B CIUTY HellpePBIBHOCTH HOABLIHTEI DAIBHOMN
dyuxumy B (6)

tim > o' 6T+l 6F b F 4, =

- o OF+ v OF + ¢ GF at.
Kpome TOTO, 3aMeTHM, 4YTO BB:HOJIHHGTCH HepaBEeHCTBO
=
<& - + - +E-n)

BBHIpaJKAIOIIEe, UTO PASHOCTE JAJIMH ABYX CTOPOH TPEYTOALHUKA
He IIPeBLIIAeT JJINHBI TPEThEH CTOPOHDI.

Hanee, Tax xax dyrxuum ' u ¥’ HenpepbiBHL Ha [a, b],
TO OHY ¥ DABHOMepPHO HeIpepBIBHLL Ha [a, b]. Ilosromy, eciu
Ag< O, TO

V@) =W @l < o o I ) X < gt

4, cregosareno,
S [l GO +v T+ b 6T -

o @+l 7 +be ¢, g )<
<SSy @) v @b 6F s

<82 S ) =
2(?7 a)ZAt fa(b a) ==&

Jro mokazeiBaet, uro r, — 0 mpu A, — 0.

'rnl =
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IIprmveruM (popmyay (6) K BeraucseHuio Jauns: ayru [,
KOTJla OHA 3afaHa ypasHeHusMH (1"), Ipu oMoy mapamMeTpa
1. Imeem (cM. (6))

T, = T\/((p{ @)+, Y+ () de=

= [Vl N+ QN + &A@ N (e =

- oo+ +w@ra o @>0).

B nocnenueM paBeHCTRe 3Toil HEm MBI IIPOM3EEaH 3aMEHy Iie-
pemeHHOI £ = A (T) B MHTeEIpane.

CnepoBatensso, |I'y| =[[].

Mz BugmMm, yro dopmyna (6) ANUHBI AYTU BLIpaKaeTes
HHBAPUAHTHO Yepe3 IapaMeTp AYTH.

Brepem yHKIMIO

s=p ()= j\/(qn’(u))z V@@ du (@a<t<b) ©®

OT BEDXHETO Ipejiesla MHTerpaa. Ona BeIpaXKaet AJIUHY AYIU
AC raeC — nepemMeHHAS TOUKA ,uyrnAB =I', cooTBeTCTBYI0OII[aA
sHavenno nmapamerpa t. Ilox uurerpanom B (8) cTouT Hellpe-
peiBHAs QYHKIUSA OT 1, IO3TOMY NPOHU3BOAHAA JJIUHBI AYTH §
10 ¢ paBHa '

=@ OF + (' @+ @) . 9)

Tax kax @' (¢), ¢’ (2), ¥’ (¥) HenpepsisHEL, Tods/dt B CBOIO OUe-
peAr ecTh HenpepbIBHAA (PYHKOUA OT I, IpH 3TOM IIOJO-
xutencHada (cm. § 7.3, (2)). Ho Torna s = U (t) cTporo Bos-
pactaer Ha [a, b] B umeer oOpaTHYIO HenmpepbiHO Andde-
peHIIMPYEMYH0 QYHKITHIO

=p'(s) (O <s<I, (10)

0bNaaaI0LYI0 CBOMCTBOM

CL_ (@ @)+ @+ @) V2> 0
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Ho Torza mepeMeHHas S MOKeT CIIy>KUTh NTApaMEeTPOM Haiueit
ranaakoii kpusoit I’ — ypasrenus [ MoxHO sanucats B BULIE

-1
x= I B =9, 6),
y=v @l=v.(), [ ©@<s<[),
z=%[n" (8)1 =% (5),
rae GyHKOWH P,, Y., ¥+ HelpepbIBHO juddepeHupyeMbl HA
[0, [T’
YUT006b! NOIYYNTH COOTBETCTRYIOLHE PE3YALTATEI 1A ILIOC-
Ko¥ kpuBoitl = AB, HaJI0 B IpeALIAYIINX PACCYKASHUAX II0JI0-
EUTE 2 =% (t) = 0. Toraa rmankas mwiockan xpueas I onpene-
JAAETCHA ABYMA YPABHEHUAMMU
x =90 ®,
y=vy (@,
rae ¢ My — HelpephiBHO guddepenninpyemblie GyHKIMN,
MOAYUHSAIOIINECH YCIIOBUIO

@@+ @’ >0 (tela b
HOnuua I” pasna

T = | o @F +(v O d. ©)

Dansa gyru AC T, rie C ects Touka I, cooTeetcTByIO-
11an 3HavyeHUIo napametpa ¢ € [a, b]

s = [lo' ) + (v GY du, @)
nuddepeHnEAT AYTH PABEH
ds= (@' () +(v' @) dt. (9"

Ecnu I 3agana npu nomonu senpepuisao auddeperiu-
pyemoit pyHKIMMI

} (a<t<b),

y=f(x) ((a@a<x<bd),
TO MOJKHO CYHTATh, UTO I onpenensercs napamerpom x:

x=x,

y=f(x),} (a<x<b).



§ 7.3. FIAJIKAA KPHBAS B IPOCTPAHCTRE. JJIAHA IVIH 315

b 2
I = j‘f1+(%) dx.

Juddepennuan sxe ayru I spipaxkaercsa ¢opmynoit

ds = \/d::cz+dy2 .

Hpumep 1. Haittu gnuny xyru kpusoitl : y=ch x, 0 <
Sx <2

HUmeem
2 2 .
I = J' 1+(th)2dx=Ichxdx:shxl(";:shz:_e_z_e ]
0 0

IIpumep 2. Haittu jumuy oxkpysxsoctu [ paguyca R.
OKpyKHOCTb B IIapaMETPHYECKOM BUfEe MOKHO 38JaTh CJie-
ayiomum obpasom:

Torna B cuay (6')

x=Rcost }
? 0<t<2nm.
y=Rsint, ( ™

Torpa

2n 2n
M= jJR2s1n2t+R2cos2tdt=R_[dt=21tR.
[1] 0

IIpumep 3. Haiditu anuny ayru kpusoit I': y =
= j\/2t+t2 dt, xorga x uamensiercs B npenenax ot 0 go 2.
(1]

OTMeTHM, YTO SBHYIO 32aBUCHMOCTE I/ OT X MOXKHO HAITTH,
€CJIM MBI BEIYUCIIMM MHTErpaJi, UCHOJIL3YSA NOJCTAHOBKY Jitie-
pa WIH paccMATPUMBAA 3TOT MHTErpaJ KaK ApoOHO-THHEIiHyIo
HppanoHankHOocTs. HO B IAHHOM cilydae HaM He HYXKHA 3Ta

ABHAA 3aBucuMOcTh. UMeeM ' = V2x+° . Tloaromy

2 2 2
M| = j\/l+2x+x2dx=J(x+1)dx=LJC;—1)|§=4 .
0 0
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§ 7.4. KpuBusHa H paguyc KPMBU3HBI KPUBOH.
JBOJIOTA ¥ SBOJBBEHTA

Kpususnoil oxkpymcnocmu paguyca R HaspIBaeTca YHCIO
1/R. 310 uMCNI0 MOYKHO TAKIKe ITONYYHThL KAK OTHOIIICHHE YIJa
MeXy KACATeNBLHEIMH B KOHIAX KAKOH-HUOYAL JYyTY OKpPYXK-
HOCTH K JIIHE AYTU. YT0OJ (L MEKAY KACATEJLHBEIMY K OKPYHK-
HOCTH B TOYKAX A U B paBeH HEHTPAJLHOMY YTIy O MEXAY
paguycamu OA u OB. Inuna |AB| ayru AB pagaa Ro. TloatomMy
(puc. 85)

o _ o _1

R .

I AB' Ra R

ITocnenBee onpefiesienyie KPHBUZHE! OKPYXKHOCTH fAET UIEK Ol
peneneHna KPpUBU3HEBI IIPOUSBOJILHOM IJIaqKo# Kpusoi .
7
A .y
) R

) 7 4

Y

T
Puc. 85 Puc. 86
PacecMoTpuM niockyio raakyo Kpusylo [ . Kaxk Mel no-
kasam B § 7.3, oHa cupsMJsieMa H MMeeT CMLICT TOBOPHTh O
JTuHe 000 ee nyru AB. Vrono. (0 < o < ) Mexk Yy KacaTeab-
HHMH K1 B Toukax A u B HasbIBaeTCA Y2100 CMeHCHOCTY DYz
AB. OtHOLEHMe YIi1a CMEXHOCTH nymA\‘dB K €e JirMHe Ha3HIBa-
erca cpedHell Kpueusnoii dyzu AB (puc. 86). Haxonen, kpu-
eusHoii kpueoii I B ee Toure A HasbIBaeTCA Npeest (KOHEUHLIH
U GeCKOHEYHBIH) OTHOILIEHHS YIJIa CMEKHOCTH O JIyTH AB
KPUBOI K ee AiuHe lAT%l = |As|, Korfa Hoc/aefHAA CTPEMHTCA K
HYJIIO:

= lim-_
K= lAg%]As] . 0)]
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Taxum ob6paszom, 0 < K < 00, ITo onpeseNeHU10, BeJIUYHHA
R = 1/K (rme cuuraercs, uro 0 = 1/00, 00 = 1/0) HazsiBaeTcs
paduycom kpususnet I’ B Touke A.

Touxka O,, nexamas Ha HopMaau kI B ToukeA Ha paccTo-
ssumu R = 1/K ot A B etopony soruyrocTu I, HaskiBaetes yen-
mpoxm kpususus I B Touke A (puc. 87 u 88). OuesmjHO, UTO
LIEHTP OKPY3KHOCTH COBIIAJAET C [[EHTPOM €e KPHEH3HbL.

g4 r ¥/
- 4
A 4
g Y
T »
Y /P4 P
A r
»” o
1 z 0 K
Puc. 87 Puc. 88

Kpusas y, ABnamoasca reoMeTpiiecKiM MeCTOM I€HT-
poe O, KpHEN3HSI mI0cko KpuBoii I, HaskiBaeTea sgonomoi
I'. Cama xpuBag I" nazswiBaercs sgobeenmoil y.

Ilyers xpusas I' sanaua pyuxnueil y = f (x) (¢ < x < d),
uMelollleil HeIIPePLIBHYIO BTOPYIO mpousBoanyio. Haiinem ee
KPMBHU3HY B Touke A = (x, f (x)). Ilycts @, 1 ¢, — YIJIBI, KOTO-
phle COCTABJIAIOT KacaTelbubie K | B Tourkax A ¥ B = (x + Ax,
f (x +Ax)) ¢ NONOKUTENBHEIM HATIPABJIECHUEM OCUX (CM. puc. 86)

tgg,=f(x), tgo,=f (x+Ax),
o = |arctg f' (x) —arctg ' (x + Ax)|. (2)
Hanee,

As = |AB| = x]Ax‘,1+(f’(u))2 du. 3)

x
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IToaromy 13 (1), npumenss rnpasuno Jlomurans (no Ax), momy-
qJaem

arctg f'(x)—arctg f'(x + Ax)

T @y

K = lim
Ax

" (x+Ax)
_ lim 1+(f (x+Ax))’

M‘@(f’(xm»j (1+( @)

(=)

)3/2 .

Mbe! monyauny opmMyay AJIs1 KPUBUASHB

" (%) .
(1+(F ()

Ecnn rnaaras kpusas I sagana napamerpudeckn

4

x=¢ (@), }(a <t<b),
y=vy (t)!

raoe 1y — IBASKAH HenpephiBHO AU depeHiupyemsoie (pyHK-

UM, TO, MOJB3YSCH NpaBuaoM juddepeHIIMPOBAaHHA Iapa-

MeTPMYECKH 3aaHHbLIX yHKIMiA, moayuuM (cM. § 4.11)

. yl , xly"__y’x"
(x)y="15, " (x) =",
x, (x, )3
(x 2y '2)3/2
R= _,_y_,'_" K= % . ®)

r n
VX XY,

Hailinem napaMeTpryecKoe ypaBHeHE 3BOJIOTHIY KpuBoiil
3ajanHoii ypaBaenneM (puc. 87, 88) y = f (x). UmeeM (cm. (4))

rel | rosere
L))" |+ @)

1
R
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Hentp kpusuaust O, kpuBoii I B ee Touke A = (x, f (x)) oyeTs
umeeT KoopiauHaTth! (§, 1)). OH ompesenseTcsa BEKTOPOM

p=r+Rv, )

rne r — paguyc-sektop Toukn A € I', a v — eguanunslil Bex-
TOp HOpMAaJu, HAlpaBIeHHLIH B cTopory Boruytoctul . Kpu-
pana ' mMeeT BeKTOpHOE ypaBHeHUe
r={x, y).
Orcrona
ixz (1, y’x)> i:x = (0’ y"x)'

Ianee (cm. § 4.23, (3),

V= Yo
Jl + yJc J1+ Y,
3daK Hazo BeIOpaThL TAK, YTOGLI BeKTOp V ObLN HAIIpaBNeH B

cTopory BorHyToctH I, T. e. uToGhI CKaNApHOe ITpON3BEJIEHNE
(v, ¥,) HMeJIO ITOJIOKUTEILHEIH SHAK:

" " - " ’ _l/z
(v, )= i‘ff;ﬁ =y, (sign y)) (1+y xz)

Urax

« ” _y' 1
v=signy, - | — %5 . ®)
(1 +y : ;’1 + y’: ]
Tlepexoas B paBexcTBe (7) K npoexknuaM, yaurneas (6) u (8),
MOJIYIUM

(1+yox2)3/2 —y Slgny . y,x(1+y:x2)
E=x+ y,',’signy, (1+ , 2)1/2 y;: .
(1 +Y, )3/2 signy” 1+y°
VYT ysigny ey 2)’;,2=y+ o ®

JoxrarkeM, 4YTO HOpMAAL K KPUBOIL (380/1b68EHME ) 8 MOUKe
A = (x, f (x)) seasemcs KxacameavHoll K 360110Mme Y B TOUKE
0, = (&, n). HocTaTOYHO AJis STOTO AOKABATH, UTO KacATebHbIe
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K KpuBo#il ¥ K 3BOIIIOTEY B COOTBETCTBYIONMX TOUYKAX OPTOTO-
HAaNBHEI (IePIeHAUKYIISIPHBL):

2 7237
x'x€’x+y'xn'x= 1 ) 1+y:1+g; - .-:: 1+"I/II +
Y, Y.
1+y2
+y, y;+ _gx_ =0.

x

~

Ipyroe BaskxHOE CBOMCTEC 3BOIIOTHI 3aKIIOUAETCA B Clie-
aywoumeM. Ipupawenue paduyca Kpuen3sHyL 360b6eHMbL pas-
HO ¢ mounocmbio J0 3HAKAQ npupaueHul OAuUHbL
coomeemcemeyoueil Oyzu 360410MbL:

R, - R, =Ho, -0y
Ha noxasaTesbcTBe 3TOro CROMCTBA MBI HE OCTAHABJIMBACMCS.

IlpeacraBum cefe HUTH, HABEPHYTYIO Ha SBOIIOTY. IlycTs

OHAa CMATBHIBAETCA ¢ OCNeAHel, OyAy4u Bce BpemMs HATSHYTOM.

Otpensasick OT 3BOMIOTHI, OHA, OYEBHAHO, BCE

Bpemsa OypeT KacaThes sBomoTsL. CBOGOAHLIH

K€ ee KoHell Dy/JeT OIUCEIBATH BBOJLBEHTY

(prc. 89). Tak Kak miMHA HUTH MOXKeT OBITD

NPOM3EOJIBHOK, TO 9BOJIOTA IOpPOXKAaeT Oec-

KOHEYHO MHOI'C 9BOJIbBeHT. [[JIMHa, Ha KOTO-

PYVIO CMAaTEIBA&ETCS HUTH ¢ 9BONIOTHI, PaBHA,

Puc. 89 OYEBHJHO, HPHPAIIEHHUIO PAINYCa KPHBU3HbL

9BOJNEBeHTHI. Ecou kpusasl sagana napamer-

pudeckn: X = x (t), y =y (), To 3BoJLIOTa ONpeenseTcs ypasHe-
HUAMH

2 2 2 72
x + x[ +
=x_yt, lt" yl 73] n:y+xt' ) yf " (10)
xtyt yl t 't Tt

(cm. § 4.11).

ITpumep 1. 3somora nUKIOUALL X = ¢ — sin £, y=t-
—cos f ectb KpuBaa § = ¢ +sin £, 7 =1 +cos ¢. [lonaras t =T +
+ T, HOJNIyYMM ypaBHEHHSA

E-m=1-sint, M+2=1-cosr,
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OIpeaensonEe UCXOAHYI0O KPUBYIO, HO TOJNHKO CABUHYTYIO (3BO-
JIOTA UKJIOMALI €CTh ITUKJIOMJA, KOHTPYSHTHASI MCXOXHOH,
puc. 90).

¥
v
2
x
lyj x

Puc. 90 Puc. 91

o~

Hpumep 2. 3BomoTa syuuncax=acost, y=bsint
(a = b > 0) ecTb acTpoupa (puc. 91)

a-b> a3 .3
E="""cos"t, M= sin® .

2 2
a —b
a a

§ 7.5. llnomans MOBEPXHOCTH BpAIleHH A

IIycrs I ects xpuBas, onmceiBaemasi B NPAMOYTOIBHON
cHCTEMe KOOPAHMHAT X, I NOJOKUTeNbHOMH dyuknumei y = f (x)
(a € x < b), umeronieii Ha [¢, b] HeIPePLIBHYIO IPOU3BOJHYIO.
Berumesum miomas S noeepxHocT epailenns I sBokpyr ocu
x. [l aTOTO NPOM3EEEM pasbueHre a = Xy < X; < ... < X, = b,
enminem B Kpusyio ™ momanyro I ¢ Bepmmsamu (X, f (x,), BBI-
YYCAMM ILUIOLAAL IOBEPXHOCTH BPAIEHUS HOCHIeAHe BOKpYT
ocH x (cyMma moniageit GOKOBBEIX IOBEPXHOCTEH yCeYeHHBIX
KOHYCOR):

S, =1 S0 () + F ()] AL + A
k=0

Ay, = [ (1) — F (x)-
Yucno S, paBHoe npeaeny S, npul, — 0, eCJiu OH CyIIeCTBYeT,

11. 3akaz 704
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HaswIBaeTCA naowadvio noeepxnocmu epaujerus. llpumenss
Teopemy Jlarpansxa K passHocTH Ay,, monyunm

n-l

S, =7 Y [f () + f (%] YI+(FE) Ax, =
=2% Z () ,/1+(f’(§k))2 Ax,+ R, —
= 2n [#() e (P dx

npui,= max Ax, — 0; cornacHo Teopeme Jlarpansxa rouxat, €

€ (%3, X4,1)- B camoM neste, Tak Kak f u f HenpepbisHE! Ha [a, b],

to f (x) \}1 +(f' () HMHTErpHpPYyeMa, II0TOMY

lim2nS AE WL+ (T A, = 2] NI+ ()

Hanee

<

IR,| =

S 1)+ f5,) 2N+ 6 o,

< mfle DE S [IF (o — B+ I (1) — F ()1 1A, <
=0

—n-1
<21 I+ M3 o, (DA%, ——= 0,
=0

TaK Kak f uHTerpupyema. 3aech M, = max If (x)]. Taxum o6pa-

30M, ILIOINAAb IOBEPXHOCTH TeJia BPAIlleHH s paBHA
b =
S=lims, =2n [fx) S+ (FY dx. (1)

ITpuwmep. Haiitn miomanb S noBepXHOCTH BpAaIeHUA
SJLIHIICE

2 2
Xt =1  (@>b
a b

BOKPYT OcH X (ILIOIaJb HOBEPXHOCTH 9JIMIICOMA BPALIIEHMA).
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Pemen ue. Ypasuenne BepxHeil IOJOBUHDI 3JLIIMIICA

y=2Ja?— x(x|<a), y=-L X,
a Qg —-x

S=2nj%\la2 —x2 1+(%)22L22 dx=

a’ -x
= iTi,—b"“/a‘l—(az—bz):)cz dx=(u= az—b2)=
a o
ava’-b°
= 2)41;b : J‘ [ — 12 du=
2
aJa -b" 0
m‘az—bz
4
= 242‘” 2{E\/a"—uz’+i‘——arcsin%} =
a]a —b* 2 2 ally
5 2 Y
= 2nb’ + 27;”“ = arcsin¥2 =b_
- a
a —-b

Npu b — a B Npefiese noIydnM, 9to S = 47a’ — mromaas
HOBEPXHOCTH Iapa paauyca d.

§ 7.6. NaTepnionaunonnan ¢popmyaa Jlarpanxa

IMocrasum sagauy. Tpebyercsa HaiiT anrefpamrdecKUH MHO-
rowneH L, (x) crenenn He BuIlIle, YeM 7i, KOTOPBIH cORNAaaas 66
¢ dyurnumeit f(x) B 398aHHBIX TOUKAX Xg, Xy, «ver X,. TAKHM
00pA30M, JOJIXKHE! BBINIOJIHATECH YCIOBHAS

f(xp)=L,(x) (k=0,1,...,n).

Mnorounen L, (x) eqmacTBeHHbIH. Eciiy IpeAnoNoxKUTE, ITO
CYIECTBYET elle OAMH MHorousieH L . (X) ¢ TeMu ke cBO¥-
CTBaMM, TO pasHocThb L (x) — fn (x) obpatuTca B HyNb B N+ 1
TOUKE X, ..., X, ¥ OyAer anrebpandecKHM MHOTOYIEHOM CTe-
IIEHM He BhIIle, YeMN, 3HAYHT, PA3HOCTb TOKAECTBEHHO PABHA
nymo u L, (x)= L, (x)-

W3 equHCTBEHHOCTH CJEAYeT, UTO eCAU McxonHas PyHK-
uud f (x) cama sBnseTca anrebpanyecKMM MHOTOYJIEHOM CTe-
IIeHM 71, TO OHa coBnafaeT ¢ L (x) ana Beex x (f (x) = L, (x)).
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Crayana Halinem anrebpanyecKHii MHOTOUWIeH CTEIIEHH 71
@,  (x), KOTODBIIT B TOUKax X;# X, PaBeH HyJIO, & B TOUKE x,
paseH exuHuIe. OUEBHIHO, UTO
Q@ (%) = A(x — xp)..(x ~ %, ) (X — X, ;). .(x — x,),
T/ie HOCTOsIHHaA A HAXONUTCS U3 YCJIOBHA

1=Q, ,(x)= AH(x ~-x), T. . A= H(x -x) .

=0
ik itk

Takxum 00pa3oM, MCKOMEIH MHOrOYJIEH YIMEeT BH]]
1 (X) = H

Ecnu BBecTH B paccMoTperue cuMeon KpoHekepa

-0 (%, x)

5. =1 0, k=i,

Bl 1, k=i,
TO

Q,, x (x) =0y
ITocTraBreHHYIO 3a/lady pellaeT MHOTOYWIEH

Ln (x) = ZQn,k (x) f (xk)’ (1)
par)

ubo

L,(x)= kz;Qn, L () F () = gsk,f @) =1 (x)

i=0,1,..,n).
M=uorounes (1) HasplBaeTCA UHMEPNOAAYLOHHbLM MHO20-
wnenom Jlazpanca.
Tax »xe Kak npu nonydyeEHH GOPMyIHI OCTATOYHOTO dire-
Ha B popmyne Teitnopa MOKHO NOKAZATh, 4T0 ecau f (x) MmeeT
IpoH3BOAHYIO (11 + 1)-ro mopanka, To

n+l)
f (x) - Ln (%)= )(:—_*_%!2 LOMY (%), (2

TIe

W, x)= I:I(x— xi)

H g — HEKOTOpas TOYKa, NIPMHaJJIexKallasi K HaMeHbIIIeMy
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OTpe3sKy, COAePIKAIEMY TOYKH X, X, ..., X,, X. B camomM zene,
TIOJNIOMKHIM Il PMKCHPOBAHHOTO X

f(x)- L, (x)= Ko,,, (x), 6)]

rae K — BennumHa, 3aBUCAmad oT . OBo3HaYMM
¢ (2) = f (2) - Ln (2) - K(om»l (2)7

rae K umeeT To ke sHayeHMe, UTO U B (3), aTo BesuuHa, He
3aBHcAINAA OT 2. ficHo, uTo @ (x) =0, @ (x)=0(@@=0,1,...,n).
Ilycry, nanpumep, x, < x < x, < ... < Xx,, TOTAia, IPUMEHS
Teopemy Posins k GpyHKIMY @ Ha oTpeskax [x4, x], [%, x,], ...,
[x, 15 X,], moxyamm, uTo npousBonHaA @’ (x) obpamaercs B HyIb
BHYTPU K&XKJOI'0 M3 HUX. 3aTeM, NPHMEHss TeopeMy Posist
nocieAoBaTeNbHo K GyHKIMaM ¢, ..., (p(") NOJIYYHM, YTO Cy-
IJECTBYET TOUKA §, NPMHAIEKAIAN HAMMEHBIIEMY OTpe3KY,
. 1
CcoziepKaIemy B cebe TOUKH X, X, Xy, ..., X,,, B KOTOPOR (p('l+ ’(g) =
=0, "o

"V (@) = "V (2) - K(n + 1)

")
Ilonaras z = &, nonyuum K = W IToaTomy
(r+1)
[0~ Ly @)= L) O (0,

H paBeHCTBO (2) [OKa3aHo.

HuTepnonanuonsstit muorounen Jlarpamxa HaxXomguT
DpHMeHeHHe B NPHOIMMEHHOM BEIYMCIICHHMM IIPOHMZBOMAHBIX
byuEEnME f (x), KorAa ee 3HAYeHUS MBBECTHBH! TONHKO B TOU-
KaX Xg, X15 +.-5 X,. A HMEHHO, IIOJIATAIOT

F® ()= L(:)(x).

Hanpumep, eciu f (x) usBecTHa B Toukax Xgs Xy, TO, IIO-
CTPOME IO STHM TOYKaM MHorowreH Jlarpamxa L, (x), naiinem,
YyTo

f(x)— f(x)

Fo= =
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B nocneayromux naparpaax Mbl YKayKeM NpUMEHEHHe
MHorowineHa Jlarpag»ka npH NpuOIHKEHHOM BBIYHUCIIEHUY OII-
peZieJIeHHOT'O HHTerpaja.

§ 7.7. Kpanpatypusie QGOpMYyJIsl
NPAMOYTOJLHHKOB M Tpamenmit

ITycTh HaZ0 BLIYUC/IHTS ONpeie/IeHHbI HHTerpas OT Henpe-
PLIEHOI Ha oTpeske [, b] dyukiun f. Eciin U3BecTHA ee TepBo-
oGpasHas, TO AJA 3TOr0 eCTECTBEHHO MPHMEHUTS (hopMy Ty Hgyio-
rona-Jleit6nuna. Ho aanexo He Becerza neppoobpasHas M3BeCT-
Ha, 1 BOSHUKaeT 3aiada 0 NPHOIMyKeHHEOM BuIYHCIeHNH HHTET-
pana.

IpocTeiinmii criocod MpHOIMKEHHOTO BEIYHCIIEHN OlIpe-
JIeNIEHHOTO METErPasa BLITEKAeT U3 ONPEAEIeHH HOCIeIHETO,
Ienum oTpesok [a, b] Ha paRHEIe YACTH TOUKAMH

xh=a+k%—vﬂ *=0,1, ..., N) (1)
H 1oJiaraem
I fax)dx = ——“ e x) @

TJle 3HaK & BBIPAYKAET anGm»mceHHoe DPABEHCTEO.

Bripaxenue (2) HaspBaeTc A k6adpamyproil popmyroil
npamoyzoavHuio6. B ciryaae puc. 92 mcKoMast IJIOMAAER du-
I'yphl, OrpaHMYeHHOI KpHBOH i = f (X), OCBIO X M IPAMBIMU
x = a, x = b, npubGnmKeHHO paBHa cymMe Ijomazei
M300paXxeHHBIX TaM NIPAMOYTOJILHHKOB.

gk

_ 2z
/7;%6? %

Nowg, 3, & =4 T
Puc. 92

P
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Mur1 3HaeM, 4TO 1151 HeIPEPLIBHOM Ha [a, b] dyHKIuu mipe-
rea npu N — 00 npagroil yacTe npuOINKeHHOro PaBeHCTBa (2)
TOYHO PABEH JIEBOI, YTO A2€T OCHOBAHHE CYNTATH, YTO IIPH 6Ob-
mom N ommbka KBaaparypHoit dopmyaner (2), T. e. abcomoT-
Has BeXMYHMHA PA3HOCTH NPABOK U JIEBOI ee YacTell, Mana. On-
HAKO BOSHUKAET Bonpoc 00 onenke ormOkH. Huske mu1 ysHaem,
KaK 9Ty OLIEHKY NIOJIy9IUTb, €CJIA NOTPe6oBaTh, YTOOK (PyHKINA
f, KpoMe HenpepLIBHOCTH, YAOENETBOPSIA HEKOTOPHIM YCIIOBH-
fAM IVIAIKOCTH (T. €. HMeJia 66! HEKOTOpOoe YUCJIO IPOM3BOAHEIX).

OueHb BAKHO 38METUTh, 4TO eC/u Jyuxuusa f (x)=Ax+ B
ecTb JuHelHas GYyHKIUA, To A5 Hee opmyara (2) mourka —
npasas 4acTb (2) B TOYHOCTH pasHA JieBoii. Tak Kak juxeitnas
QYHKIM A ecTh MHOT'OWIEH IEPBOH CTeIIeHH, TO MbI MOXXeM CKa-
3aTh, UYTO K6AOPAMYPHAA POPMYNA NPAMOYZOALHUKOE MOLHA
Ons 6cex MHOZOUAEHOB He 6bllue Nepeoil cmeneti.

JaauMm ere BTOPOM €CTeCTBEHHEIH CIIocob NpHOIIHIKEeHHO-
ro BBIYWCJIEHUS ONPEZEeJIEHHOTO MHTETrpana, MPUBOASIUEN K
rkeadpamyproil popmynre mpaneyuii. OH 3aKII049aeTcs B TOM,
YTO OTPEe30K [a, b] esuTca Ha paRHbIe YaCTH TOYKaMU CUCTEMEI
(1)  nonaraercst OPUOAMIKEHHO, YTO

If(x)dx ~ b;]a(f )t ), Fos) ), +f(i1)7+ﬁﬁv_) _

N b?;vg [F (xp) + 27 (36,) + 2F (%) + --e + 2F (3xy_) + f (p)]-

B dopmyne Tpanenmii niomagb pacCMOTPEHHOM BBILITE
KpUBOJIMHeNHOM GHUTyphl NpHOIHKEHHO HCUEPILIBAETCH ILIO-
mazxamMu tpanenun (puc. 93). BaxxHo OTMETHTB, UTO opMyna
mpaneyuii mouHa 0na auneilnolx QyHuryuiit Ax + B (A, B —
HOCTOSIHHEIE), T. €. AJIA MHOI'OYJIEHOB He BhHIIIIE IIEPBOM cTelle-
HI; ecaH NOACTABUTH Takyo dyHkmuio E (3) Bmecto f (x), To
NOJNYYHTCH TOYHOE DaBeH- y
cTtBo. B 3TOM cmeIcne ¢op-
MyJia Tpanenmuil He MMeeT
IpeuMyINecTBa nepen ¢op-
MYJIOM NPSIMOYTOJBHHKOB,
ofe OHU TOYHBI IJIS JIMHEH-
HBIX (hyHKIMHA.

O 2z, 3 g I, &0

Puc 93
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PasHOCTL MexAy JIEBOH M NpaBoil YacTAMU KBaJpaTypHOM
tdopmyssl 06o3EaunM uepes Ry, (f) u Gymem HASHIBATL OCMAMOY-
HbLM YIEeHOM KeadpamypHoil Gopmynbl.

Ecnu pyHKIuA f UMeeT KyCOYHO-HENPePLIBHYIO IPOHSBOAHYIO
f', yaoBIeTEOpsiIoyio HepasencTsy |f' (x)| < M,, TO OCTATOYHBIA
YyIeH (GOPMYJILl IPSAMOYTOJILHHKOB (2) ITOMYMHAETCA HEPABEHCTBY

Mfb-af
R g =8
1By () < =570 ®
a OCTATOUHBIH WIEeH (hoPMYIHI Tpanenuit (3) MOAUMHACTCA HEPA-
BEHCTBY

Mp-of
IRy (I < 2402 @

Hy>KHO CKA3aTh, YTO 3/IeCh KOHCTAHTEI BRIYMCJIEHBL! TOYHO — KX
HeJIb35 YMEeHLIINTh. BEBOJ oueHKY (2) npueezeH Hmxe. OcTane-
HBEIe OIIEHKY MBI IaeM 6e3 I0Kas3aTeIbCTRa.

ME1 BMZMM, YTO B 000X ciiydasax Jias Kiacca QYyHKRIMA, HMe-
JOIMUX OTPaHMYEHHYI0 IpoHsBoauyio |f' (x)] < M, oCTaTOYHEIE
YaeHsl HMeIoT Hopsaok O (N~ 1) (cm. § 3.10, (14)).

s kiacea ke GYHKIMA, MMEIOHTHMX OrPaHNIeHHYI0 BTOPYIO
npousBopay© | (X)} < M, Ha [a, b}, umMeeT MeCTO OIleHKa

IRy (< M=
12N°
BepHAA [J1s GOPMYJI NIPAMOYTOILHMKOB ¥ Tpaneltuii. Teneps yxe
HOpPAAOK IPHOIIKEeHIA nocpenc'rBom oberx paccMaTpUBaeMbIX
KBaJpaTypHbIX (hopmyJ ectb O (N )

OKasplBaeTcd, YTo Akd Kiacca QyHKIuI, MMEIoNUX OrpaHn-
YeHHy:0 MPOMSBOIHYIO HOpsAKa [ > 2, MOpAAOK NPUOIIRKEHNS 1I0-
cpezcTBOM (hopMYJT IPAMOYIOALHUKOB ¥ TPATIEI(Hii He yydinaeT-
¢sl — MOPSIOK ocTaeTcs paBHeM O (N ).

O6'BSICHEHHE DTOTO ABJIEHUS TeCHO CBA3ZAHO ¢ TeM (PaKTOM, UTO
06e KBafpaTypHEIE OPMYJIbI — MPAMOYTOIEHMKOB U Tharnenuit —
SABJISIOTCS TOUYHBIMH JJI MHOMOWIEHOB [IE€pPBOi CTEIIeHH, HO OHU
HETOYHBI ISl MHOTOUJIEHOR CTEIEeH! Bhimre yem 1.

Ecnu GyHKUHA f MMeeT TPEThIO OTPaHUYEHHYI0 IPOU3BOAHYIO,
TO MOKHO HPHAYMATE KBAIPATYPHYIO (hOPMYJIY, ZAOLNYI0 IIOrpen-
HOcTh Npubarmxenus nopagka O (N” 3). Dra popmyrna JOKHA OBITH
TOUHO JJIfE MHOrO4YJEHOB BTOpoii crertenyt. Ho ecoiu ona He TOUHa
JULS MHOIOWJIEHOB TPEThEl CTeneHy, TO AIA MYHKIML, MMEIONTIX
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OTPaHMYEHHYIO IIPOUZBOHYIO YETBEPTOrO ITOPSAKSE, OTPEHIHOCTh
IpHbIMKEeRNs OcTaeTes UMeroleit nopsaiok O (N 3).
jlBnenue, KOTOpOe /ECH ONVUCKIBAETCH, GYAET NPOMILIIOCTDH-
POBaHO Ha IpUMepe KBaApaTypHOit (opmyner Cumncona™ s § 7.8.
HpnBe,r.(eM IOKa3aTeNbeTBO OIIeHKH (3). Beesem 0603HaueHU:

_%&t xk+l

» X, — TOu4KH cHcTeMsl (1). Torpa
5 N-1 g gk .

Ry (1 =|| f(x)dx—@f@»)} -3 [ e ax—n Sree)<
@ 0 ,*_% [

+ §1¢+—
Nl

<) J f(x)dx—hf(E)| = I [fa)~Fe)]dx|

gl bt
TaK KaK

§n+—
j f(&) dx=hf (&) -
bl
Ilpumensa Teopemy Jlarpamixa noj 3SHAKOM HHTEIPANa M YIUTEL-
Bas, ute |f’ (x)| € M,, nonyuaem

51,"’“

IRy (D] < jf(e,,) (x~&,)dx|<
%y
§k+h h
N-1 N 1
< ¥ renr-tla<my j lx — &) dx,
0 b 0 §1¢‘.—

Wy
rre 0, — Touka, nexaman mesxay x u &,. IIpouseona sameny
nepeMeHHOR X — &, = £, monydaem

B2
IRy (F)| < M, E |t dt =2M, - N j tdt=
0 _h/g
5 Z"  MNK  Mb-a)
SN TTE T 4N

0

* T. Cumncon (1710-1761) — aurnmitckuit MaTeMaTHK.
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§ 7.8. ®opmyna Cummncona

ITycTe Tpebyerca IPHOIMIKEHHO BBIYHCINTL HHTETPAJ OT
HernpepsiBHOM GyaKIuH [ (x):

Jreo ax. )

By,ueM HCKaTh npnﬁ.unme}moe 3HadYeHNe MHTErpaJjia B BUIae CyM-
MbI

[f() dx =3 pf(x) B (%), @

THE Py Pys s Dy ¥ Xy Xq, s X, € [a, b] — 3amanHHEIe unCHa.

®opmyna (2) HasbIBaeTCH KBaApaTypHoil dopmyJoi ¢ ys-
RAMU X, U 8COBbIMU KOIPPUUUEHINAMU D, .

ITpu nocTpOeHHH KOHKPETHBIX HMPHOMMKEHHbIX hopMmyn
MBbI BeiCTaBiIsieM TpeboBanye, YTo0b! hopmyna (2) 6b11a TOYHOIA
A anrebpalyecKHX MHOTOYWIEHOB CTENEeHH N. OTO YCJIOBHE
6yZeT BHIIIOJIHEHO, €C/IH B KaYeCTEe PN KeHHOro 3HaYeHns
uHTerpaia (1) Mbl Bo3bMeM onpeieJieHHBIN HHTErPaJ OT HHTEp-
TIOJAMOKEHOro MEorowieHa Jlarpanxa n-it crenesu QyHKIHH

f:
jf(x) dx= jLn (x)dx =

a-—.e-

= [3@u @ f(xydx=Ypf(x) O
=0 =0

b
Pi=[Qns (@) dx (k=0, 1, ..., 1), Q, 4 (x) = H((;,, J’%
: 0=k

1I0TOMY UTO, eciH f (x) — MHOrowIeH cTeneHH n, 1o f (x)=L,, (x).
IMonyunm dhopmyny (3) ans caydada n = 2 1 y3J0B X, =a,
a+b

X, = g v x,=b. B atoM cnyqae
Q, o(x) = (x-x)Yx-%) _(x—b)2x—a-b)_Ax- b) o
"0 (=x)x=%) (b-a)° (b—a)’ b -a’
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F-x)x-x) _-4(x-a)x-b) __,(x- by 4%-b
Qi = —x)w-x)~  (-af “o-af “ba’
Q, ,(x) = (-2 )x—x) _(x—a)2x—a— b) _ 2x— a) _x—a
22 (xz—xo)(xz_xl) (2 a) - a) b-a’
IToaTomy
b _ ?ix—b) (x—b)
Py = ;[Qz,o (x)dx = [3(b—a) 2b— a)] 6
AHaJOrHYHO PACCYIKIAA, IOIYINM
p1=jQz,1(x)dx=2(3 )’pz JQz z(x)dx“Z(b a)
B cuay aToro dopmyna (3) npu n = 2 uMeeT Buf,
z £ (x) dx b—'éa—[f(a)+ 41(22Y)+ f(b)]. )

9ra mpocrteiiniasg KBaapatypHas dopmyaa Cumncoua,
COOTBETCTBYIOIAA OTPE3KY ., -
[a, b]- @
C reomeTpriecKoii ToUKU
3penusa ¢opmyna (4) ozuauaer,

YTO MBI 3aMEHHUJIH ILIOINalhL byt
KPHBOJIMHENHONR Tpamenum,
onpegensemoii dyakmeii f (x) ; |
Ha[a, b], Ha IwIomAA®, Haxopa- 7] @ %*é 4
myrocs noZ rpadukom napa6o-

Puc. 94
as1 (puc. 94):

Y=L, (0)=1(0) Q0 1)+ 1(%12) @, , (1) + 1 (0) @y, (0)

Eite pas oTMeTHM, YTO 10 mOCTpoeHuIo dopmyna (4) Tou-

Ha JJIS MHOPOWIEHOB BTOpOM crenenu. OAHAKO OKa3bIBAETCH,

YTO OHa TOYHA U JJIA MHOTOWIEHOB TpeThel crenenu. B camom

b'-a’
4

Ky f (x) = x° raxxe PaBHA STOMY 4YHCJY:

b
Zene, Jx3 dx = , a mpaBad 4acTh dopmyasi (4) nia dys-
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L’G—[ 4(‘””) +b] bga[(a+b)(a —ab+b’)+ (a;b)3]=

B |3 +)| g
6 2 T4

Taxmm ob6pasom, hopmyina (4)mouHa Ona MHOZOULLEHOSE HE BblliLe
mpemueil CMmenenu.

Ecnu paspennts oTpesok [a, b] Ha 2N pasHbIX uacTeil ToU-
KaMH

Xp=a+ o 2N ap (k=0,1, ..., 2N)

H K oTpesKaM [x,, x,], [x,, X,], ... npEMennTE GopMyy (4), TO B
pesyJabTaTe MONYYUM ( YCROH HEHHYIO0 ) KeadpamypHyo opmy-
ay Cumncona

Jfx)dx = %;—Vﬁ {F (xg) + AF (xx)) + 2F (2,) + AF (x)+ ...
wee + 2f (xap_g) + 4F (Xon_g) + F (2200} (D)

C TouKu 3peHHusd NPAKTHYECKUX BEIYUCIEHUI CI0KHOCTE BhI-
yucnenuii no gopmyne CHMIICOHA ¥ NPAMOYIOJEHUKOB OGUHAKO-
Ba. Ho eciu ¢yHKOUA f HOCTATOYHO TiIagKasi, TO IOTPENIHOCTH
npuOIMKeHn A 1o opmyie CuMIicoHa npy Gonsunx N 3HaUNTeIb-
HO MeHbIIIe COOTBETCTBYIOIIEH MOrPEITHOCTH IPY IPUOIIHKeHIH
METOAOM ONPAMOYTOJILHUKOB.

Ecnu dyuknus f (X) uMmeeT Ha orpeske [a, b] nepByo 1 BTO-
PY10 BeNIPEPLIBHYIO IIPOM3BOAHYIO0, YAOBJIETBODSIOIIYIO HEPABEHCTRY

I ()| < My wm |f" (x)| < M.

b
a TPeThIO He HMeeT, TO IPU BBIYHCIIeHU HHTEerpaia If (x) dx pexo-

a
MEHAYyeTcA NPHMEHNTS GopMyJly IIPAMOYTOJILHHKOE MM Tpare-
IUIA.
TTorpemuocTd MPUOIIKEHH 110 GopMYyJe HPAMOYTOIbHUKOR
v Tpanenuii (§ 7.7, (3)) 6yzer nopsaxka N
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A 1o dopmyne Cumiicona — nopsagxa N~ ‘B ciyuae BTO-
pot rpousBogHOit 1 N~ *8 CIyuae TpeTheil IPON3BOAHOIM.
Ecnu »xe dyaxknus f (x) nMeet Ha [a, b] yeTBepTyIO HEpePLIB-
HYI0 IPOM3BOAHYIO, YAOBJIETBOPAIOLLYIO HEDABEHCTRY

I < M, ©6)

TO B 5TOM cIy4ae peKOMEHAYeTCH IPHUMeHUTH opMyiry Cummco-
Ha. [Ipu sToM norpewmBocTs npubavxkenus 6yner:

1_(b-a)

2880 N* + 0

Ecny 651 MBI B 5TOM CJIy4ae NPEMEHIIH QOPMYILy TpamerjHii,
TO HOTPEITHOCTE IIPHOIMKEHISA I0-IIPEIKHEMY MMeJIa GBI NOPALOK
N7\, 7. e. 6bL1a GBI xy:xe ueM (7).

IIpumep 1.BruycaIuTs HHTErpan
1

I= j\/l+;\:‘1 dx.
0

Hanreii uHETErpa (oT GuHOMHANbHOTO AuddepeHNana) He
BBEIYHCJIAETCH B 9JIEMEHTADHBIX (QPYHKIIUAX.

Beraucoum sTor mHTErpasi NpubaKKeHHo, Jens oTpesok [0, 1]
HA [IECATEH PABHEBIX YacTeH, HCIIONb3YA PasIUYHbIe KBaPaTyPHEIE
hopMyIBI.

O6osraurmM Touky Aenenus [0, 1] uepes x=0,x,=0,1, ..,
x=10,9, x,0=1. Berudcarm nprbrrxeHHO 3HAYEHNS QYHKIAY

f(x)=V1+x' B oTHxX TOUKax:

f@@=1, f(x,)=1,00005, f (x,)=1,00080,
f(x)=1,00404, f(x,)=1,01272, f (x5)=1,03078,
f(xg)=1,06283, f(x,)=1,11360, f(xg)=1,18727,
f (xg) = 1,28690, f(x40) =1,41421.

CorsacHO KBafpaTypHOIX (bopmy.ne\'rpaneunﬁ
I= 56 [ R+ 2f)+ .ot 2f (g (ri o)) = 2121 219~ 1,09061.

Dyuknusa f(x) = \/1+x4 VMeeT CKONBKO YIrOLHO HEelpPEpbIB-
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HBIX TPOHU3BORHEIX Ha npomerxkyTtre [0, 1]. IorpertHocTs dopmMy-
JIBL TPaTIeUil ONpefieIuM, HCXOAA N3 (haKkTa CYHIECTBOBAHUSA BTO-
PO HenpepPHIBHOM IMPOXU3BOAHOM

" (x) = 2x% (3 + x%)/(1 + xH2.

Tax kak M, =max f"(x) = 22, To ocTaTOYHBI YieH GopMy-
JIBI Tpanenui
MZ

R,(hH =< T lgﬁz = 0,002357.

Hrax,
I=1,0906 + 0,0024.

Ilo ¢popmyne Cummcona (2N = 10)
I= 3% [f (xp) + 4f (x)) + 2f (x;) + 4f (xp) + 2f (x) + 4f (x5) +

+ 2F (xg) + A4F (%) + 2F () + 4F (2g) + F (%,0)] =3_2£3%4—7§ =1,08949.

OcTaTounsiit unen ¢opmMynsl CHMIICOHA MOXKHO ONPEJeNHTh,
YYHTHIBaA, 4YTO f (X ) IMeeT HenpepPLIBHYIO NPOUIBOAHYIO YeTBep-
TOro NOpAJKa (Halu4dye IPOU3BOAHEIX IOPAAKA Bhiile YeTBEPTOro
He BJIMHET Ha TOYHOCTh ¢opmyisl CHMIICOHA)

9 (x) = 1201 - 142" + 52%)/(1 + x)/%

Tak kak M, = max |/ (x)| < 15 V2, 10

M 152
< <
B (N < 35508 = 28805
TakuM obpasom,

I=1,08949 1 0,00002,

7 < 0,000012 < 0,00002.

T. e. dopMyna CHMIICOHA 3HAYHTENBEHO TOUHee GopMYJITEI Tpane-
I LA HOCTATOMHO rIagxkux GyHknuil i 6onsimoro N.

3amMeyuaHue. Bce BEYHCICHMS OPOMSBONUINCH IIPU IIOMO-
1M PYYHOTO MEUKDPOKANIBKYNATOpA «dneKTpoHuKa B3~18M».



I'masa 8

AnddepeHunanbHoe ncuucneHme
$YHKUMIA MHOTMX NepeMeHHbIX

§ 8.1. IlpeaBapuTeNbHEIE CBEIEeHHUA

ITonsite DYHKIIUKM MHOTHX MEPeMEHHLIX BBeJieHO B
§ 3.1.2. Ham npeacrout moctpouTts AuddepernmrantsHoe
ncuncnenne nna GyHKINHE MHOTHX IepeMeHHbIX. OCHOBHBIE
CBeleHUs MBI U3JiarTaeM 1A GYHKIME ABYX nepeMeHHBIX. ITo-
JIyYEHHEIe DEe3YJILTATHI JIETKO PACIIPOCTPAHAIOTCA 10 AHAJIOTHH
Ha caydait 6onplIero unciaa nepeMeHHbIX. Meskum mpudrom
u3JlaTaeTcs N-MepHBIH cJaydail.

HNrak, mbl 6yeM pacCMATPHBATE IIPOCTPAHCTBO (ILIO-
ckocThb) R, Touek (x, y). 3agamum B R, TOUKY (X, ¥,)-

MuoxkecTBO TOUEK (X, ), KOOPAMHATBI KOTOPLIX Y/IOBJIET-
BODPSIIOT HEPABEHCTBY

(x— xo)2 + @y - yo)2 <a® (a>0),

Ha3bIBAETCH OMKPLIMbLM KPY20M paduyca a ¢ yeHmpom 8 mov-

Ke (xg, Yo)-
MuoskecTBO e TOYEK (X, i), KOOPDAXHATHI KOTOPBIX YAOB-
JIeTBOPSIOT HEPABEHCTBAM

|x—x0|<a’ ly_yol<b (a’ b>0),

HasbIBAETCH OMKDbLMbLM NPAMOYZONbHUKOM.
Ecnu a = b, To OTKPBITHII IPAMOYTOJILHHK 06pallaeTcd B



336 TJABA 8. JHOOEPEHIIHAJLHOE HCYHCJIEHUE YHEITHH MHOTHX IEPEMEHHBIX

omxpuumbtii Keadpam ¢ yenmpom 6 mouke (xy, Y,) ¢ OAuHOU
CMoporbt 2a:

[x—x<a, |y-—yyl<a.

JIroboit OTKPHITHIA Kpyr pasuyca € > 0 wiau KBagpar co
CTOPOHOM AJHEB 2€ C IIGHTPOM B TOYKe (X;, Y,) HA3BIBAETCS
OKPECMHOCMbIO K £-0KPECNIHOCMbIO IMOIL MOLKU.

Ecnu 3ajana nociiefoBaTeIbHOCTE TOUEK

(%5 Y1) (X325 Y2)s (X3, Ys)s -y

T0 6y/ieM ellje TOBOPHUTE, UTO NePEeMEHHAL MOLKA

.y (R=1,2,3,..)

npobezaem 3HaveHus 3Moil nocaefosamenbHOCMU.

T'osopar Taxxke, uTonocredosamenvrocms mover {(xX,, y,)}
WIM IepeMeHHas TOYKA (X5, Y,) cmpemumes k moxke(Xq, Yoy npu
k — ©0, ecqu pacCTOSIHUE MEXKAY STHMMU TOYKAMI CTPEMUTCA K
HyJI10 ipu kB — ©0;

Vo2 +@-v) —0 (k — o). i)
IIpu 3TOM HMHUINYT

(s Yp) = (%o yg) (B — 00).

CroiicTeo (1) sSKBHBaANIEHTHO, OYEBUAHO, CIEAYIOLINM ABYM
cBoOHCTBaM:

X, ™ X Yp Yy (kB ), (1"

KOTOPEBI€ JOJIKHBI BHIIIOJHATHCH OLHOBPEMEHHO.

CroiicTeo (1) MOIKHO BBIPA3UTS €11le TAKHIMH CJIOBAMM: 1
BesKoro € > () HailgeTcs HaTypaJsHoe uncao N Takoe, UTo TOY-
Ka (x,, If,) OK&XKeTCHA B OTKPBITOM KpPyTe pajguycas C IeHTPOM B
(x4 Y) Bt Beex k> N.

CroiicTeo e (1) MOMKHO BRIDA3UTE TAK: AJS BCIKOro £ >0
HalileTcA HaTypaJbHOe uuciao N Takoe, UTO TOUKA (X, Y,) OKa-
JKeTcA B OTKPEITOM KB3JIpaTe cO CTOPOHOM JJIMHEBL 2€ U 1eHTPOM
{xy» Yo) A1 Beex k> N.

0O06e 5Tu (HOPMYIHPOBKH MOXHO 00BEIUHIATD, CKa3aB, 10
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anfa scaxoro € > 0 Haiigerea HaTypaasHoe Yynclio N takoe, 4To
TOYKA (X, V,) OKaXKETcA B £-OKPECTHOCTH TOUKH (X, Yo) AIA
Bcex k> N.

B n-mepHOoM eBKJINAOBOM IpocTpaHcTee R, pacCTofHNe MEeXK-
Ay TOYKaMR X = (X, ..., X,) # ¥ = (Y, ---, VJ,) OOpenenserca mo

opmyte
e~ yl = JZ(xk—yk)z :
=1

B R, MBO>X€CTBO TOYEK X = (X, ..., X,), /I KOTOPEIX BBIIOJI-
HAIETCSI HEPABEHCTBO
n
So-s) <@ @>o,
P
Ha3LIBAETCH N-MEPHBbIM OMKEPLIMbLM WWAPOM PAJUYCA A C UEHMPOM
& mouke x° = (xf 5oy xg).

MHOKeCTBO 3Ke TOYEK X, KOODAMHATH KOTOPBIX YVAOBJIETBOPS-
10T HEPABEHCTBAM
0 0
X=X | <y - | X, X, | < @,

Tae 4, Ay, ..., G, — 38JAHHBIE IOJO0XKHTENbHEIE YHCIIa, HA3KBAETCS
T-MEPHbIM OMKPbLMbIM NPAMOYZ0AbHUKOM (IapaJlIeNlennnIesoM).
Ecnu
a,=a,=..=a,=4a,

TO HapalleNenunes NPeBPaIaeTcs Brl-MePHbL OMKPbLmblil Ky6 C

yenmpom 6 moure x° = (x:’ s sens xg) u peGpom Onutsl 2€.

JIx060#1 OTKPHITHIN 71-MePHEIH 1ap paguyca € Wiy Ky6 ¢ 1enT-
POM B TOYKe 2 n AnuHoil pefpa 2& HaSHIBAETCA N-MEPHOILL
£-0KPECTHOCINbI0 MOYKU X°.

IlocnenosaTenerOCTE TOYEK B R,

1

B (), = (Bnr)s 2= (1), ..
OIIPENIEIIAET NEPEMEHHYI0 MOYKY
xF= (xf,..., x:) k=1,2,3, ...).

k [ 0
IT EpEMEHHAA MOYKA X CmpemMumcsa K mouke x°= (xl, very xn),
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€CJIH PACCTOSIHHE MEMKY 9THMM TOUKAMY CTPEMUTCSA K HYJIO IPH
k — oo:

n 5
k 0 k0
o — 2= Y -x) —0 (k — o0). 2
i=l
CpoiicTBO(2) SKBUBANIEHTHO CHEAYIOWIMM 71 CBOHCTBAM, KOTO-
Pble JOMKHBI BRIIOIHATECH OMHOBPEMEHHO:
k 0 k 0 k 0 r
X=Xy Xy Xyyeey X, X, (kE — o). (2"
CeroticTeo (2) min (2') MOXKHO BBIDASUTE €Ije CIOBAMM: AJIA
BCAKOro € > () MOXXKHO YKa3aThk HATYPAAbHOE YHCIo N Takoe, 94TO
Ana Bcex kE > N nepeMeHHas TouKax" oKaskeTcs IPpUHALIeHKAael
£-OKPECTHOCTH TOUKH X'.

§ 8.2. Ilpegen pyHKUMH

B § 3.2 paccmaTpiBaniocs nonsaTue npegena GyHKIIN of-
Hoii mepeMenHoi. 37eck aT0 NoHATHe 0600IaeTca Ha caydait
GYHKIME MHOTHX ITepEeMeHHbIX.

OrpanmanMca cyuaeM ABYX NepeMeHHbIx X, y. Ilo onpe-
Aenesuio Gyskuns [ (x, y) umeer npeden 8 mowre(x,, y,), pas-
HBI# uncny A, o003HayaeMblit Tak:

lim f(x,y)=A 1
XXy

¥y

(aumryT erge f (x, y) — A opu (x, y) — (X, Y,)), €COH OHa ompe-
lleleHa B HEKOTOPOH OKPEeCTHOCTH TOUKH (X, Y), 3a HC-
KJIIOUEHKEM, ObITH MOJKET, caMOil STOM TOYKH U eclik cylie-
CTByeT npegeJ

lim f (xk’ yk) =A: (2)
XA"M
W
KakoBa 6bI HE Oplla CcTPeMAINAaAcA K (X, Y,) MOCIAEAOBATENb-
HOCTBb TOYEK (X, Y,)-
Tak ke, Kak B caydae GyHKIUYE OfHOH nepeMeHHOH, MOXK-
HO BBECTH APYTOe SKBUBAJIEHTHOE OlpejiefieHne IIpeieia (PyHK-
Iy OJBYX NepeMeHHbIX: QyHKIUA f uMeeT B TouKe (X, Y,) Ipe-
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JleJ, paBHBII A, eCJIN OHa OIIpeZieJIeHa B HEKOTOPO OKPEeCTHOCTH
TOYKH (X, Y,) 38 HCKJIIOUEHMEM, OBITE MOKET, CAMOM 9Toit TOU-
Ku, ¥ AJs moboro € > 0 maitnercsa Taxoe 8 > 0, 4to

I (x, y) - Al <e 3)
I8 Beex (X, i), VAOBJIETBOPSAIOINX HEPABEHCTBAM
0 < Y- +@y-y) <5 )

91O ompejelieHHE, B CBOI OYepelb, SKBUBAJIEHTHO CJe-
ayiomemy: s aoboro € > () Haligerca 8-0KpecTHOCTb TOUKH
(xgs Yo) TAKASH, YTO AJIA BCeX (X, i) M3 ITOI OKPECTHOCTH, OTIIHY-
HBIX OT (X, Yg), BBIIOJHAETCA HEPABEHCTRO (3).

Tak Kak KOOPAHHATHI NPOUBBOJIBHON TOUKH (X, i) OKPECT-
HOCTH TOYKH (X, Yy) MOMKHO 3aIIXCATD B BIJE X = X, +Ax, y=yq+
+ Ay, To pasencTso (1) SKBHBANEHTHO CJAEAYIOMEMY DABEHCTRY:

gr_po fxg+Ax, y,+ Ay)=A.
Ay—0

PaccMorpuM HexoTOpyIo GYHKIMIO, 3aJaHHYIO B OKPeCT-
HOCTH TOYKH (X, Yp)» KPOMeE, OBITH MOKET, CaMO STOM TOUKM,
ITycts © =(0,, ©,) — NPOM3BONLHBIN BEKTOD JAJIHHbI €JIH-

HHIfa (|(o|2 = mi+mj =1)u t > ) — crausp. Touxku suga

(xp+t0, yo+to,) (O<i)

obpasyioTayy, eslxodawuil u3(x,, Y,) 6 HANPAGNEHUL 86KMODA
®©. JIna xaxxaoro () MOIKHO pacCcMaTpUBATh (QDYHKITHIO

[(xp+to, yo +t0,) (0<t<d)

OT CKaJIsIpHO IepeMeHHOH £, THe & — M0CTATOUYHO MaJsoe YHC-
Jo.
IIpenen sToit yEKIUK (0AHOH nepeMeHHOIL ¢ )

lti_I‘p f(x + t@,, Y, + 1),
>0

€CJI¥ OH CYILECTEYET, ECTECTBEHHO HasbiBaTbnpedenoMm f 6 mou-
Ke (xg, Yo) N0 HANPABAECHUID .
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IIpumep 1. Dyaxuu

3 3 2 2

+ x —
f(x,y)=x2 yg‘sq)(x’y):_"z yz
x +y x +y

OITpefeJIeHB] Ha IIIOCKOCTH (X, ) 32 UCKJIIOYEHVIEM TOYKHA xz(’ =0,
Yo = 0. Umeem (yaecTs, 4TO £ < (xz + y2)3/ ’n y3 < (xl +y Y%
n3/2
2(.7:2 + yz)
4— =2 +H"* - 0(x— 0,y — 0).
2 +yz ( YY) ¢ y )

If (x, Yl <

Orcropa
lim £ (x, 4) =0
y—0
(s € > 0 monaraem & = £/2 u Torga |f (x, y)| < €, ecu \fxz + y2 <
< d).
Hanee, cunrtan, uTo B — IocTOAHHAS, UMEEM JUIA I = kx
PaBEeHCTBO
1-K
1+
M3 KOTOPOTO BUAHO, uTo npegen ¢ B touke (0, 0) o pasgepim
HanpasJeHKAM BooOIUe PasJityueH (efHHHYHLIA BeKTOD Aydya

1 k
y = kx, x > 0, uMeer BUA O = (7—2, D .
W+ Nk

IIpumep 2. PaccMorpum B R, QyHKIMIO

¢ (x, kx) =

2
x 4, 2
fyp =27 @+y°=20).
X +y
Jaunas dysxiusa B rouxe (0, 0) Ha moboli npsamoit y = kx,
HpoxXoAAlIell yepes HaYaJI0 KOOPAMHAT, UMeeT IIpefie)l, PaBHBIR
HYJIIO:

kx® kx
x, kx) = = -0 npu x — 0.
f( ) PR A Y P

Onuaxo sta ¢pyHKUuMs He umeeT npezesia B touke (0, 0), ubo npn
y=x
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DO [t

4
2 x _1
fl,x)=—F"—5=3 hmf(x,
x +x 2
y—x2
Byzem mucats
limf (x, y) = o0,
X
¥4
ecsiu yHKIUA [ OoIIpefielieHa B HEKOTOPOH OKPECTHOCTH TOYKM
(205 Ug)s 32 UCKITIOUEHHEM, OBITE MOKET, CAMOH TOUKH (X, Y,) B
s eeaxkoro N > 0 maitgercs 6 > 0 Taxoe, uto

If (x, I >N,

KoJIb cxopo 0 < J(x—x0)2+(y—— y) <8.
MoxxHO TaKKe roBOpUTH O nipegeie f, KOrga x, iy — ©0:

Hmf (x, y) = A. ©®)

y—oo
Hanpuwmep, B ciryuae KoHeYHOT'o yncaa A paBeHCTEO (5)
HAJ0 IOHUMAThL B TOM CMBICJIE, UTO JJis BCAKOTO € > 0 Hail-
nerca rakoe N > (, 4To aJid BCex X, Y, AJIA KOTOPHIX |x| > N,
ly| > N, dyuxnusa f onpegelieHa ¥ KIMEET MECTO HEPABEHCTBO

If (x’ y) _AI <E&.

CrpaseiINBLI PABEHCTBA

Lim[f (x, ) £ (x, Y] =lmf (x, y) L limQ (x, y), (6)
T—x, -5 x—xy

L] ¥=% e 1]
im (f (x, §)- ¢ (%, y)) = Uimf (x, ) - Lim@ (x, ), (D)
!l_';(l; y—';ﬂ L 1}

limf(x9 y)

o f®Y) _
Ho "0 (%, y) hrgw(x, y)

¥

Um @920, (®)

¥~

rae MoxeT ObITe X — 00, yy — 00, IIpm aTom, Kak obbreHO, Hpe-
Jiessl (KOHEUYHBIE) B UX JIEBBIX YACTHX CYILECTBYIOT, ECJIU CYIIie-
CTBYIOT IIpefensl f 11 .

Hoxkasxkem zya npumepa (7).
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Ilycrs (s Up) — (g, Yy ((x» Y. # (x, Yp)); Torma

. X, . , - . x,, %
(xk-y})l}'{lxo'y())(f( Y0 @ (o 1)) (xk,y;.)l—(xwyu)f( w )
x lim @ (%, y) = imf (x, y) - Lim@ (x, y)- (9)
(% U)X ) x—x P
Yy~ Y=y

Taxum o06pasoM, Ipefest B JieBoit yacty (9) cymiecTByer u
paBeH NpaBoil YacTH (9), a TAK KAK MOCJIE[I0BATENBHOCTD (X, ¥),)
CTpeMHUTCH K (X, Y,) TI0 JI060My 3aKOHY, TO 3TOT HpeXell paBeH

npezeny Gysrnun f (x, y) - @ (x, y) B Touxe (xy, Yo)-
Teopema 1.Ecau ¢pyurxyusf (x,y) umeem npeden, ne
pasnvtil HYr0 8 mouke (X, Y,), M. e.
lmf(x, y)=A=0,
o
mo cywecmeyem O > 0 marxoe, umo dara écex x, y, ydoenem-
BOPAIOUUX HEPABEHCTNBAM

0 < Jx—x ) +@—y,) <5, (10)

OHa ydosslemeopsaem HepaseHCmay

A
7 G > AL (1)
Boavuwe mozo, ona coxpansem mam 3Hak wucaa A.

A .
B camomMm geJie, IIOJIOMKUB € = %l- > 0, Haitnem 6 > 0 Taxoe,

aTo6bI fu1A (X, ), yooBJIETBOPsOINx HepaseHersaM (10), BoI-
TIOJIHSIJIOCH

A
If (x, y) - A] < '—2| (12)
Iloaromy Ana Takux (x, y)

A
L£>M_an>mpvuwm

T. e. umeeT Mecto (11). U3 (12) nnsa yxasaumbx (x, y) cClenyer

14| 14|
A 2 <flx,y)<A+ 9
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OTKyZa

(LIS

-—<f(x,y) mpu A >0

f (x, y)<£2i npu A< 0

(coxpauenue spaxa).

S3ameuvanue.B § 8.12 6yzer naso Gonee obinee ompe-
Jelienvie Npepesia GyHKNUN, 3aJAHHON Ha IPOUIBOJILHOM MHO-
JKeCcTBe.

Ilo onpenenesmio gpyricyua f (x) = f (x5 --., x,,) uMeem npeden

0 (1) 1) « o
e mouke x° = (xl,..., x"), PaBHEIIT YHC)Ty A, 0603HaYaeMEBIE TaK:
lim f(x) = imf(x,, ..., x)=A
2 ‘i“"?

(1]
(mmnyt emef (x) — A (x — x")), eciu oHA onpefeneHA Ha HEKOTO-
. (1]
POM OKPeCTHOCTH TOYKH X, 33 HCKJIIOYEHUEM, OLITH MOJKET, ee
camoii, ¥ ecH CyLIECTBYET IIpefe

11m f(x) A,

—x Y-0

xalcosa OBI HU GBLIA CTPEMAIAACH K x° II0CJIeOBATENLHOCTE 'ro-
wek x” us yKasauHO# okpectHocTH (k = 1, 2, ...), OTyMuHbBIX OT X°
(cm. § 8.1).

Jlpyroe sKBuBAJIEHTHOE ONpeLeICHUE SaKIIOUAETCH B caeny-
omeM: @yrkyus [ umeem 6 moure x° npeden, paenwtii A, ecu
OHa OIIPEENIEHA B HEKOTOPOI OKPECTHOCTH TOUKH X', 32 HCKIIIO-
yeHyeM, OBITH MOXKET, ee camoii, ¥ s moboro £ > O HauJjgercsa
TaKoe § > 0, yro

If (x) - Al <€ (13)
718 BCEX x, YIOBJIETBOPSAIOLIUX HEPABEHCTBAM
0 <x-x"<8.
970 onpenereHrE B CBOIO 0YEPELH SKBUBAICHTHO c.uenylom;e-
My: ais Jioboro € > 0 Han,ue'r(:ﬁ oxpec'moc'rb U(x ) TouKH X°

TaKas, YTo JJiA Bcex x € U (x ) x# x BBEITIOJTHAETCS HEPABEH-
crBO (13).
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Ouesnpto, uTO ecnu yucno A ecTs npeznedn f (x) B x°, T0A ecTs
npenen pyskuuu f (x°+ h) ot h B HyneBoit TOUKe:

limf (x° + k) =A,
h—0

1 HaobopoT.

PaccmorpuM HekoTOpyio hyHKIMIO f, 3a1aHHYI0 BO BCEX TOY-
KaX OKPECTHOCTH TOUKH X, KpoMe, GBITH MOXKET, TOUKH x°; nyc'm,
O =(®,, ..., ®,) — IPOUIBOILHEIH Bex'rop ATUHE! eMUHULA (jo} =
ut>0— cKaJmp Touku BUA P+ tw (0 < t) obpasyioT BI::IXOJIH-
ot u3 x° AYy 8 HANPABAEHUL 6eKopa ©. [ Kam oo (O MOXK-
HO paccMaTpuBaTh QYHKITAIO

FE+t0)=f (2 +10, ..., 20 +10,) (0< t<§)

OT CKaJIpHOM NIepeMeHH0i] ¢, Tie O, ecTh YUCII0, 3aBHCAIIEE OT (.
Ilpenen sroit dyrKkIMY (OT OLHON MEPEMEHHOI] t)

. 0 T 0 0
t!}),rgof(x + tw) = tlggof (x, +toy, ..., x_+1t0),

ecJiil OH CYINECTBYET, €CTECTBEHHO Ha3BaTh npedenom f 6 mouie x°
no HANPAENEHIIC 6€KMOPA ©.
Bypem nmucarts lin% f (x) = 00, ecyin pyHuKIUA f OIIpenesIeHA B
x—x

HEKOTOPOI OKPECTHOCTH x°, 33 NCKIIOUEHUEM, GLITH MOXKeT, x°, 1
ana Beakoro N > 0 maiiferca 8 > O taxoe, uro |f (x)} > N, xons
cxopo 0 < jx— x°| < 8.

Moz« HO roBopUTSE O TIpefiene f, KOraa x — 090:

lim f (x) = A. (14)

Hanpumep, B ciryuae KoHeqHOro uucaaA pasercrso (14) Hafo noHu-
MaTh B TOM CMEICJIE, UTO AJIA BCAKOTO £ > () MOXKHO YKa3aTh TAKOe
N > 0, uro pra Tovex x, 417 KOTOPHIX |x] > N, dynKknus f onpene-
JIEHA ¥ IMeeT MeCTO HepaBeHCTHO |f (x) — A| < €.

HWrax, nmpenen dyuxnun f (x)=f (x,, ..., X,) OT & nEpEMEHHBIX
ONPeneNAeTCs 0 AHAJIOTUH TaK e, Kak Aad (yHKIMK OoT ABYX
I€EPEMEHHLIX.

Papenctsa (6), (7), (8) ¥ Teopema 1 HelmocpenCTBEHHO
PACIIPOCTPAHAIOTCA HA 1-MEpHbIH Cryyaii.
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§ 8.3. HenpeprieHaa QpyHKIUSA

TIo onpegpenenuto dyuxiua f(x, i) HEIPEPHIBHA B TOYKE
(xg» Yp)» €CIU OHA OIIpeJieJieHa B HEKOTOPOH ee OKPeCTHOCTH, B
TOM YHCJIe B CAMOI TouKe (X, I/,) ¥ eclu ipezen f (x, y) B aT0it
TOUYKE DABEH €€ 3HAYEHHUIO B HEH:

l];rg f(x, y)= f(xo! yo)' (1)
Y=
YesioBue HempepBIBHOCTH [ B TOYKE (X, I;) MOFKHO 3aIlNCATD
B SKBUBAJIEHTHOMH (hopme:

Al}zr:of(xo +Ax, yo + Ay) = F (x5 Yo ) 1)
Ay—y,
T. e.QpyHKIUA f HENPEPLIBHA B TOUKE (X, I,), €CJIM HEeITpepLIBHA
tyuxnus f (x, + Ax, y, + Ay) or nepemerHbIx Ax, Ay npu Ax =
=Ay=0.
Mokno eBecTit npupammenue Au GyHKIEN

u=f(x,y)

B TOYKE (X, ), COOTBeTCTBYIOINee npupamenusam Ax, Ay apry-
MEHTOB

Au=f(x +Ax, y+Ay) - f (x, y).

¥ HA 3TOM S3bIKE ONPENEIUTH HEIIPEPLIBHOCTS [ B (X, y): byHK-
uus f HenpepriBHA B TOUKE (X, ), €CIIH
lim Au = 0. 1)

Ax—axy
Ay—yy

Wz dpopmyan (6) — (8) § 8.2 nenocpencreeHHo cnepyer

Teopema 1.Cymma, pasnocme, npouseedere u wacm-
HOe HenpepoleHbLX 8 Mouke (X, Y,) Qyrkyuil f u ¢ ecmsb He-
npepuléHas PUHKYUA 8 IMOil MoYKe, eCll, KOHEYHO, 8 cayiae

xwacmuozo ¢ (x,, y,) # 0. )
ITocTosBHRYI0 ¢ MOMKHO PaccMaTPHBATE Kak GyHKIIIO

fx,y)=c
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OT IIePeMEHHEIX X, ij. OHA HEeNPePHIBHA 110 3THM NEPEMEHHBIM,
IOTOMY YTO

If (%, 1) = f (%0 Yol = e — €} =0 —=5> 0.

Lt 1]
Crie{yIOIIMMH 110 CJI0XKHOCTH ABJISIOTCS QYHKLUE f (X,[)= X
u f (x, y) =y. Ux TosKe MO3HO paccMaTpHBaTh KaK QyHKIMY OT
(x, y), ¥ Ipu 3TOM OHM HempepsisEbl. Hanpuwmep, GyEruUA
f (x, y) = x IPUBOOUT B COOTBETCTBHE KA ol Touke (X, Y)
umcio, paBaoex. HermpepslBHOCTE 3TOH GYHKIIMY B IIPOKU3BOJIE-
HOM TouKe (X, i) MOKeT ObITh AOKa3aHAa TaK:

If (x +Ax, y + Ay) — f (x, y)l = [(x + Ax) — x| = |Ax| <

< \/Ax2+Ay2 _AxT)O'

Ay—0

Ecau npouspopuTe Haf GYHKIUMAMUE X, I ¥ ITOCTOAHHBIMHY
JEeHCTBUS CIOMKEHHA, BEMMUTAHNUSA U YMHOMXEHHNS B KOHEUHOM
yucne, To OyxeM monydars GyHKINY, HA3LIBAEMbBIC MHOZOUNLE-
Hamu o1, y. Ha ocHoBanuy chopMynupoBasHAbBIX Bbillle CROHCTB
MHOZOYLEHBL O NEPEMEHHBIX X, I CYMb HenpepbléHble PYHK-
YUl OT 3THX NepeMEHHEBIX A BCEX TOYEK (X, Y) € R,

Oruouresane P/@ AByX MHOTOUJIEHOB OT (X, I ) €CTH payuLo-
HaJbHAA QYHKYUA OMm (X, Y ), OYEBMLHO, HETIPEPBIBHASA BCIOXY
Ha R,, 3a uCcKJI0OUeHHeM TOUEK (X, ), rae Q (x, y) = 0.

DyHKINA

P (x, y)=x3—y2+x2y—4
MOKeT OLITEL IPUMEpPOM MHOrO4JIeHAa OT( X, I/ ) TPeTLEek cTeneH !,
a pyHKIMA
P(x,y)= x - 2x2y2 + y4
€CTh HpUMeP MHOI'OWIEHA OT (X, Y } YeTBEpPTOI CTEIIeHH.

IlpusesemM IpUMep TEOPEMBI, YTBEPIKAaIONIeil HellpephIB-

HOCTBb PYHKIMHT OT HENPEPLIBHBIX (hyHKImil.

Teopewma 2. ITycms pynrcyua f (x, y, 2) Henpepuiéna e
mouke(x,, Y, 2o) "pocmparcmea R; (movek (x, Yy, z) ), a pynx-
yuu

x=0(u,v), y=v (u, v), z=%(u,v)
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HenpepuiéHbl 68 mouke (U, v,) npocmparncmea R, (mouex
(v, v)). ITycmvb, Kkpome mozo,

X9 =@ Ugs Vo) Yo=V (U Vo) 2o =% (g, Vg)-
Toz0a ¢pyuxyus

F(u,v)=f [p (@, v), ¢ (u, v), %, (u, v)]

HenpepuieHra (no (u, v)) 8 mouke (4, Ug).
HoxasarenscTtBo. Tak kak 3HaK mpepesia MOMHO
BHECTHU 110 3HAK XaPaKTEPMCTUKH HerpephIBHOH GYHKIUY, TO
lim F@,v)= lim U, v u, v u, v)] =
L ©, v) .p(w)_%f[tp( » V), W (1, v), X (1, V)]

y(, U)—yp
x (s V)27

= £ (%s Yos 20) = F [ (Ug> Ug)s W (g Ug)s X (g5 Vo)l = F (1, Ug)-

DOysxnuio Mul OyzieM HASHIBATE 3JeMEHMapHoil QYHKYU-
€il OT IEPeMEHHBIX Xy, ..., X,,, €CJIH OHA MOXKeT ObITH ITOJIYYeHa U3
3THX IEPEMEHHBIX M KOHCTAHT € IIPH IIOMOILH KOHEYHOI'0O YHC-
Jia OIIepayil CI0KEeHU s, BHIYUTAHUS, YMHOMKEHUA, AEJICHUA U
omeparmii ¢, TAe (p — sneMeBTapHas GYHKITIA OT OAHOK mepe-
MeHHOH (cMm. § 3.8). @yHKIUU

1) sin In \/l+.?cz+y2 =f1 2) sin®x + cos® (x+y)="1y
3)In 7V fs
x+y
MOTYT CJIYKUTh NPUMEPaAMY 3JIEMEHTAPHBIX (DYHKI[MI.

Jlerko npoBepuTL, NOJL3yYsICH TeopemMamu 1 1 2, gyro PyH-
KIMU f, ¥ [, HEIPEPBIBHBI Ha IIOCKOCTH( X, I ), byBEKuums e [,
OUYEBNIHO, OIIPefielieHa ¥ HelIpephIBHA B Te€X TOUKax (X, y), A
KOTOPBIX APOOB (X — y)/(X + y) HONOKHUTEJILHA I KOHEYHA.

U3 reopemys! 1 § 8.2 1 onpeneneHls HENPEPLIBHOCTH QyH-
KIMH B TOYKE HEIIOCPEACTBEHHO CIEAYeT

Teopema 3.Pyuxyusf (x,y), HenpepvieHaa 6 MouKe
(xy Uy) U He paeéHas HYAI 6 3Moil Mmovke, COXpaHaem 3HAK
yucaa f (xq Y,) 6 HeKomopoiL okpecmHocmiL MOvKU (Xg, Yo)-

Ilo onpepenenuio dyukuumsa f (x) =f (x,, ..., X,) HenpepvieHa 8
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0 0 [0} o
moixe x = (xl,...,x ), €CJIn OHAa onpene.neHa B HEKOTOPOM ee

OKPECTHOCTH B TOM YUCJIE X B cAMO Toqxex » 1 eCIIN IIpENETI ee
B TOYKe x PaBEH ee 3HAYEHUIO B Hell:

lim £ (%)= (). @

VCIIOBIE HENpephIBHOCTH f B TOYKE x° MOMHO HATINCATL B
3KBHBaJICHTHOH dopmMe:

limf "+ Ry =f(x"), 2"

T. €. q)yﬂxunﬁ f (x) menpepsisHa B TouKe X', ecim HeIpepLIBHA
GyHKDRUA f (x +h)orh B Touke h = 0.

MosxHO BBECTH IIpHpaIeHEe | B TOUKe x°, COOTBETCTBYIOLIEE
npupamernuc h = (hy, ..., k),

AFEY=F @+ h) - (=0

¥ HA €ro s3eIKe onpenem»rrb HENIPEPHIBHOCTS f B x°: ynicyus f
Henpepuigra 6 x°, ecau

LmA,f (x°)=hilirhn_’0[f(x:’ Hhyy s Xy ¥R )~ F (55 e X)]=0. (27

Wz Qopmyn (6) — (8) § 8.2 Henocpeacreenso crenyer

Teopema 1' Cy.M.ua, PA3HOCMb, NpousBedeHIe U HACMHOoe
HenpepsLeHbLX 8 MOYKe x° @ynryuil f (x) u ¢ (x) ecmsb Henpepois-
Has tpymcuuﬂ 8 3moil movkKe, eCau, KOHEYHO, 8 CAYYAe YACMHOZ0
@ (=% 0.

0.

3ameyaHue. [Ipupamnenue Af(x ‘)) HAa3BIBAIOT TAKIKe NoJl-
HbLM npupaujenuem pynxyuu f 6 Toure x .

B npocrpanctse R, Touek x = (g, --es X,) 3a,ua,zmM MHOKeCTBO
ToueKk G.

Ilo onpepenenuio x° = (xlo, cees xg) €CTHb BHYMperHAL moika
MHoxcecmea G, ecnu CyIecTBYeT OTKPBITHI map ¢ HeHTPOM B HeM,
TIOJIHOCTEIO IIPUHAIEXAIU K G.

Muoxecteo G C R, HasBIBACTCHA OMKDbIMbLM, €CIIM BCE €TI0
TOYKH BHYTPEHHHE.

T'oBopar, uto pyukmAl

2= Q1 (1), s %, =9, (1) (@<t<D)
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HelIpepBIBHEIE Ha OTpesKe [a, b], oIpenessioT Henpepovi8HYIO Kpu-
6yio B R, cCOEMHAIONTYIO TOUKHX' = (x: 3 eees x:,) ux’= (xf 2 nees x:),

rae x: =0, (a), ..., x:z =0, (a), x12 =@, (b), ..., xi =@, (b). Byxsy t
HasKIBAIOT NAPamMempom KPUEOIL.

MHoxecTBO G HASLIBAETCACEA3HbLM, ECITK JNOOBIE €TI0 Be TOY-
Ku x', x° MOMHO coenUHUTE HeIpephbIBHOM KPHUBOIA, MPUHAIEKA-
weii G.

CBfA3HOE OTKPHITOE MHOMECTBO HABLIBAETCH 001aCMblo.

Teopema 4. ITycmv pynryua f (x) onpedenena u nenpe-
puiera na R, (60 6cex moukax R,). Tozda muoxecmeo G moxek x,
z0e ona ydoenemeopsem Hepasercmey f(x) > ¢ (uau f (x) < c),
KarKosa Obl HU Obi1a NOCMOSHHAA C, €CMb OMKDPbLINOE MHONCECTEO0.

B camom zene, dyuknua F (x) = f (x) — ¢ HenpepuIBHA HA
R,, 1 MHOKeCTBO BCEX ToueK x, rae F (x) > 0, coBnagaet ¢ G.
Ilycts x° € G; Torza cymecTByeT map

(4]
|x—x|<8, A

Ha rotropoM F (x) > 0, 7. e. oH IpUHAA-
nexuT K G 1 TouKax® € G — BHYTDPeHHsA
ans G.

Cuyuait f (x) < ¢ BoraspiBaeTCH aHANO- 3>
THYHO.

MDIpumep. PyErun

n 2 &
f (%)= Z%: (@,>0) £, (x)= ;PC,J, Puc. 95
1

OIpeziesieHbl U HEIPEepPHIBHEL Ha R .

B TakoM caydyae MHOMKECTBa 3HAUEHMH X, JJIA KOTOPBIX BEI-
TIONHAOTCA HepaBeHeTsa f; (x) < ¢ (i =1, 2), — OTKPHITEIE MHOKe-
crBa. IlepBoe U3 HUX €CTh BHYTPEHHOCTE 3JLTHIICOU/IA B 1l-MepHOM
TIPOCTPAHCTBE; BTOPOE NPH 71 = 2 €CTh BHYTPEHHOCTL KBaapaTa,
usobparkeHHOro Ha puc. 95.

Hepasencrsa f; (x) > ¢ > 0 onpefeaoT BHEITHOCTH YKABAHHBIX
¢uryp.

Mo3KHO yCTaHOBUTS, YTO YKABAHHLIE MHOYKECTBA CBASHEI, T. €.
oHM sBJIATCA obnactamu. Ilpu n = 2, 3 aTo HenocpeACTBEHHO
BHIHO.



350 TJABA 8. JHOPEPEHIIHAJILHOE HCYHCJEHHE GYHKIHA MHOTHX IIEPEMEHHBIX

§ 8.4. YacTHbIe NpOM3BOIHEIe M IPOM3BOTHAA
IO HANPaBJEHMIO

Hasosem npupawenuem ¢ynxyuu f (x, y) 6 mouke (x, y)
no nepemerHol x ¢ wazom h seauduny

Apf=fx+h,y)-f(xy),

rae h — nefiCTBATeIbHOE YMCIIO, JOCTATOYHO MAJIoe, YTOOk! 9Ta
BeJIMYHHA HMeJIA CMEICIL
Hacmmuoii npouszeodroil no x 6 mouke (x, i) HA3LIBAETCA

npeznen

f'=ﬁ=af(x’y)=limA"”f,
O O

€CJI¥ OH cyulecTByeT. JacTHaa npoMsBogHAs gz €CTb O6BIYHAA
x

IpoM3BoAHAA OT pyHKIWMH f (X, Y ), paccMaTpUBaeMoOM Kax GyH-
KIIUA TOJBKO OT IIEPEMEeHHOI X Tpy GUKCUPOBAHHOM /.

@ysKmma 2 = f (x, y ) OT ABYX IepeMeHHEBIX n306paskaer-
CA B TPEXMEPHOM IIPOCTPAHCTBE, I'ie 3aJaHa IPAMOYIOJLHAS
cucTeMa KOOpPJANHATX, Y, 2, HOBEPXHOCTEIO — IeOMeTPHYECKUM
MeCTOM TOYeK (x, y, [ (%, y)), rae (x, y) IpUHaAIEKNT O6IACTH
sapanus Qyuknuuf {x,y ). OueBngno, urosesururaf’, (xq, y,)
(ecnm OHa CYIIECTBYET) pasHa MaHzeHCY Y2aa HAKAOHA K OCULX
KacamenvHoil K ceweruio 3moil nosepxHocmu nioCKoCms
Y = Y, 6 mouke, umernueil abcyuccy x,.

CoBepmieHHO aHANOrMYHO MOXKHO OHPEJEIHTEL YACTHYIO
TIPOM3BOIHYIO IO J B ToUKe (X, Y ):

O _im 2o _ 13 T Y+ )~ F( y)
ox w0 R k0 h :

Ecma dyuxums z=f (x,y ), sanannas Ha MHOKecTBe GC R,

0
HMeeT YaCTHbIe nponsnonnmeg—t , 55 BO BCeX TOoUKax (x, y)€ G,
%
TO 9TH IIPOM3BOHBIE MOXKHO PACCMATPMBATE KAK HOBbIe QVHK-
uw, 3ajaHHble Ha G.
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IToaTOMy MOKHO [IOCTABUTE BOIPOC O CYIIIECTEOBAHUY Ya-
CTHBIX IIPOM3BOJHBIX Y 3TUX QYyHKUWI N0 KakoMy-1ubo nepe-
MEHHOMY B Touke (x, y) € G.

Ecnm y dpyHxmm % CYIIleCTBYeT YacTHas NPOM3BOJHASN
CHOBa IO IEPeMEHHOHN X, TO e HAa3LIBAIOTYACIHOIL NPoU3600H0lL
emopozo nopadra om gyHryuu f (x, y) no nepemenHoOll x M

0603HaAYaT B—fg Taxum 06pasom, IO ONpPeaesIeHII0
X

2

Ecau cyiuecTByeT 4YaCcTHAA NPOM3BOIHAA OT PYHRITUM gt
x

II0 IePEMEHHOM U/, TO 3TY IPOM3BOAHYIO HABHIBAIOT CMEULAHHOIL
YacmHoiL npou3eodnoil emopozo nopadxa om gyuxyuu f (x,y)
H 0003HA9AI0T CHMBOJIOM

ot _ o fof)
oyox Oylox
Jns dyHKIUE OT ABYX IlepeMeHHEIX [ (X, ) MOXKHO pac-
CMaTpMEBATEH YeTbIpe MPOM3BOAHBIX BTOPOTO MOPSIAKA

Fs B s s 4
ox’ oyox’ oxdy oyt
Ecnni nmponsBofibie BTOPOro NopAAKa (Bce MM Kakaa-JInoo
OIHA) CYIIeCTBYIOT IJisl BCeX ( X, ¥ ) € G, TO MOKeT BOBHEKHYTD
BOIIPOC O CYII[ECTBOBAHMM YACTHBIX IIPOM3BOIHBIX TPETHEro Io-
pAfKA.
Boob1ue, vacmuoit npouszeodnoil n-zo nopsadrxa 6ynem Ha-
3BIBATH YACTHYIO IIPOM3BOLHYIO [I0 KAKOMY-HHOYIb II€PEeMeH-
HOMY OT HEKOTOpOH mpowmspogHoil (n — 1)-ro mopaaka. Ha-

nmpuMep,
25
ox|axfoy) ox’ay

YacTHbIe IPOU3BOTHEIE gf ’ g—f OymeM Ha3LIBATHYLACTHbL-
x oy
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MU npou36OTHLIMIL Nepeozo nopadka, & caMmy (PyHKIHIO [ —
4acmHoil npou3600HOIL HYe6020 NOPAJKA.
JIns 4acTHREIX NPOMSBOAHLIX GyZieM TakiKe YIOTpeOJIsaTh
CMIMBOJIUKY:
of &f Ff _ ,
D f=—- D =—4 .., —5=F -2 = .
S ox’ Dyf axdy’ T o ¥’ odxoy s
Hasosem npupawenuen f 6 mowice x = (x,, ..., X,) N0 nepemen-
HOiL X; ¢ wazom, h eenuyuny

Ax]_hf =f (X eees X4, x;+ h, Xjgs wees X)) = F (%5 oees %),

rpe h — peiicTBMTENLHOE YNCJI0, JOCTATOYHO MaJjioe, YToOhl 3Ta
BeJIMvHBa MMeJla CMEICH. dacmuoi npouseodnoii om f no x; 6
moyke x HashlBaeTCA Npefe

Bf _yim !
axj 0 R

*

of

€CcJIH OH CYHIecTByeT. YacTHasa IpoH3BOAHAA " ecTh 00BIYHAA
X,
J
npousBofHaA ot GyHKuuuf (X4, ..., X,)), pPACCMaTPHBAEMOIi KaK (yH-
KIM#A TOJIBKO OT MEPEMEHHOM X; [P QUKCHUPOBAHHBIX X, -vvs X g
Xjs1s woes Xpe
Ecmar=(r,, ..., I',) — BEKTOP C HEOTPMLIATEJILHBIMY LIEJIBIMA
KOOpAMHBATAMY, TO NUIUIYT

=+,
Df=D"..Dkf=-2 T
! " 0% .. Ox]
Of 2
IIpumep. Haitru —“L - or ¢yuruun f(x, y) = x° +
Ox Oy
+ sin xy.
HNmeem
of & f 2 .
—- =X C0S XY, —5 =—x sin xy,
63f _ R 2
— 5 =-2x sin xy — x"y cos xy.
Ox Oy

EcTeCTBEHHO BO3HMKAET BOIPOC, GYAYT JIM PABHBI MEKIY
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e

€000i1 YacTHBIE IIPOM3BOAHEIE, €CTI OHU B3ATHI IO OSHUM M TE€M
JKe mepeMeHHBIM, OJHO ¥ TO ¥Ke YKCIO Pa3, HO B PA3HOM HOPANKE.
Hamnpumep, paBHBL 1M
of . 9 ,
Ox ay"’ax ax’ 6y2 )
B obI1eM caydae oTBeT Ha 3TOT BOIPOC OTPUIATEBHEIN.
OnHako MMeeT MeCTO CJIeyIoIas TeopeMa, KOTOPYIO MBI chop-
MyJupyeM st QyHKIMY OT ABYX I€PeMEHHbBIX.

Teopema (0 cMeImAaHHBIX NPOHM3BOJHBIX).
ITyeme ¢pynrxyusa u = f (x, y) onpedenena emecme co c6oumu

of of o  &Ff

YACTHLIMIL NPOUIBOOHLLMU ox” Dy’ ox 0y’ Oyox 8 Herxomo-
' of of

it OKpeCcmmroc mouxuP,=(x, Up), N — oy ——
POl OKpecmHocMu moy. o= (%0 Yp)» nPUEM axoy “oyox

nenpepuisHb. 6 mouke Py, mozda

&HB) _&fE)
Ox0y oyox’

m. e. 8 3MOM CAYuae pe3yavmam JupdepeHyuposanus He 3a-
sucum om nopadxa Ougpgeperyuposanus.
HoxasaTenscTBo. B camom gnee,

A AT (s Yo)] = A lf (%0, Yo + B) — [ (x5 Yol =
= [f(xo+hr yo+h)—f(xo+h’ yo)]" [f(x()’ Yot h)‘f(xo: yo)]:
= yh[Ath (xor yo)] Vh. (1)

Orcrona, npuMeHss TeopeMy JlarpaHika o nepeMeHHON X

K Gyuxnpu f (x, y, + h) — f (%, y,) Ha IpomesryTKe [x, + k1, x,],
roay4aem:

Ap[Ayif (%0, Yo)l = R [F (x5 + Ok, yo + B) — f', (35 + O, y,)]
0<0<1). 2

3axonHOCTH, IPUMEHeHNs TeopeMbl Jlarpanika obycios-
JieHa Cy1[IeCTBOBAHUEM YACTHOMN IPOM3BOAHOI ', B JOCTATOYHO
MaJIOH OKPeCTHOCTH TOUKHM (X, Yo)-

Tak xaxk o YCJIOBMIO T€OPEMEI CYILIeCTBYET YacTHAadA CMe-
12. 3nkan 704
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IIAHHAA OPOUSBOAHAA [", B OKPECTHOCTH TOYKH (X, Yg) TO
CHOBA IIPUMEH Teopemy Jlarpanika, mz (2) nosryuaem:

A LA (X0 Yo) = BPf",, (x5 + OR, o + O,8) (0 <6, < 1).(3)
Kpome Toro, no yciosmio f HEIIPEPHIBHA B TOYKe (X,
Yo)> moaTOMy M3 (3) MMeeM

A [Auf (g, Y)l =R [f"y, (% Yo) + €], ()
ronee — Onopu h — 0.
Us (4) cnenyer, uro
TPV IV
1m

lim s Yo)- )]
Cogepiuesno ana.norntmo, [IOJIb3YSICh HEMpPEpPLIBHOCTLIO
f’ 4, B TOUKe (X, ), HOKa3BIBACTCS PABEHCTHO
it —%[ b =1 Yo). ©)
Ha ocuosannu (5) u (6), B cruTy paBeHcTsa (1), saxioua-
€M, UTO YTBEDIKIEeHMEe TEOPEMEI BePHO.
3amevanue 1.IloMHAYRIAM JIETKO PACIIPOCTPAHATD
3Ty TeOpeMy Ha JII00kIe HenpephIBHbIE CMEIIAHHEIE YACTHDIE IIPO-
M3BOIHEIE, KOTOPEIE OTJIMYAIOTCHA PYT OT APYTA TOIBKO TIOPSA-
KoM nuddepernuposanusa. Hanpumep,

R e A
oxdy oxl|oy|loy|l oylox

__&f z_a_{i[_@t]}ai
dyoxdy oyloylexl] ayfox’

dameuanwme 2.Ecnu ycroBue HEIDEPHIBHOCTY OTCYTCTBY-
€T, TO CMEeIIaHHEIe IIPOU3BOJHEIE MOI'YT ObITE Pa3IHYHLIMU B TOY-
ke P, PaccMoTpumM dyHKLIHIO

3
fy)=—Y5, ecmnx® +y* 2 0u £ (0, 0) = 0.
x +y

Jlerko moACYNTATE, YTO
x* + 3% y

s Tpm x2+y2¢0
(+¥)

fol.y)=y
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¥
7.0, 0) = 1ip /& 9=, 0 o,
x—~0 x
s X-y°
o

Janea, 110 onpesenesu:o,

fyxy=x npnxz+y2¢0nf’y(0,0)=0.

6 0-H0.0) 1inx=0_y,
X >0 x

IE(O’ y)_fzz(()’ 0)___lim0—0 ___0‘
y 0y

f”xy 0, 0= 1}_15{)1

0, 0 =11

1,0, 0)£f",.(0, 0).

OTMeTHM, YTO YACTHEIE IPOMBBOAHKIE f*,, ¥ f*,, PASDHIBHEL B TOU-

i

2 +6x"y - 8x%y"
xe (0, 0), nanpumep, f',, (x, y) = Y =22V mpsa?+y?+0,

(:Jc2 + yz)
OTKYA& BUIHO, UTO

lim e (5 1) =5 # 1  D=C.
x=y
MooxHO ellje BEECTH IIOHATHE NPOUIEOORVTL 710 HAPEEe:
Huwo. B cayyae QYHKIIHEM OT OfHOA PNEMEHHOM OF > He yroTpet-
nseTcA.
Tycrs @ = (®,, ®,) €cTh NPOVBBONBHBIN €MANTHE] BeK-
Top. IIpouseodnoii om yuxyuu f 6 moure {x, y) no Hanpae-
JEeHUI0 () HA3HIBAeTCH TpeJien

o _y; f(x+tmx, y+tmy)—f(x, ¥)
8o =0 t

>0
(ecr o cymiectsyer). IToguepkHeM, YTO IIPH BEIYHCIEHHY BTOIO
npefiesia TPeAIOATAeTCH, YTOL CTPEMUTCA K HYJII0, MPUHIMAA
nolloxcumenvHble SHAUCHMS, HOSTOMY MOXKHO €II[e CKa3aTh, YTO
flx, y)
0w
f{x+tw,, y +tw,) no t.

ecmb npasas npou3eodrnas 6 mouxet =0 or pyHKIUM
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Moskno, Kax B caydae QYHKIOME OT OJHOM IEepeMeHHOI,
TOBOPHUTH O IIPABOH M JIEBOI YACTHHIX MPOM3BOAHBIX 1mox. Hano
VY€CTb, UTO NPOU3EOIHAA NO HANPABIEHUIO NOAOHCUINEALHOL
ocu x coenadaem ¢ npaeoil YacmHoil npou3eodHoll no x, 00HaKo
npou3eo0HAA NO HANPABAEHUIO OMPULATNENLHOLL OCLL X UMeern
3HAK, NPOMUEONOAONHDLL 3HAKY Ne6oll npoU36oJIHOIL No x.

§ 8.5. Iuddepenumpyemoie pynriyun

H1s1 mpocToTEI GyfeM paccMaTpUBAThL TPEXMEpPHLIA CITy-
yail; B n-MepHOM cllyyae paccy:KAeHUS aHaJOTHYHEI. Cnyuaait
n =1 6b11 cOenuaIEHO paccMoTpeH B § 4.7.

IIycts Ha oTKpEITOM MHOKecTEBe GC R, (onpepenenmne ot-
KPBITOro MHOXKeCTBa cM. § 8.3, Menxmil mipwdrT) sanana Gynk-
nus u = f (x, y, 2), uMeromasn B TouKe (x, Y, z) € G HempepbIB-
HEI€ YaCTHBIE IPOM3BOAHBIE TEPBOro nopagka. OTCIoza apToMa-
THYECKH CJIEAYET, UTO 3T YACTHBIE IPOM3BOAHEIE CYILIECTBYIOT
B HEKOTOPO# OKPeCTHOCTH (X, ¥, 2}, XOTsI, GBLITH MOKET, OHH B
TOYKAX, OTJIMYHEIX OT (X, ¥, Z ), He ABJIAIOTCA HeTIPEPLIBHEIMH.
Paccmorpum npupainenne £ B (x, Y» 2 ), COOTBETCTBYIOIIGE IPU-
pamenuio (Ax, Ay, Az), rre |Ax|, |Ayl, |Az| Mersbuie 8 n & gocra-
TOYIHO MaJo, 9T00BI TouKa (x +Ax,y + Ay, z +Az) He BBIXOZMIA
M3 YKa3aHHOM OKpecTHOCTH. MiMeloT MecTo paBencTBa (TosicHe-
HUA HUKE):

Au=f(x+Ax,y+Ay,z+Az)—f(x,y,z)=' 1)
=f(x+Ax, y+Ay, z+A2)— f (x, y + Ay, z + A2) + 2
+f(x,y+Ay,z+Az)—f(x,y,z+Az)+ 3)

+f(x9 Ys Z+A2)—f(x, Ys 2)= (4)
=f,(x+0,Ax, y + Ay, z + A2)Ax +
+1, (6, y +0,Ay, 2 + A2)Ay + f, (x, y, 2 + 0,02)Az = (5)
= (f'x (x, Y, 2) +£1)Ax + (f'y (x, v, z)+ 82)Ay+
+ (f’z (%, y,2) + 83)A2 = (6),
=%y, DAx +f (x, y, 2)Ay + ', (x, y, 2)Az + 0 (p) (7)
P —0),

0<0,, 0, 0,<1, p= YA +A +AZ, £, €5, £, — 0 ®)

(p—0).
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ITepexox ot (2) k nepromy uieny (5) 060CHOBHIBAETCH TaK:
dyuxousa f &€, y + Ay, z + Az) ot & (npu dukcupoBaHHEEIX ¥ +
+ Ay, z + Az) mmeeT 110 yeoBHIO TpoussogHyIo (1o £) Ha oTpes-
Ke [x, x +Ax], ¥ K Hell npuMen¥Ma Teopema JlarpaHaka o cpes-
HeM. AHaJlOru4yHble NOSICHEHMS KO BTOPOMY M TPETheMy 4Je-
HaMm (5). Ilepexoxn ot (5) k (6) urcTo hopMaIbHEI: MBI TOJIOKH-
JM, HanpyMep,

fox+0,Ax, y+ Ay, z+A2)=f_ (x, y, 2) + &,.
Ho ue dopmasnen sxeck daxTt, urog, — 0 mpup — 0. OH caeayer
M3 IpeJNoJIOKeHHol HenpepyisEocTH [, B (%, Y, z ). Hakoner,

nepexoy ot (6) k (7) cBoguTCA K YTBEPIKIEHMIO, YTO MMeeT Me-
CTO PABEHCTBO

gAx+eAy+e,Az=0(p) (p— 0).
B camom gexne, Tax Kax |Ax], Ay}, |Az] < p, Tompmp — 0
le,Ax + £,Ay + g,Azl/p < g)] + [&y] + [€g] — O.
M1l JoKa3aIn BAXKHYIO TEOpeMY:

Teopema 1.Ecau ¢pynrxyusa u = f umeem HenpepoviéHbie
yacmubvle npousseodHvie (nepeozo nopadxa) 6 moike (x, Y, 2),
mo ee npupawerue 6 3moil mouke, coomeemcmaeyrnuiee docma-
mourHo manomy npupaujerurn (Ax, Ay, Az), moxucro zanucame
no gopmyne

Au= gf—ch + %Ay + %Az volp) (@P—0), (9

p= A::c2+Ayz+Az2 ,

20e wacmHvle nPou36o0HbIE 83aMbL 6 moyke (x, Y, 2).
Tak Kax sHAYEHHUs YACTHBIX MPOM3BOAHLIX B IPaBOil Yac-
T (9) He 3aBucaT oT Ax, Ay, Az, To u3 ycuosuit TeopeMsr 1
cnenyet, yTo npupamenue [ B (x, y, Z), COOTBETCTBYIOITEe IPH-
* pamenmo (Ax, Ay, Az), MoxkeT GBITH 3aIICAHO 10 HopMyJie

Au=AAx + BAy+CAz+o(p) (P — 0), (10)

roe umena A, B, C ue sasucar ot Ax, Ay, Az. -
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Croenaem cienyiomee onpefieNieHme: eCid IIpMPAaleHve
dyuxnum f B TOUKe (X, ¥, 2) AAa KocTaTodHo Mamkix (Ax, Ay,
Az) moxeT 6urTh 3ammucano B Buae cymmel (10), toe A, B, C —
uucina, He saBucsamue orAx, Ay, Az, To rosopar, uro dyEKITa
f duppeperyupyema 6 mouxe (x,y, z ). Taxum o6pasom, dugpge-
Pperyupyemocms pyHryuu f 6 (x, y, z) 3axaw0ouaemcs 6 mom,
umo ee npupaujerue Af 8 amoit mouke Moxcro sanucams 6 sude
CyMMbL 08YX CRQzaeMblX: Nepeoe CRAZAeMOe eCcTb JUHEIHAA
Qynryus AAx + BAy + CAz om (Ax, Ay, Az) — ona Hasvieaem-
cA enasHoll nuHeilHoil vacmer npupawenul Af, emopoe e
crazaemoe s006ULe COHCHO 3a8UcuIm om npupaujeruil Ax, Ay,
Az, Ho ecau cmpemums ux K HYAI0, MO OHO Gydem CMpeMUmMbCA

K HYAI0 Obicmpee, wer P = \JAx" +Ay" +AzZF .

Jlerko BuzeTs, 4To ecnu dyuxius f nuddepennupyeMa B
TOuKe (X, Y, 2), T. €. IpeacTaBisaercs pasercrsoM (10), To oHa
HMeeT B 3TOH TOYKe YacTHEIE NPOK3BOAHLIE IIePBOro MOPAIKA,
paBHEIE

of _a 9 _p o _¢ an
Ox oy 0z

Hanpumep, nepeoe pasenctso (11) goxaswiBaeres Tax.

Ilycrs mpupamenwve f B (x, y, 2) 3anucbiBaercs no GopMyse

(10). Ecoin cunaTe B nocniexneil Ax = b, Ay = Az = 0, To noxy-

yuM paBeHCTBOA u = AR + o(h) (h — 0). ITocne genenus ero Ha

h ¥ nepexosia K npeneny IoJyYuM .

lim 202 O _ 4
h~0 h ox

W3 ckazannoro cnemyer

Teopema 2. na mozo wmobe. Qyrrxyua f bvtra dug-
depenyupyemoit 6 mouke, Heobxodumo, umobv. OHa uMmend 6
amoit moukxe yacmHsie npoussodnble, U docmamoyHo, wmobsl
OHQ UMeNA 8 MOl MOYKE HENPEPbIBHbIE YACMHbLE NPOU3EOT-
Hble.

Hamombum, 9To qia dyukuuu f ogHoit nepemenHoi cy-
HEeCTBOBaHIe Y Hee IPOM3BOIHOM B TOYKE X SABJAETCs HeoOXo-
OUMBIM U IOCTATOYHBIM, YTOOH! OHa OpLa AuddepeHrpyemMoil
B 3TOI TOUKe.

-



§ 8.5, THOOEPEHIIHPYEMBIE GYHKITHH 359

Hs (10) cnenyer, uro ecau pynKryus dugp@epenyupyema 6
mouke, Mo oHa oDA3amenbHO HenpepuieHa 8 IMOil movke.

IIpumep 1. ®yuxnus f (x, y, ), paBHAA HYJIIO0 HA KO-
OpaAMHATHEIX IockocTax x =0, y=0, z=0u egunune B ocTaIh-
HBIX TouKax R, uMeeT, OUeBHAHO, YACTHEIE IIPOM3BOXHEBIE, PAB-
Hble Hymo B Touke (0, 0, 0), Ho ona, oueBHHO, PA3PBLIBHA B 3TOI
TOYKE U MOTOMY HE MOXKeT OhITH B HeH JuddepeHIIpyeMoii.
Taxum 06pa3oM, OLHOTO CYILECTBOBAHMS TACTHHIX IPOM3BOJ-
HBIX B TOYK€ HeIOCTATOYHO 44 AN dhepeHIITUPYEMOCTH 1 TaXKe
HeIPePbIBHOCTH B 3TOM TOUYKe.

OTMeTUM OTIIMYNE MEHOTOMEPHOTO CIy4as oT OfHoMepHoro. ITpu
n =1 cpoiicTo AuddepeniupyeMocTd f B X 3aNHCHIBACTCH B BUIE
paBeHCTBa Af = AAx + 0 (Ax), crenosarensHo, ecanA # 0, To ocTa-
TOK CTPEMHTCA K HyJiio Ipu Ax — 0 Gelcrpee rnasHoit yacTu. IIpu
n > 1 aTo yixe He Tak, HAIIPUMED IIPH 71 = 3, KAKOBLI OB HU GBLIM
uucaa A, B, C, ofHOBpeMeHHO He paBHBIe HYJIO, BCEIAA MOXKHO
ctpeMuts Ax, Ay, Az K HyII0 TaK, yTO6GEl OPM S5TOM HOCTOSHHO
EBINOJHANOCH paBeHcTB0 AAx + BAy + CAz = 0, no Torpa B (10)
OCTATOYHEIH uJieH o (P) Boob1re Gosblte rnasHoro. BnpouemM, ecin
Ml 3acTaBMM Ax, Ay, Az CTDEMUTHCA K HYJIIO TaK, YTOGHI BRIIION-
HsJack nporiopauoHansHocts Ax : Ay : Az=A : B : C, To Torga
TJIaBHAS YaCTh NpUpalenus: 6yzeT BeIUINHON, MMEOLIeil cTporo
HOPSIIOK P, U OCTATOK OYJieT CTPEeMUTBCA K HYJXO ObICTDee I'JaB-
HOI yacTH.

Ilpumep 2. Pynxuusa u=|x| (y+ 1) HenpepripHa B TOY-
ou -
ke (0, 0). Ognaxo jerko BMAETDH, YTO 2y HE CYILECTBYeT B 9ToM

Touke. Crenosarensno, u ve nuddepennupyema s rouke (0, 0).

Ecmm dpysxmusa f nuddeperimupyema B Touke (X, y, 2), TO
rIaBHASA JIMHENHAA YACTh ee IPUPAIeHrs B 3TOM TOYKe HA3HI-
BaeTcsa enle Juggepenyuanrom f 6 amoit mouxe, coomeem-
cmeyujum npupawenuan (Ax, Ay, Az) Hezasucumovix nepe-
MenHbix. OH 3AINCHIBACTCA TAK:

df = 2L Aax + Ly 4 U Az,
f ox x+6y y+62

O npyrux oboznayennsax Mei 6yzneM ellje roropuTh B § 8.9.
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§ 8.6. lpumenenue guddepenyuana s
NpHGIHKEHHBIX BBIYHCICHUIX

PaccvorpumM pus npumepa (hyHKIuIIo

z=f (JC, y)
OT IBYX II€pEMEHHBIX, KOTOPYI0 OyneM IpenmonaraTsh nucdde-
DPEHIIUPYEMOii.
ME1 XOTHM BBIYKCIHTE 3Ty QYHKI[UIO B TOUKE (x,y). rne
X = F0,00,0; -..,
y = t'%D'Bl'BZ veny

TIpubimixeHHElE SHAYEHNS 9TUX YHCEJ 3ALUILEM B BUZIE
KOHEUHBIX NECATUYHBIX Jipobeit

x + Ax = 30,,04,0,; ..., O,
Y+ Ay =+P0,B..B, ... By-
Taxum 06pasoM, UMEIOT MeCTO IPUGIMKEHHBIE PaBeHCTRA

x=x+Ax, y=y+Ay

€ a6COIOTHBEIMH ITOIPEIHOCTAMY IIPHGIIKeHIA, VJOBJIETBOPA-~
HOLMMH HEPaBEeHCTBAM

Ax| < 107%, Ay < 107
Iloncrasus B dyHKIMIO f BMECTO X, I COOTBETCTBEHHO X +
+ Ax, y + Ay, nonyuum npummkeHHOe paBEeHCTEO
F(x, yj=f(x+Ax, y +Ay)
¢ abCoMOTHON MOrPemHOCTRI0
IAz] = If (x + Ax, y + Ay) f (x, y),

KOTOPYIO OpH NOCTATOYHO MANBIXAx, Ay MOMHO MIpHOIIKEHHO
3aMEeHUTE AudbepeHnuasom GyHKIMY f B TOUKE (X, i ):

IAz| = |dz|, dz= Of Ax + gAy.
. ox dy

Orciona moxyuyaeM HepaBeHCTEO

vaiAy]. )

Of p l
IA2] < '635 I dy
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Ha camom sreste 210 HepaBeHCTRO IPHOMKEHHOE, IIOTOMY
YTO MBI IIOAYYMJIK €ro, IIpeHeOperas HEKOTOPOM BeNMYMHOIM,
IIpaBAa, 3HAUNTENLHO MeHbIeit, yem Ax, Ay.

ObpaTtvm BHIMaHUe Ha TOT (AKT, UTO KOHEUHbIE HECsH-
THYHEIe Apobu x + Ax, y + Ay npu ymentmennu |Ax|, |Ay| cra-
HoesTCA BCe Gonee 1 Gonee rpomosakumMu. IlosToMy IIpH BEI-
yuciaerny ynucna f (x + Ax, y + Ay) MBI JoMKEBL GeCTIOKOMTHCS
He TOJILKO O TOM, YTO0B!I OHO IpHMOMKAO f (X, i) JOMKHBIM
00pa3oM, HO H YTOGH IIPOMSBOAMMEIE IPH BTOM BBIUKCIIEHHS
COBEPIIANNCE BO3MOXKHO 9KOHOMHO. B CHJIy aTOro saMeuaHus
¥3 HepaBeHCTBa (1) cienyeT, 4T0 ecyiv Hy»KHO, 4TOBEI a6CONIOT-
Hasi IOTPeITHOCTE |Az] He npeBBImaia JAHHYIO MATYIO BETHYH-
HY, KOTOPYIO MBI 0003HAYNM yepes 2).,, TO 9TOro MBI IOCTHTHEM,
B3 uncna |Ax|, |Ay| Takumu, 4TOGEI BEIIONHANINCH HEPABEH-
CTBa

’afo1 <A,

of Ay} <, @

T. e. yToOBI HOrpeinHOCTE |Az| paclipemenanack MeXIy cia-
raeMbIMH B IIPpABO#H YacTH HepaBeHcTEa (1) moposHy.

W3 nepasencts (2) BUAHO, UTO BEIYHCICHUA GYAYT HAHN-
ﬁonee 9ROHOMHI>IMH, ecnH B KauecTre |Ax|, |Ay| (Ha camoMm mesre
107% 10™ ) B3ATE HAUOOIbIIINE BOSMOKHDBIE UNCIa, YAOBIETEO-
pmonme 9THM HepaBeHCTBaM.

IIpumep 1. ®ynruua z=In (xy) umeer gna x>0, y> 0
HellPepLIBHElE YACTHBIE IIPOH3BOAHEIE, PABHLIE
o2 1 d2_1
ox x 0y y
ITosToMy pubimxeHROE pABEHCTEO
z=Inxy=In [(x + Ax) (v + Ay)]

uMeeT aGCOMIOTHYIO OTPEITHOCTh, KOTOpas IIPH MAJBIX. IPH-

pameEuaxAx, Ay, ecu IpeHeGpeds BeTMINHAMHE, SHAYHTEb-

HO MEeHbIIHMH STUX IPHPALLEHHH, YIOBIETROPAET HEPABEHCTBY
A

l Ax l |2y
X Yy

|Az] < (x, y>0).
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Ecnu TpebyeTcs, yTOOB rapAHTMPOBAHHAS IIOTPEIIHOCTD
6rL1a MeHbLIe 2A, Hamo nogobpars Ax, Ay Tax, yTobHI

A&Igl
x I

AHRL.
i

Msz! BuguM, uTo uncna Ax, Ay He 0653aTeIBEHO HOMMKHEEI
651TE pasEBIME. Ecii, HanpuMep, X SHaYNTENBHO MeHbIIIe, JeM
Y, TO COOTBETCTBEHHO HAJ0 B3sTh Ax MeHbmuM, yemAy. MHave
Hal¥ BLIYHCHEHNA Obiu 6Bl HesKoHOMHBIME. Eciu Obl, Ha-
mpumMep, ObLIIO, YTO

lé’ilsx ) <,
x y

1?

rae A, < 0,1, A, < 0,0001, To oxasanoce Gb1, ITO

Ay

|—Ai‘— <0,1001,
X

|+

, BRUOY

H IIPH 3TOM Ha BBIYHCJIEHHE€ BTOPOIr'O CjJaraeMoro

HM3JHIIHe MaJToCTHAY, MBI TOTPATIIM 651 HAJIMITHIOK paboTy.
MeXxXxy TeM BEIYHCIICHHA YIPOCTATCH, €CHU B3ATH BOSMOXKHO
Gosbmue [Ax], |Ay|, yrosmeTBopsitonne HepaBeHCTBAM

l-Aﬁ| < 0,05, [2Y| < 0,08.
x y

IIpumep 2. PyHKUEA 2 = Xy UMeeT HeIpepPHIBHBIE Ya-
CTHEIE IPOM3BOAHEIE g—i =y, gj = x. IlosroMy IpHOINIKEHHOE

PaBEHCTBO
z=xy=(x+Ax) (¥ +Ay)

uMeeT abCoMOTHYIO morpemHocTs JAz|, KoTopas IpH MAJbIX
npupaiesusax Ax, Ay, eciu npenebpeyn BeNMINHAMH, 3HAYH-
TeAbHO MEHBIIINMHY 9THX IIPUPAIEeHMH, Y/IOBJIETBOPAET COOTHO-
IIEHMAM

IAz| = |dz| < JyAx| + |xAyl.
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CoOOTBETCTBEHHO OTHOCHTEJILHAA ITOrPELIHOCTD YIOBJIETBO-
PAET COOTHOIIEHUAM

|42] | =
2 2

sl—A—JQ!+
X

_Ail
y
Mp1 BuaHM, 9TO mpH MabIX Ax ¥ Ay MOKHO CUMTATD, UTO

OMHOCUMeNbHAA NOZPEWHOCMb NPOU3BEeOeHUS He npesvLiLaent
CYMMY OMHOCUMENbHULX NLOZPEWLHOCMEll COMHOYCumenetl.

IIpumep 3. Pyaxmus z = £ gua y # 0 umeer Herpe-
Yy
PHIBHBIE YACTHEIE IPON3BOLHbIE

0z_1 0z__x
ox y oy

IToaTomy npubnuKeHHOEe PaBeHCTBO

_x Xx+Ax

2=
Yy yt+Ay

HMeeT aGCOTIOTHYIO IOTPEIIHOCTD JA 2|, KOTOpasA IpH MaJIbIX IpH-
pameruaxAx, Ay, ecnu nperefpeys BeIHIHHAMY, 3HAYUTEILHO
MeHbIINMY, YeMm Ax, Ay, yoBaeTBOpseT COOTHOIICHUAM

+

IAz| = |dz] < Ax 5

AN

Ax
y

CoOTBETCTBEHHO OTHOCHTEIBLHASA IIOrp€LIHOCTH YAOBJAETBO-
psAeT COOTHOIEHMAM

4 2 x

i
y

Taxum o6pasom, pi ManbixAx uAy MOXKHO CUMTATD, YTO
OMHOCUMENbH AL NOZPEULHOCTIL LACMHOZ0 HE NPeGuILac CYM-
MY OMHOCUMENbHbLX NozpewHocmell denumozo u denumena.

ITpumeyanue. Bompoc o TOYHBIX OIEHKAX BEJIMUMH,
KOTOPBIMM MBI IIPeHeOperajy, pellaeTcad H8 OCHOBAHHUH ¢op-
myasl Teitsopa gna QyHKIui MEOrNX IepemeHHBIX. 06 aToM
6ymer uaTH peus B § 8.10.
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§ 8.7. KacaTenpbHas IIOCKOCTS.
I'eomeTpuyeckuil cmbicn gudGepenuuana

Ilycrs safana mnorepXHocTh S, OmHMCHIBaeMas GyHKIHeR

z=f(x, ), 1

HMeloeil HelTpephIBHEIE YACTHLIE IPOH3BO/IHbIe Ha HEKOTOPOIt
00nacTé IIOCKOCTH X, Yy (MOMKHO CYHTATB, uTo f puddepen-
HupyeMa B Ka)<aol Touxe obmacTu).

Kacamensnoii naockocmeuio x norepxaocTy S B ee TOUKe
M, = (%05 Yg» 2¢)> 20 = f (¥¢» Y,) HASBIBAETCS ILTOCKOCTH, UMEIO-
1ad ypaBHEHHe

z-2,=(2) - x0)+(l) T-v, O

rgeX, Y, Z — Tekyiuue KOOpAMHATEL, a (Qf—) , o) _ 3HaYe-
0x/0 \ 8y ),

HUSA YaCTHBIX IIPOMBBOAHEIX OT f B Touke Py= (x(, y,)-

OGosmauum niockocTs (2) uepes [1. Ora mpoxomut uepes
Toyky M, moBepxHocTH S ¥ 00InafaeT CBOMCTBOM, OTIUYAIO-
LM €€ OT APYTHX ILIOCKOCTeH, MpoxXoasainux yepes M.

ITycte P = (x, Y) eCTh TOYKA IJIOCKOCTH X, ¥, 6IH3Kasn K
P= (x4, y,) (puic. 96). IIpsimas, npoxogamas yepes P napai-
JIeILHO OcH 2, TtepeceKaeT L[ B Touke T, a moBepxHOCTE S — B
Toyxe M. AnmnnukaTta M pasHa

z=f(x,y),
alIIMKaTa ke T paBHa

Z=1 )+ (L) G- x0)+(g§) @ -0

Paccroanue mempy Toukamu M u T pasHO

e = s -1ty 10 ~(2E) -9~ -0

Paccrosinue xe mexny Touxamu P u P, pasno

3

(-2, +(y—y,) -
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Tak kak PyuKnu#A f Mo yc-
JIOBHIO MeeT HellpephIBHEIe
YACTHBIE IIPOUSBOAHEIE B TOY-
Ke (X9, Yp)» To OHa nuddepen-
uMpyeMa B 3TOil TO4YKe, IIO-
BTOMY IIPaBas YacTh (3) cTpe-
MHTCs K HyJo OpicTpee, Yem
P, T. €.

MTI=0(p) (p — O).

MryI gokKasanu, YTO
rKacamenvHaa naockocms 11 Az
Kk nogepxHocmu S 6 ee moy-
reMy=(xy Yo» 2p) npoxodum
yepes amy moukxy u obnadaem ce0lcmMeOM: PACCMOAHUE 6
HanpaeaeHul ocu z om n}muaeo.nbuoﬁ mouxku (x, y, f (%, y))
nosepxunocmu S do Il ecme o (p) (p — 0), 2de p — paccmosrue
mexncdy mowramu (x, y) u (xy, Y, ) naockocmu x, y.

DT0 CBOMCTBO SBJIAETCH XapaKTEPHBIM JIsi KacaTeJILHOM
ILJIOCKOCTH, MOTOMY UTO €CHAH HEKOTOpas IIOCKOCTD IT Bupa

Puc. 96

Z—zo=a(x-x0)+b(y—y0) (Z():f(xg»yo))

obyaraeT 3TUM CBOMCTBOM, T. €. €CJM JJIA Hee BHINOJHAETCH pa-
BEHCTBO

FEy-Ff&Epy)-ax—x)-by—yd=o0() (P —0)
WM, YTO BCE PaBHO, PaBEHCTBO
Fa, P-Ffxpy)=a@Ex—x)+by-y=0(/) (P —0),

T0, KaK MBI 3HaeM, f puddepeHIupyeMa B (Xg, Y,) ¥

a=(g) ,b=(g) s

OxJo oy Jy

7. e. ockoets [1' ecTh kacarensras rockocts K S (I1' =11).
TaxuM o6pasoM, AJIA TOT'O YTOOEI IIOBEPXHOCTL S HMEIa

KACATEIBHYIO IJIOCKOCTL B €€ TOUKe (Xo, Yo» [ (%gs Yg) ), HEOD-

XOAHMMO M AOCTATOYHO, uTOOE dyHKuusa [ Obwia nuddepen-
mapyemoii B Touke Py = (x4, ¥,)-
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IIpaBas uacTs ypasuenus (2) ects nuddepernual f B T04-

ke (x()’ Yol
() emxy s () -
ar=(Z), -0+ ay)o @ - ¥,

COOTBETCTBYIOLIWI! NPHPAILIeHHSIM (X — X, Y — ¥Y,). JleBas ke
4acTh (2) eCTh COOTBETCTBYIOIee IpHpalljene alllLIMKATH Ka-
caTeabHOM mnockocTu I1.

Taxum o6pasoM, ¢ reOMeTPHYECKO TOYKH 3peHus Aud-
(epeHnman pyHkuuu f B TOUKe (X, Y,) ANA OpHpaIleHnit (x —
— Xy, Y —¥Y,) €CTh IpHpAaIl|eHNe ANTIIHKATH TOYKH KacaTeNbHOM
ILTOCKOCTH K IIOBEPXHOCTH 2 = f (X, ) B TOUKe (X, Y,) AIA TeX
JKe IIpHpaIeHnii,

3ameyanue. Ecnn pyakuus 2z = f (x, y) ve puddepen-
nupyeMa B TOUKe (X, Yg), XOTA ¥ MMeEeT B Hell yaCcTHBIE IIPOU3-
BOJIHBIE, TO IIIOCKOCTH (2) He MMeeT CMEICIA HA3BIBATH Kaca-
TeNIbHOI IJIOCKOCTRIO K IIOBEPXHOCTH 2 = [ (X, i) B yKa3aHHOM
TOUKEe — JUIsl Hee PasHOCTh [ (X, i) — Z He CTPEMUTCH K HYJIIO
npu p — 0 GelcTpee p. Hanpumep, ecau pyrrnus 2z = f(x, y)
PaBHA HYJIO Ha OCAX X ¥ Y ¥ €QUHHNE E OCTAJIBHBIX TOYKAX
nockocTu, Y, 70 f, (0, 0)=F, (0, 0) = 0 u ypasHenue (2) ects
Z=0wupassocts f (x,y)— Z=f (x.y) — 0= 1 pis Bcex ToueK
(x. y), HE JIeKaAIUX Ha ocaX X H Y. Taxum obOpasoM, 3Ta pas-
HOCTb Jla’Ke He CTPEMHTCS K HyJiro ITpu p — 0.

§ 8.8. IipouzsogEan caoxHON PYHKIUHH.
IIpouzBoaHaa mo HanpaBJaeHUuI0. I'paguenT

8.8.1. IIpousBogHAA CHOXHON GYHKIHMHU
OrpaHuuyrMca pacCMOTpeRMeM GVHKIMN TpeX IePeMEHHBIX,
oIpeAesleHHBIX HA OTKPBITOM MHOXecTBe GC R; (onpenesienne
OTKPBITOTO MHOXecTBa cM. § 8.3, menkuit mpudT). Pacnpo-
CTpAHEHHE H3JaraeMblx afechb (axTos Ha n-MepHbI cirydaii
IIPOM3BOJWUTCS AHAJIOTMIHO.

Teopema 1, IIyeme Qynryus
u=f(xy.z) 1
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duppepenyupyema 6 mouke (x, y, z2) € G, a pynkyuu
x=0(t), y=wv(t), z=Y(t) 2

306ucsujue om CKanApHOoZO napamempa t, umMerom npoussod-
Hyw 6 t. Toz0a npouseodnas no t om caoxcHoll pyrryuu (npo-
u3e00uas om f edonw kpueoil (2))u=F (£) =f (¢ (), v (£), % (£)
sulNUCaLemes no popmyne

F@®=F,0®y®x®O0 @O+
+F, @ @), ¥ (&), X OW @) +F, (@ @), y ), x O @)
1M, KOpoye,
du_0f dx afd dy  of dz 3)
dt oxdt oydt ozdt’ (
B camom nene, BedencTeue auddeperunpyemMoctu f B

(x, y, 2), kaxoBo OBl Hu GBLIO AOCTATOYHO MaJioe MpHpale-
mue (Ax, Ay, Az),

Au=f(x+Ax,y+Ay, z+A2)- f(x, ¥, 2)= L Ax+ U py s
Ox dy

+ %Az +o0(p) (p= \}Asvcz+Ay2+Az2 — 0). 4)

BraveHnio , KOTOPOMY IIPH IIOMOIIM PABEHCTB (2) COOTBETCTBYET
TouKa( X, Y, 2 ), TpuAanuM npupaierneAf. OHo BBI3OBET IPUpAaIIe-
vualAx, Ay, Az dyuxurii (2). Ec/v nMeHHO NX IIOACTABHUTS B (4),
To monyuum npupauerre F (t + At) — F (1) = Au pyuximpm F B
rouket. ITocse nenenus (4) naAt 1 nepexoa K IIpefeny IOJy4UM

F®=Lmit=

h“é( ot Ax , ot by | ot Az +0(p)) otdx, otdy, otdz

Ox At 6y17 dz At At) ox dt 6y dt "oz dt’

7. e. (3), moromy 4TO GyRKIuUY (2) MMEIOT IPOU3BOAHEIE, 8

G e o (8 +(2) (4 -

TR <0 (Bt~ 0)

(At — 0 Bneyetr p — 0).
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3ameuvanue l.Ecau QyHxnuux, y, 2 3aBUCAT OT MHO-
I'iX IIepeMeHHBIX, HalpUMep OT ABYX:
x=9#7, y=yE1), z=x(¢10),

To, PHKCHPYs CHa4yaniat, a 3aTeMi, Ha OCHOBAHNU (3) TONYIAM

Ou_Of ox  Of Oy _[82 ou_oOfox  Of Oy  of oz
ot ox ot 6y ot 62 at’ ot ox ot 6y ot dzot

8.8.2.IlpousBopgHas No HAIPABJIEeHHIO

Teopema 2. Ecau ¢pyuxyus [ oupgepenyupyema 6
moure (x, Yy, 2), mo Ons8 Hee umeem CMbLCA npouseodHas no
Hanpaeneruio nibozo eJUHULHO020 éekmopa n = (cos O, cos 3,
COS Y), 6bipaXcaemas Gopmynoi

of _of of
on - O cosa+ay

of

cos[3+—a;cosy (5)

(o, B, Y — yzavl, komopeile 6exmop n cocmaensem ¢ 0OCAMU X,
Y, 2).

JdoxkaszaTtenbcTBo. COIIacHO ONpEEIEHUI0 IIPOM3-
BOZHOH 10 HanpaBiaeruio (cM. § 8.4) 1 B ciuty IpeAbiayIneii Te-
opeMbl

of _ \im flx+tcosa, y+tecosP, z+tcosy)—f(xy, 2) _
on t=0 t

>0

[ it f(x+tcosa, y+tcosp, z+ tcosy)]
=0

= %cosa + %cosﬂ + gfcosy ’

T/Zle YACTHBIE IIPOMSBOAHbLIE B3ATH B TOUKe (X, ¥, 2).

SamMmeuyanue 2. Teopema 2 He oOpaTHMa, T. €. €CJIH
dyHKnMA [ MMeeT MPOM3BOAHYIO B TOUKe (X, Y, 2) IO BCEM Ha-
IpaBJIeHHsIM, TO OHa He 00s83aTenLHO JuddepernpyeMa B aToi
TouKe. B KaduecTBe OpiMepa MOYKHO paccMOTpeTh PyHKIHIO |
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oT nByX IepeMEeHHBIX, PABHYIO HYJIO BCIOAY, KPOMe TOYEK Y =
=2 (x > 0), rie oHa paBHa efUHUILE.

Ecmuzx =@ (s), y =V (5), =Y (s) — ypaBHeHuA rnafxoi Kpu-
Boii I, re napamerp s — puEA ZyrH, TO BEIWYMHE

dy dz

ds —9 6 go=vE) Go=x'6)

CyTh HANIPaBAAIOIHe KOCHHYCH BEKTOpa KacaTenbhoi K I'. TTo-
3TOMY BeJIMUYHNHA

-y @+ v e+ Txo= Lo vero,
roe f — muddepeHnupyemas QYHKIMA, €CTh OPOM3BOAHAA IO
HaIpasJIeHUI0 YKA3aHHOrO KacaTeJIbHOro BeKTopa. I'oBoparT elne,

of

qTO o8 €CTh IIpoM3BogHAs OT [ BAONE 1.
s

8.8.3.TpanuesT ¢yHKIHUU BeefeM BeKkTOp

of of of
df= (6x dy 62)’ (6)

HA3BIBaeMbIil zpaduenmom byuaxuuu f B Touke (x, y, 2 ).

®opmyna (5) roropur, yTonpouseodnas om f e mouke (x,
Y, 2)no nanpaeaeHuw eJUHULHOZO0 6EKMOPA N PAGHA NPOEKYLL
zpaduenma 6 smoil mouke HA HANPAeieHUE n:

Of - (grad f, n) = grad, . )
on
HNmMeeT MecTO OUeBHAHOE HEPABEHCTBO
of
—— <
L < lgrad 1 ®
s m0boro BexkTopa n. Ecau grad f = 0, yTo 06614HO 6BIBaET

of
on

BekTOopan. Ecnn ske grad f# 0 (ogua 13 YaCTHBIX TPOU3BOAHBIX
or f He paBHa HYJIO), To (8) €CTL CTPOroe HEPABEHCTBO JIIA

TOJIBKO B MCKJIOYMTENBbHBIX TOYKAaX, TO =0 AJIsA awoboro
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BCEX eAMHHYIHEIX BEKTOPOB I, 33 MCKJIOUEHNEM eJHHUYHOIO
BeKTOpa 1, = (cos 0, cos Py, cos Y,), HAIIPABIEHHOTO B CTOPO-

HYy grad f(—agt— = |grad f] > 0). Taxum oGpasom,
"'o

of
dx

- ,
%))
of
oy

cos f3, = - >
(&2

of
0z

0S Y, = .
R OEOEG
Ox oy oz
W3 cxasaHHOrO ClenyeT, 4to zpaduenm Pyrxyuu f 6 mou-
ke (X, Yy, z2) MoxHO onpedenums Kak sexmop, obradaloujuil cae-

Gyrouwjumu deymsa ceoiicmeamu:
1) dnuna ezo pasra maxcumarvroil sesuUHe NPOUIEOD-

. of o
HOU no HanpagieHuI0 6_ é (x, y, z) (nna gudpdepennmpyemoi
n
B (%, ¥, 2) QYHKIMM 3TOT MAKCHMYM CYIIECTBYET U €CTh YHCIO
HEOTPHIIATEJILHOE);
2) ecau ez0 dnuna He pasHa HYNLI0, MO OH HANPABJLEH 8 MY

e CMOPOHY, YIMO U 6eKMOp 1, 8006 KOMOP020 NPOU3E00HAS

of
MAKCUMAIbHA.
on

COS U’O = a 2
@)

b

&)

©)

IIpumep 1. Ilyers TeMneparypa u Tena G ecTh QyHK-
LA OT TOUKH (X, Y, 2):
u= f(xt y, 2)’ (x’ Yy, 2) e G (GCRs)
u nycthkgrad u # (0 B HeKoTOPOI! OnIpenenennoi Touxe (x, y, Z).
BreinmycTvM M3 3TO TOUKM BeKTOp, pasrbii grad u. Brosns sto-
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ro BEKTOPA CKOPOCTh BO3PACTaHHUs TeMIEPATYPH U B (X, ¥, 2)
HauGoJIbIIAA, paBHAA IOJNCKKATENLHON Beinynye |grad u).
Ecow sxe B paccmaTpusaemoiir Touxe grad u = 0, To B mo-
60M HaIIpaBJEHUM, BIXOAAIEM M3 BTOI TOUKH, CKOPOCTL H3-
MeHeHMS TeMIepaTyphl paBHA HYJIIO,
3 apgavya. Haiitn rpaguedT QyHKIHY U = x4 y6 B TOUYKaxX

1, 0), (0, 1), (1/v2, 1/+2).

8.8.4.0nHoponHbe GYyHKIMHE BBenem B paccMOTpe-
HIe TaK HasblBaeMble oqHopoaasle byurknyuu. IIyeTs 3ajad BeKTOD
A=(\, ...»A,), rmeA, — mpousBossHELe yBcna. PyHKIMA [ (%), .05 X,),
sajaHHas Ha R, , HASHIBAETCS A-00HOpOOHOIL cTneneHy m, eCIIH LIS

peAroro t > 0 u mobkix x = (X4, ..., X,,) € R, BHIONHAETCSH PaBen-
CTBO:
M
m
f(t“xl, t‘"xn)=t R F (s eees X, 10)
rne A = Z|7\.,.|.
i=1
Ecmu A, = ... = A, =1, T0 f HaskIBaeTCA MPOCTO 0OHOPOTHOLL

Qyrryuei cmenenu m. Huxe 6yzieM CUMTATD, YTO YACTHBIE IIPOH3-

sopubte f; (i =1, .., n) HeNpepHIBHLL B R,

Teopema 3.Jas mozo wmobsr pyrryus f Ovina A-00Hopod-
HOil cmeneru m, Heobxo0umo u docmamoiro, wmobvl 8blnONHA-

10Cb PABEHCMB0 .
n , l
YA (X5 ey X)) = |—nl f (x5 oees X,)- 1y
P

Ecnu yHrumA [ OMHOPOAHAA CTEIIEHHM m, TO MLl IONyYaeM
H3BECTHYIO TeopeMy Jiinepa.

NokasartenbcTBOo.HeoGx oxumocTh. Ilyers f apna-
eTcs A-oxHOpOAHOM (yHKIMel CTeNeH: m; Toraa, AuddepeHiu-
pya ToxaecTeo (10) o t Kak CrOKHYI0 QYHKIUIO, IIOLYINM

n af(tllxl, ey tk"xn)

i=1 axi

= mm—l
,%le.t"' ! =mlln|t f (g e X))

Tlonaras B sToM paBeHcrse ¢ = 1, nomy4aeM paseHcTso (11).
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HocTtaTtousocTs . [lyers Teneps umeeT mecTo DPaBEHCTBO
(11). adwumcupyem TouRy x = (xy5 -, x,) 11 cOcTaBUM DYHKIHIO

~ml Ly A,
o) =t " f(t Xy ey "xn). (12)
HuddepeRnupys sTy GyHKIHIO 110 £, HAXOLKEM:
m n -
t "y f (tk‘xl, ey tk"xn))»,xith _

Qo' (t)= = Y +
t n

B b »

I m,

TmTt " f(t Xyy veus £ xn)
t

S Y ' A A
Y AL xif'xi(t "Xy oo xn)—m&n' f (t "Xy veus T xn)
=l =Q.
mwﬂ
t n
Ilocnensee paBeHCTBO MMeeT mMecTo B cuiy (11) pnsa Touxkn
M A
(t X oo T xn)_
Taxkum obpasom, o' (t)=0 HQ (t) = c. IlocToannyio ¢ HaxoRM

M3 yenosust, yronpu t =1 @ (1) = f (x,, ..., x,). BeaunT, us (12)
HMeeM

£

it

P50 o %) = £ £ty o),

T. €. pyaxnua [ ABJIAeTca A-OXHOPOLHOI crerenu m.

§ 8.9. Inddepennuan pyaxmum.
Anddepenuuan ericiero nopagKa

OcHoBHEIE paccyskieHMs B aToM maparpade BenyTcs B
n-MepHOM mpocTpaHcTBe. Me! fymaem, YTO 2TO He 3aTPyXHUT
YWUTATENS.

Paccmorpum ¢pysrmuo

W=f(x)=f(xy - x,), 1)

3ajaHHYIO HA HEKOTOPOM OTKPBITOM MHOXecTBe G C R,
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(cv1. § 8.3). Ee Mo2kHO GeCKOEEYHBIM YHCJIOM CIIocO00B 3a1caTh
B BHJIE
W=0w)=9 u,, ..., u,), (2)
roe
u=y,(x) (=1,.,m =x€G). 3)

Hxe Ml Gynem yrmoTpeOisaTh CIeAyIOLYIO TEPMHUHONO-
ruio: nepeMerHas W ecTb GYHKIIMS OT HE3aBHCHMOIT BEKTOD-
HOil mepeMeHHO# x; aTa e nepemenHas W ecte GyHKIHA OT
3a6UCUMOIL 6eKMOPHOIL nepemernHoll u. ITocIefHAS 3aBUCHUT OT
HE3aBHICHMOI IIepeMEeHHOH X Ka)KIOMy BEKTOPY X u3 G cooT-
BETCTBYET BEKTOP U = (Y, (X), ..., ¥, (x)).

Taxum o6paszom, poJik BEKTOPHOIM mepeMeHHOoMX 31ech HO-
CHT MCKIIOUMTENbHBII XapaKTep — OHA B MPHBOAUMBIX HHUMKE
paccyxaeRuax Oynet QurypupoBaThMONbKO KAK HE3A6UCUMAS
nepemMeHHas.

ITyers @yHKEIUA f MMeeT HENpepbIBHLIE YACTHLIE HPOM3-
BOJHEIE IIEPBOTO NOPARKA B To4UKex € G. Torpa, Kak MbI 3HAEM
us § 8.5, oHa nuddepeHmpyema, T. €. IpHUpaIleHUe ee B 3Tt
TOYKE MOYKeT GBITh 3aIIHCAHO B BUJE

aw =3 Axiop) (o 0) @

=t j

n 1/2
p=Ax|= (ZAxf) ’

j=
u ee qudpdepeHITHAT paBeH
n
aw =391 px, (5)
G 0x,
f)
JIiis1 He3aBHCHMBIX X, ..., X, ITONATAIOT

ij= dx; (=1,...,n) (6)

M HA3LIBAIOT 3TH BEJHMYHMHLI He TOJIbKO NPUPAIeHUAMH He3a-
BUCHMBIX NMepEMEHHBIX X, HO M uUX Ouchpepenyuanramu. Mur
Oy/leM UX HaSLIBATLHESABUCUMbLMU OUdeperluaramy B 3SHAK
TOrO, TO OHM HE 3ABUCAT OTX = (X, ..., X, ). POPMATBLHO «He3a-
BUCHMOCTE» BeJdauH dx; Gyfier NposBIATHCA B TOM, YTO IIPU
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IugdepeRnUpoBaHIH (IO X1 «ey X)) OHU Oy Iy T PACCMATDPUBATE-
¢ Kax nocmoanheie (d (dx;) = 0).

B cuny cornamennsa (6) nudgepennuan W MoxeT GLITH
sanmucas B dopme

aw =YW gy . (M
) ax,.
Hcro, uro dW ects BesM4YMHa, 3aBMCAINAS, BOOGIE rOBOPSI, OT

X ey X, B A2y, .., dx,.
H1s m10bbix nByX QYHKIWIA U U U, MMEIOIMX HENpepbis-

Hble YacTHbIE IPOM3BOAHLIE B TOUKE X, CIIpaBeJI¥BEl CBOMCTBA

dutv)=dutdy, ®
d (uv) = udv + vdu, 9
a4 ="d”—v;'“12 @=0), (10)

¥ NpM 9TOM HACTHBIE ITPOM3BOAHLIE OT (hYHKIIMI, CTOAIMUX B
CKOOKaX, HEITPEPEIBHEL B TOUKE X.
HoxaxceM, Hanpumep, TPeTbE U3 HTHX PABEHCTB

uov
oA)-$ LAY

z(vz dx ”Z ov dx) vdu—zudv ]

1—1 1—1

HenpephIBHOCTE 5@( u) BHM/JIHA M3 TPETHETO WIEHA I{elli.
X,
J

Huddepernuan or pyrrmmu W HasbiBaoT emle dughghe-
PEHYUAOM NnepE0z0 NOPAGKA, TIOTOMY YTO IPUXOHAUTCS €Lle
paccMaTpuBaTh AuddepeRpanb BLCIINX TOPAAKOB.

ITyers Temeps dpyurmus W uMeer BTOpbie HellpepbIBHLIE
HACTHEE NpousBogHEle. Ilo onmpeaenenuio emopoil dupgepen-
4uaJi OT Hee, COOTBETCTBYION[UII HE3ABVCHUMEIM IPHPAIEHIAM
(nuddepeHnUaTam) dx,, .., dx,, onpefieasieTcs paABEHCTEOM

d*W = d (dw), 1)

rae cIuTaeTcs, Iro obe onepanuud B npasoit yactu (11) Gepyr-
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csi ISl YKA3AHHBIX He3aBHCHMBIX dX,, ..., dX,, KOTOPBIE BOJK-
Hbl pacCMATPHMBATECH KAK IOCTOSHHEIE (HE 3aBUCSIIME OT
Xpeees X,). Taxum o6pasom,

&P = dZ—x—dx -y aW dx)

= i =1 ,

-3 aW]dx 9t

A =1 ]—l

dxﬂxj . (12)

Tak xax ¢ ¥__ W _ az L » TO BTOpoil gudbepeHIAN IIpef-
Ox; ax ax Ox,

cTaBJseT coboii KBaJpaTUYHYIO (OpMY OTHOCHTENHLHO He3a-
BUCHMEIX guddepennnanos dx,, .., dx,. Keadpamuunoil ¢op-
MOiL OT IEPEMEHHBIX &, ..., § HasbiBaeTca GyHKIMA BHIA

n__n

D> anbby Ie a, = ay,

=1 i=1

Boobnie gudhdepernnuan nopagxal or W nnsa He3aBUCH-

MeX guddepernnanos dx,, ..., dx, ompeAenseTcs IO HH-
IYKIMY IIPH OIOMOIIM PEKYPPEHTHOI'O COOTHOIIEHM S
dw=dd?*w)(=2,3,..), 13)

e d', d, &t GepyTcs I8 yKa3aHHBIX HE3ABMCHMBIX aud-
depermuanos dx,, .., dx,, KOTOpble K TOMY JK€ paccMar-
PUEBAIOTCA LPY BBIUMCIIEHHMSIX KAK IOCTOSHHEIE (He 3aBHCSH-
[IHE OT Xy, ...y X,).

Paccyxkpan, kak B (12), serko moayaum, uTo

d*W = ZZZG 9xpx dx,dxdx;
i

k=t i=1 j=1

Tak kKax MBI npeguosiaraemM, uTo GyEKIUS f KMeeT He-
MpephIBHBIE YaCTHHIE ITPOMS3BOAHEIE, TO 3anUCh AudidepeHIINA-
JIOB MOKHO YIIPOCTHUTD.

Hanpumep, aAnsa GyHKIHK OT ABYX HEpEMEHHEIX U = f (x,
y) AMeeM

f"dx + 2f,dx dy + f dif,
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d®u=d ([ =

i d

dy’.
aya Yy

Ff .3 Ff 2 i 2
= —3dx" + 83— —dx"dy + 83— 5dxdy" +
o " T ooy Y oo Y

IMpumenaa MeTom MATEMATHIECKOM MHAYKIIAH, JIETKO II0-
JIYYHM, STO

d'u = Qédx" + n—%dx"‘ldy + ...
oy

ox ox
_ An-1)..(n-k+]) ?_’;f _dxt ) f;dyn.
o 1 ox "0y oy

CHMBOJMYIECKH 3TO MOYKHO 3aITNCATE TAK:
du=d"f= { dx+ady}f,

I'Zie B IPABOM YacTy Mbl CHAYAJNA BOSBOAMM BbIPasKEHUE B CTe-
IIeHb 1, & 3aTEM IOAIUCHIBAEM [ IpH cMBOJe .

B MHOromMepHOM Cllyyae HMeeT MecTO AHAJOTMYHAS CHMBO-
audeckada hopmyia

m
n
d"f = {Zidx.-} f. (14)
=1 axj
Mz onpepeniin nouaTHe guddepernuana dhyHkmym W s
TEPMMHAX He3aBUCHMBIX N€PEMEHHBIX Xi, ..., X, (MIH He-

3aBHMCHMMOI BeKTOpHOI nepemennoiix). Ho nycTs, kKak 510 GbLI0
obbsacHeHo B Hauase aToro naparpada, W paccMaTpHUBAeTCA Te-
nepb KaK GyHKIMSA OT 3d6LCUMOIL BEKTOPHOMH IlepeMeHHOH
u = (i, .--, &,,). BosHEKaeT BoIpoC, KaK BRIpakarores mudide-
PeHIHAJIL] IIEPBOro ¥ BBICIIEr0 NOPAAKOB B TEPMUHAX 3TOH IIe-
peMeHHO u. HayneM msydeHne aTOro BOIpoca B ciiyuae gud-
depeHIaIa IEPBOTO IOPHAAKA.
Bynem npepnonarats, uTo GyHKIUM @ (1) 1 y; (%) G=1,

.--» M), 0 KOTOPBIX IILIA peYb B HAYAJE naparpada, MMelOT He-
NpepHIBHBIE YaCTHBIE Ipou3BogHbIe. Torma

ou,
aw =3 4z -3 Z%Wax dx, =
j=1 _i =1\ =l
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S Zax %= O-du, (15)

i=1 l.
¥ MBI IIOJIYYJIN, KAK B CJIy4ae OLHOM epeMeRHOH, uTo mepBhii
muddepernua ot W BbIpaXxaeTcsa Yepes 3aBUMCHMEIE IIEPEMEH-
HBIe TAK JKe, KaK Jepes HesaBucuMble. B aTOM mpossiseTcA
UHBAPUAHMHOCTL OpMBL NepE020 JupPepenyuara.

YrobBI MCCIeIOBAT IIOCTABJIEHHBIH BOIIPOC B CIIy4ae BTOPOro
md(l)d)ebennna.na, OypeM IIPeANOaraTh, YT0 GYHKINH ¢ U |, HMe-
10T HeTIpephIBHEIE YACTHbIE IIPOM3BOIHEIE BTOPOrO IOPSAKA.

Inddepenupys obe dactu (15), IPHHAB BO BHHMaHUe
ceoticTea (8) 1 (9), nonyuum (IIosICHEHHS HUMKE)

d*W = d (dW) = Zd( oW du)

=i Z k4 dudu+aWdu =

S\ Soudy, du,
= ;]Zl dudu +§ a‘Z d u. (16)

Bo BTOpOM paBeHCTBe 9TOM eIl MBI BOCIIOIB30BAINCE CBOHCTEOM
(8), B TpeTbeM ke — cpoiicTsoM (9), 1, Kpome TOro, TeM axToMm,
yTto dopmMa niepsoro AuddepeHIraia COXpaHaeTCs 1 JJisl 3aBUCH-
MbIX [IEPEMEHHBIX U;. Mz! BuAMM, YTO BTOpOI muddeperiiiai or
W, BHIDA>KEHHEBLI B TEPMIHAX 3aBUCHMbIX IEPEMEHHBIX U, CYILIe-
CTBEHHO paclajiaeTcs Ha fBa ciaraeMbix. IlepBoe ciaraemoe ipes-
craBaseT coGoil KBaIpATHIHYIO hopmy, ananoruyuHyto dopme (12),
rae d’W Bbiparkanoch Uepes He3aBUCHMEIE TlepeMeHHble. Bropoe
e cIaraeMoe IPEJCTaBIAeT coboil HeKOTOpLIX A06ABOK, C KOTO-
PBIM HaJlo CYMTATHCA: €CIH i; (j=1, ..., /M) He ABJAETCA JIHEHHOM
dyaxnumei or x;, TO aTOT F0GaBOK OTHIOAL HE paBeH HYJIO.

OTMeTHM, YTO U3 HAIINX pacCy>KJeHui ciefyeT, UTO ecliu
peipaskenne (16) s3aTo gnadx,, .., dx,, KoTophie PUIYPHPYIOT
B BhIpaskeHm (12), To 06a 9TH BEIpAKEHHU TOXKAECTBEHHO PaB-
Hbl, KAKOBBI OBl HE OBLIM X, JJ18 KOTOPBIX CYIIECTBYIOT YKa-
3aHHBIE HEIIpePhIBHEIE YaCTHEIE IIPOM3BOAHBIE BTOPOro NOpAJ-
Ka M KAKOBBI bl HH GbLIM He3aBUCHMBIE dX;.
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Beruncenermue guddepernualion aw, d'w, .. yepes 3a-
BHCHMEIE NIEPEMEHHble U; POU3BOAMTCH NMOAOCHBIM o6pasoM
nocnepoBaTeabHO. Hpuxoqures cuutarnea ¢ Tem PaxToM, UTO
BBIPAXKEHUSA AJIA HUX CTAHOBATCA Bee 0oJiee IPOMO3AKIIMA.

§ 8.10. ®opmyxna Teitsopa

OrpaEriMess paccMOTPeHHEM (byHKITIM OT JBYX IEPeMeH-
HbiX. ITyetbu = f (x, y) umeer B OKpecTHOCTH TOUKH Py=(xy y,)
HeIlIpepbIBHbIE NPOM3BOAHBIE BCEX NOPAAKOB AO [-20 BRIIOYH-
TebHO. Bospmem B o10it oxpecTrocTH TOURY P, = (X, +AX, Yy + Ay).
Coenunum Toukn P u P, oTpesxom npaAMOii, ypaBHEHUE KOTO-
POro MOKHO 3aIMcaTh B [IapaMeTpuJyecKoi iopMe caeyIonum
obpazom:

x=x5+tAx, y=y,+tAy (O<t<1).

Torpga Bronsb sToro orpeska Hama dyHknusa u = f (x, y) Gyger
(QYHKIKEH OT OZHOrO IIePeMEHHOTO £,

f(x, y)="F[x, + tAx, y, + tAy = F (2). )
Jlerko BHgeTH, UTO pa3HOCTH
AF (Po) = f (xy + Ax, yy + Ay) — f (s yg) = F (1) = F (0). (2)

Popmyna Mariopena gias dyaxuuu F (1) B okpecTHOCTH
TOUukKH I, = 0 uMeeT BUL,

F'© FY0) 1 FY0)
A (1—1()!) e P
0<B<t).

F(t)=F(@)+

Ylonaras ¢ = 1, monyaum

1 AR D
F(l)—F(O)=IZ%+$, rme0<0<1. (3

Brrauenum nponssopssie hyuxmpm F (8) vepesf (x, y). Us
cootHOMIeHUs (1) uMeeM

of(x, +tAg; Y, +tAy) Ax + Of(x, + tAax!; Y, +tAy) A

F(t) =

»
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otiyaa npu t = O monyyaem

a 3 »
)= Mt %o Y0 5y = af .

CoBepIIeHHO AHAJIOTHIHO
F'(®) = £ (xy + thx, y, + tAy) Ax* +

+ 21, (xy + tAx, y, + tAYAxAy +

+ 1) (@ + thx, yo + tAy),  F'(0)= d’f (Py)-
IIpononxas sTor nmpouece, NONYYHIM

F'" (0) = d°f (Py), . F*'P (0) = d"'f(P,).
B cuny storo us (2) u (3) umeeM

df(B, df(B) 1

' )yt o trd T (xp+0A,, y, + BAY).
1! @-n
@

®opmyaa (4) HaspiBaercs popmynoii Teiinopa pnsa pynx-
mn U = f (x, y). Ilo BHenIHEMY BUAY OHA TAKAA Ke, KAK M JIJI
dysaxuuu OT O4HOro IEPEeMEHHOr0, HO B pa3BePHYTOM BHJE OHA
ropasfo CJIOXKHEE.

Jlas eayuad dyHKIEM OT n nepeMeHHLIX (n > 2) dopmyna
Teifinopa sanuceiBaeTcA B TOM Ke Buge (4).

IIpu I = 1 dopmyna Teitnopa gas yuxuu f oT n mepe-
MeHHBIX UMEEeT BUJ,

f@)-f@EYH= Z(ééxt) (xj—~xf) 0<0<1),

"=1 J x0+(*x—xo)

rze cuMBOJI( ), O3HAYAET, YTO QYHKIMSA B CKOOKAX BEITUCIISAETCA

B TOUKe X = a. ITa dopMmyna npeacTaBaseT coboii oGobenue

Teopembl JlarpaHika o cpeqHeM Ha MHOrOMEpHBIIH CiryJaii.
IIpul= 2 un =2 dopmyna (4) B pasBepHYTOM BUJE 3aIIH-

CHIBAETCA TaK:

Af (Po) =

£ 0= F (2 90 + Lty y) e = 29 + %(xo, Yo (¥ - o) +

ox”

-!-%l:it(xo +0 (x—- xo)v Yo + 0@w- .'!o)) (%~ x0)2+
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12 21y 10 =50,y 0 - ) (2~ ) w0+

T (x,+6 0 j
+ a—yz(xo +0 (x — x5), o + 0 (4 — yo)) (v -5,) -

IIpu I = 2 u npouaBosBLHOM 1t popMyna (4) BEITIAAUT Clie-
AyroipM oOpasom:

1= 32 fr-ai)e
S )

o1/ +9(xAx )

TAe X = (Xy -rey X,)s 2= (xf, vees xg).

§ 8.11. 3aMKHYTOE MHOKECTBO

MnosxectBoA C R, = R nasbiBaeTcA 02DAHUYEKHBLM, €CIIH
cyuecTByeT umicao M > 0 taxoe, uro

Xl €M VxeA,

HHAaYe YOROPS, eCJIM CyIllecTByeT Liap BR ¢ LieHTpOM B HYJIEBOM
TOUKe, cofepKaiuii B cebe A. )

MHoO:rkecTBO A HA3BIBAETCA 3AMKHYMbLM, €CIIU U3 TOTO,
4YTO KaKas-1n00 Nocaef0BaTelbHOCTh TOUYEK xk(k =1,2,..),
OPUHALMEXKA[UX KA, CXOOUTCH K rourex’ € R (xk — xo, xfe
€ A) cnegyer, 9o x° npunagnexiut k A (x° € A).

B a10M onpenenesun He yTBepPIKAAETCSH, YTOA COAEDIKUT
B cebe CXOISAIIYIOCA MOCAEe0BATENbHOCTh. B HEM MOBOpUTCH
TOJBKO, YTO €CJIM B A CYLUIECTBYeT CXONSAIAACH [I0CJIeI0BATENb-
HOCTB, TO TOYKA, K KOTOPOH OHA CXOLUTCS, IPUHANJIEIKNUT KA.

3TO NOKA3BIBAET, YTO HAJ0 CUYUTATDL, YTO MYCTOE MHOXKE-
cTBO 3aMKHyTO. Bee nmpocrpancreo R, Toxe, 0O4eBUTHO, 3aMK-
HYTO, HO HEOIPaHHYEHO.



§ 8.11. BAMKHYTOE MHOKECTBO 381

PaccMOTpHMM B Ka4ecTBe IPUMEepa 3JLINICOX] B TPEXMEp-
HOM IIPOCTPAHCTBE

2 2

3]

T. €. MHOKECTBO TOUeK (X, Y, Z), YAOBIeTBOPSAIOIINX YPABHEHWIO
(1). O6osHaYuM 3TO MHOKecTBO 4epe3 B. 310 orpanmdyeHHOe
MHOXECTBO, IIOTOMY 4TO AJis 1106011 ero To9xku (X, Y, 2) BBIIOT-
HseTCs HePABEHCTBO
2. 2. 2 x y2 z
X+y+2<m|H+5+5|(=m-1=m,
a b c
> 2 32 2

rie m = a’, b°, ¢“. OHO TaKKe 3aMKHYTO, IIOTOMY 4YTO €CJH
35/1aTh IIPOMSBOJIEHYIO IIOCJIEIOBATEILHOCTD TOHEK (X;, Uy» 2) € B,
CTPEMAILYIOCH K TOUKE (Xq, Yy 2g), TO 9TA HOCTIEAHASA TOXKE IIPH-
HaznesxuT K B. Benb us paBencTBa

2 2 2
T U By (k=1,2,..)
a b ¢

TrocJie Iepexofia K npepeay npu k — 00 cienyeT paBeHCTBO

+3+—5 =1,

leoﬁw
R
leon

[OKasbIBaloLlee, 9T0 (X;, Yo 2o) € B.

PaccmorpuM Teneph Gonee 00IIMpHOE MHOXKECTBO A, CO-
cTosflee M3 TOYEK (X, Y, Z), KOOPAMHATELI KOTOPLIX YAOBNET-
BOPAIOT HEPABEHCTRY

(N

2 2
+2:+& <1, #))
c

N
c‘&l’t

MHuOecTBO A, O4eBUAHO, TOXKe orparmyeHo. OHO ¥ 3aMKHYTO,
TOTOMY YTO €CJTH

XY 2,) €AR=1,2,..),

Sk
+

c"wlé-: no
+

lea’Nw
A
[a—y
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u (X5 Yps 2,) — (X5 Ygs 2p)s TO OYEBUIHO,

2 2

Ii J—+y'=+ =3‘% y—° +3 <1,

el g? B d b ¢
T. e, (X5, Yo» 2p) € A

B cBsi3u € 3THM MHTEPEeCHO PaccMOTPETS eflle TPeTHH Ipu-

Mep MHOMecTBa A’ Touex (X, Y, Z) ¢ KOOpAMHATAMM, YIOB-

JIETBOPAIOLIVIMH CTPOTOMY HepaABEHCTRY

2
¥z . ®3)
a b c
MmuosxectBo A’ OoTKpBITOE (cM. § 8.3), OHO He 3AMKHYTO.
BosemeM, HANIpUMep, IIOCAEe A0BATEILHOCTD TOYEK, (a,, 0, 0), rne
0L, CTPEMHTCA K YUCIY a, cTporo Bospacras. Toraa (o, 0, 0) €
€A (k=1,2,..)u(y, 0, 0)— (a, 0, 0). OnHAKO NpeaeTbLHAS
To4Ka (a, 0, 0) He mpuHazTexRnT K A"

PaccMoTpeHHBIE TpUMeDH! J1erko 06o6iaioTes. Ilyers Ha Bcem
npoctpascTee R, 3asana HenpepsiBHas Gyurnua F (x)=F (x,, ...,
x,). Torna muoxecTBO B BCeX TOUEK X = (X, ..., X,), [JI KOTOPBEIX
BEIIIOJHAETCS PAaBEHCTBO

F(x)=F (% .. x,) =C, “4)

rjie C — Dpou3BOJIBHOE YUCIO, 3aMKHYTO.

B camom fieste, MOIKeT CNYUNTECSH, YTO HET BOBCE TOYEK X, VOB~
JETBOPAIOIIUX paBeHCTBY (4), T- €. B — mycToe MHOXKECTBO, HO
IIyCTOe MHOXKeCTBO 3aMKHYTO. IIycTh Teneps B He mycTOe MHOMKe-
CTBO M HEKOTOpasa HOCJIG,I[OBaTeJIbHOCTb Touek {x*}, mpuEazIexKa-
mux K B, cxozm'rcn K TouKe x° € R, (ectu B cocToMT jaske M3
onBOI TouKK x’, TO MOYKHO YK€ IIOCTPOUTE cxonsmyioca nocneuo—
BaTENILHOCTD TOYEK, OPUHaIeKaux kB, a umeHno, {x . x° s e}
Torpa F (xh) =C(k=1, 2, ...), u B cuny HenpepuBaocTa F B
TOYKe X

lim F %)= F (+°) = C.

Ho Torpa x% € B, 1. e. mHOXKecTBO B 3aMKHYTO.
IToyo6HEIM 06pa30M MHOYKECTBO BCEX TOYEK X, VIOBJIETBODAIO-
mux HepaBeHeTBY F (x) < C, rge C — npousBOJIBHOE YKCIIO0, aF —
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$yHELMA, HEIIpePRIBHAA HA R, , 3aMKHYTO, IIOTOMY 4TO M3 COOTHO-
bie(sii0%0%4

FH<Ck=1,2..)x—4°

BCNIeZICTBHe HenpepHBHOCTH F Ha R, crepyer: F =% <c.
B cuny cxasaHHOrO 7-MepPHEBIH SJLIHIICOM/

n xz
;Ejf =1(a,>0) 5)
€CTh 3aMKHYToe MHOXeCTBo B R, .
3aMKHYTHIM MHOXKECTBOM B R, siBNAeTcH TAKXKEe N-MepHBLIH
00 BEMHEIH 3JLITMIICOM]

2
L x
2 5<1, ©)
k=1 ak
OpHako MHOXKECTBO
2
n
> k<, M
k=1 ak

KOTOpOEe eCTECTBEHHO HA3BaTh 7-MEpPHBIM OTKPBITHIM 00BEMHBIM
JIMIICONAOM, He 3aMKHYTO. B 9TOM MOXXHO y0eUTLCs, paccyx-
Aasl, KaKk B cay4dae hopmyisl (3). TO MHOXKECTBO OTKPHITOE (CM.
§ 8.3).

ITycTs A ecTh IIPOM3BOJILHOE MHOXKECTBO, IPUHALTEXKAIIEEe K
R, u P npousBoNbHas Touka R, (ACR,, e R ). MoxxeT GBITE
TOJIBKO TPH B3aMMHO MCKJIIOUAIOIIUX APYT ADPYTa cIydas:

1. CymecrByer map V' (OTKDEITHI) C EHTPOM B TOYKE 2,

x

OONHOCTEI0 nprHagnexawuit K A (V, < A). B stoM cinyuae x° o
x

ONPENEJICHUI) €CTh SHYMPEHHAR IMoY- )
ka mHoxcecmea A (cm. § 8.3). . (4]

2. Cymecrsyet map V', ¢ neHTpOM Y

x
Bz, BCe TOYUKH KOTOPOTO He IIpUHAIe- \‘
xar K A (V, C B \A). B sTom ciyuae 7 ,}q
x" 110 OLIpe/ieIEBHIO €CTL BHEULHAL MOY- F /
xa MHoxncecmsa A. /
foanan’
3. B mobom mape V, ¢ neHTpOoM B

x"umeroTcs TOUKH, TpMHAUIEKAIHE B Puc. 97
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He npuHasIexamue kKA. B atoM cryuae x° mo onpesenenio ects
2DGHUYHAA MOYKA MHOMXeCTBa A.

MHoxecTBOA' BCeX BHYTPEHHHX TOUYEK MHOXKeCTBAA HaskIBa-
ETCHOMKPLLMbIM A0pOM A.JT0 — OTKPHITOE MHO3KeCTBO (cM. § 8.3).
Ecan A’ He IyCTO, TO KARAYIO TOUKYA' MOMKHO IIOKDRITE IIAPOM C
IIEHTPOM B HeH, ITOJHOCTHIO NpuHajmexKamm K A. Ecom A’ —
IycTOe MHOECTEO, TO OHO (JOPMATLHO CYUTAETCS OTKPEITHIM.

Muomxecteo I' = 0A BCeX rpaHMUYHEIX TOueK A Ha3bLIBaeTCA
2paHuyelr MHoMecmea A,3T0 — 3aMKHYTOE MHOYKECTBO, [I0TOMY
uro, ecmu x* — 2% uxfe T (k=1, 2, ...), TO BCAKHI OTKPEITHIH
wap V, C IeHTPOM B x° conepsxur B cebe HEKOTOpYIO TOUKY X,

o

TlocneHIOH0 MOMKHO MOKPHIT WapoMm V, ¢ IeATPOM B Heii, moJ-
x

HocTeIO IpuHaexkamem Kk V, (V, € V). Ho B V, umenrcs
x x X x

TOYKH, IIPHMHaAJeKaIqVe U He IPUHAiesKarie KA, Ho Toria u
B V;o MMEIOTCS TOUKH, NIPUHALIeKAIHe U He IPHHAJIEXAIHe K
A. CrrefoBaTennHo, Lerl.

MuoxkecTBo A’ Beex BHEITHMX TOUEK MHOMKECTBa A, oue-
BHJHO, OTKPHITOE.

Tpaniranblie ToYku A MOTYT DPMHAAIEKATE M He IIPHUHAIe-
IKATh K MHOYKECTBY A.

Ha puc. 97 muoxecTBo A C R, COCTOMT K3 TOMEK (X, X,):

2 2
X +x; < 1.
OTKPBITOE €ro AApO COCTOUT N3 TOYEK
2 2
xta< 1.
BremuHOCcTs A’ MHO2KecTBa A
2 2
x +x,> 1.
TI'panuna I' MEOKecTBa A:
2 2
X +x,= 1.
Au A’ otepuitie, Tu A’ + I'= A = A 3aMKHYTHE.
Hrak, ecny 3a1aHO IPOM3BOJIEHOE MHOMKECTBO A C R, To 0
OTHOIIEHHIO K HeMY IPOCTPAHCTBO R, MOXKHO IpeICTABUTE B BHAE

CYMMBI MHOKECTB, OIIpele/IEHHBIX BBIIIIE, IIOMIAPHO He Iepeceralo-
X Cs:

R,=A'+T + A".
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Ecnu B KavecTBe MHOXKECTBA A PaCCMOTPETH 7i-MePHEBIH 3aM-
KHyTbI# 00BeMHBI 3s1nuncouy (6), ToA' ecTe OTKPBITHI 06BeM-
Hbil sanunconn (7), al ecte snnuncoug (5).

Ecau A — omxpoimoe mromecmeo, mo R\ A samrxnymoe, u
obpamHo. B camom siefnte, nmycTs A — OTKPBITOE, M IyCcTh x° — x°,
x* € R,\A Ecm 6u Touxa x° npunagnexana k A, To B CHITY
TOTO, YTO A — OTKPHITOE MHOXECTBO, HalmeJca Ol Imap V (c

LIEHTPOM B X ) IOJHOCTEIO npnnamemamxm k A. Ho aro HeBO3-
MOXKHO, IOTOMY YTO B V| MMEIOTCS TOUKH %5, KOTOpbIe IIPUHA /-
x

0
nexat KR, \A.Taxum o6pasom,x € Rn\sl u R\ A zamrHyTO.
Hyc'rb Teeps A 3aMKHYTO M TOUka X € R, \ A. Eciu 6u1
touka x° Gbina TPAaHMYHOH TOUKOH A, TO B 11060M IIape V c

LEHTPOM Bx % 66Lme 65 ToukH A. Tor;[a MOZKHO OBLIIO 651 noc’rpo-
HTh II0CJIEOBATENLHOCTE TOYEK X € A, cxopsunyiocs k x°. Ho
TOr7ia BCJEACTBHE 3aMKHYTOCTH A TOUKa x° nana,z(JIemaJIa OBL
K A, YTO IPOTHBOpEYHUT npez[nonomenmo, urox° € R 2 N\A. MBI
AOKAa3alH, YTO IIPOH3BOJILHAN Toukax’ € R,\A ecTs BHYTpEH-
Hsisl Touka B, \ A, T. e. 4To R, \A — OTKPBITOC MHOKECTBO.

MuomxecTso A +1" HaseiBaeTcazambikaruem A M 0603HAYAETCA
TaK:

A=A+T.
OueBuzHO,
A +T =A+T,
fIOTOMY YTO, C OAHOI CTOPOHEL, A’ C A, 1, cnepoBatentHo, A' +1 ¢
cA+T, ac gpyroii,eciux € A+, Tomubox € I', u rorgax €
ceA' +I, mmbox e Anx el ,notornax c A'c A" + T,
Nanee, A=A+ — 3aMKHYTOE MHOYKECTBO, IIOTOMY YTO BHe-
wHocTe A + "= A" + ' — oTkpEITOE MHOXECTBO.
Takum 06paszom, UTOGH IIOJIY‘IHTLZ, HaJ0 nob6aBHTEL K A Bee
He NpUHaJIeKaiye K MHOYKeCTBY A €ro rpaHUYHBIe TOYKY.
Ecau A saMkHyTO, TO _
A=A+T'=A,
T. €. BCE PaHHMYHEIE TO‘{KPI A npunannexar k A. Bens B\ A or-
KDPHITO H KaXk4ast TOuKax'® € R . A MOXKeT GBITH TOKPRITA MapoM
. V,, He conepaKainum B cebe HU ofuoit Touky A.Ho 1 o6paTHo, eciin
¥

A=A+I"=Z,

13. 3axag 704
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T0 A 3aM1cHyTo, IIOTOMY YTO €CJIH - x x*e Anecu IIpennoNno-
JKHTb gro 2° € A, To OJIYYUTCH IIPOTHBOPEYHE, IOTOMY YTO TOI-
na YelcA+T=A.

TaxymM o6pasom, a1 Mmozo wmobs. mMHONcecmeo A Obiio 3aMm-
KHYmMbLM, Heo6x00umo u docmamouro, wmobsl ¢ HUM cos8nadano
€z0 3aMbircanue (A= A) B uacTHocTH, A Beerjja 3aMKHYTO, U IIO-
TomyA A.

HaxoHer;, 0TMeTHM, YTO IIyCTOE MHOXKECTBO K BCE IIPDOCTPAH-
cTteo R, ABNAIOTCA OZHOBPEMEHHO OTKPHITHIMM M 3AMKHYTHIMU -
MHOXecTBaMH. MOYKHO 10KA3aTh, YTO B OCTANLHEBIX CJIYUYAAX, €CIIN
MHOXECTBOA OTKDHTO, TO YK He 3aMKHYTO, a €CIIM 3aMKHYTO, TO
He OTKPBITO.

§ 8.12. HenpepriBnan pyaxuusa
HA 3aMKHYTOM OTPAHHYEHHOM MHOKECTBE

IIycTs A ecTh NOKA MPON3BONBHOE MHOMKECTBO IPOCTPaH-
crea B = R, u nycTb Ha A onpefieteHa dyuxuma f (x) = f (x,.
«ees X,)- MoOKeT cAyunThCS, trro 0 pyrknua f onpesienena xe Ha
Bceil OKpeCTHOCTH TOUKH X' € A (A — saMbIKaHue A), a TOxb-
KO Ha HEKOTODOH ee yacTy. B aToM ciygyae BosHMKaeT HOHS-
THe Ipefena GyEKUuU f B TOYKe x’e Ao MHOYKeCcTBY A.

Qucno B nasvieaemcs npedenom pynrxyuu 6 moure
x°c Ano MHoMecmey A, ecau

Jm, f =" =8B,
x .‘K I
KaKoea 6ul HU GbLua nocredosamensHocms moeK x* € A, exo-
Jdawascs k 2.

ITo onpepesnenwio, GyHKnusa f HenpepvléHa 6 moike L€

€ A no muoMecmey A, ecnu umeem MeCmo pa6eHCME0

Jim Feh =1, M
X —=Xx,x €A

k
kaxoea Obl HU ObLla nociedoeamenbHOCMb Movek X € A, ¢xo-
0
dawanca k x .
ITpuBepennoe oripenenenye HEIPEPLIBHOCTY MOAKHO chop-
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MYJIMPOBATE U HA ASHIKE €, O: PYHKIUA  HeNIPepEIBHA B TOUKE
0 =
x € A, ecriv ans moboro € > 0 gaiinercs 8 > 0 Takoe, 4TO

If(x)-f(x")<e VxeA|x-2"<8.

Teneps MuI OyfieM HpefgmonaraTh, 4To A ecTh OrpaHIYeH-
HOe 3aMKHYTOe MHOXXecTBO IpoctpaHeTBa R m sagamuasn Ha A
tbyaxnusa f (x) HenpepLIBHA Ha 9TOM MHOYKecTse. B 31HX mpef-
MOJIOKEHUAX MOKHO JOKAasaTh CJIEAYIOILUe 3aMeyaTelbHbe
cBoiiCTBA:

1) ®yrxuuma f orpanHueHa Ha MHOKeECTBe A.

2) ®yrxuus f nocTuraeT Ha MHOMXecTBe A MaKCHUMyMa B
MEHEMYMA, T. €. CYLeCTBYIOT B A TOUKM x° U y0 Takue, YTo

f ") =maxf (), f@)=maxf @)

3) ®yHKIHA f pPABHOMEPHO HellpePHIBHA Ha MHOXKeCTBeA,
T. e. AJd BeaKoro € > 0 Haliferes raxoe d > 0, uro

If (=)~ f (x")| <€

nnst mo6eIX x', x” € A, yAOBNeTBOPAIIINX HepaBeHCTBAM
[x' — x"| < 8.

Kax mu1 BupumM, cBoitersa 1), 2), 3) o6oGinaroT ussecT-
HBle y2Ke HaM cBoiicTBa HempepeIBHOI dyHKIUH f (X) OT OX-
Holl mepeMeHHOIl X, 3alaHHOM Ha orpeske [a, b]. loxguepk-
HeM, 4YTO OTPe30K [a, b] ecTh orpannYeHHOE 3aMKHYTOE OHO-
MepHOE MHOXecTBO. Beab eciiu Kaxkasa-nubo nocienoBaTensb-
HOCTb TOYeK (4HMcer) X,, IPUHAJIEKAINX K oTPesKy [a, b],
CXOAUTCH K HEKOTOPOi TOUKe (YHCIY) X, TO 3T TOYKA IPH-
HagnexuT K [a, b] (x, €[a, b]).

HoxasarenbeTBo cBoiicTs 1), 2), 3) coseprierHo anantoruy-
HO ACKA3aTeNbCTBY MX JINA OTpesKa [a, b], npuBesentnomy B
§ § 3.5 u 3.7. Ono Beereno GasupyeTcs: Ha CieAyIOeil ieMme,
obobIaromeii COOTBETCTBYIOIYIO OHOMEDPHY IO TeopeMy Bok-
nano-BeitepmTpacca uzs § 2.9.

Jlem ™ a. H3 6caroil ozpanuvennoil nocnedosamenvHoc-

k
mu mouerx x* = (xl, ees x:) (E=1, 2, ...) moxno evibenums nod-
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nocaedosamenvHOCMms {xh'} (=1, 2, ..), cxodsmuyywcs k ne-

o 0
Komopou moike x :

0
2% —2% >0 (@@ — oo
k

HokasaTenwcTBOo. Tak KaK IOCIENOBATENLHOCTE {X}

OorpaHHMYeHa, TO cyliecTsyeT unucio M Takoe, uto
k k .
M= > lxil G=1,omk=1,2 ).
k
9T0 DOKA3LIBAET, YTO KOOPAMHATE TOYEK X~ TaK3e OrDAHHYEHBL.
IlepBas KoopzuHaTa 06pazyeT OrpaEMYEHHYIO II0CIEA0BATeILHOCTD
k o

{x’.} (k=1, 2, ...), 1 Ha OCHOBAHMM OJHOMEPHOI TeopeMnl Bosbiia-

HO—Beliepirrpacca Haiiercs mognocIe[0BATeIEHOCTD kil HATYDAJb-

1} Ry 0
HEIX YHMCEN ¥ HEKOTOPOE YHMCIO X, TaKHe, HUTO X, '~'Jz:l {, — o0).
k -
Bropyio KOOpAHHATY X, PACCMOTPHM TONBLKO JU1A HailJeHHbIX Ha-

ki
TYPAILHBIX k,I . HOAHOCJIGZ[OBaTeJIbHOCTL{xz '} OrpaHKH4eHa, II03T0-

L}
MY U3 Hee TaK)XKe MOXKHO BBIODaATE MOAIOCAEL0BATeALHOCTh {xz‘z}

by

0 2
¥ 4HCJIO X, TAKKe, YTO X, X, . Tak kax {kzz } €CTH IIOATIOCIe/I0BA-

B, 0 K 2
TeNLHOCTE {ki}’ TO MMEET MECTO OZHOBPEMEHHO X, X, , X,"—X,.
Hpo;xOJDKa.'i{ 9TOT IIPOIIEeCC, HA I1-M €ro aTane IOJYYHM IIOAIIOoCIe-

0
AOBaTeJIEHOCT HATYDAJILHKIX yucenx Kk = k, ¥ cuctemy 4ucern X,
n

0 0
Xys sees X, TaKkHe, 9YTO OJHOBPEMEHHO

E 0 Rk 0 0
X TX Xy T Xy e X X, (¢ — o).
0 0 0
Monaras x” = (xl, wees xn), NOJIYYNM YTBEPIKAEHMEe JIeMMEL.

HoxasaTensrcTBo cBoiicrpa 1). HonycTmm, urof Ee
OrpaHHYeHa Ha 3aMKHYTOM OrDAHHYEHHOM MHoxcecTBe A. Tornma
JJIS KaXKJ0T0 HaTyPajdbHOrO YMCIA m CYIIeCTBYeT TouKa x € A
TaxKasi, iTo

f™M>m (m=1,2,..). @
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Tak Kak MHOK€CTBO A OrpaHHYeHO, TO NIOCJIE[OBATEILHOCTE

Touek {x™} Takxe orpaHMyYeHa U, B CHIIY JIEMMEI, M3 HEee MOXKHO
mn,

BBIAEJIUTE nozmocnenoaa'renbnoc-m { "} CXOAAINYIOCH K HEKO-

TOpOit TO‘IKe x°. Tlo yc.noxamo MHOKECTBO A 3aMKHYTO, [I09TOMY
Touka x° € A. Ho B Touxe x° $yHKES [ HenpepHIBHA ¥ TOTOMY

- g, _ [4)
b ") =1(<")- @
x™eA
CeolicTso (3) IpOTUBOPEUUT CBOHCTBY (2). IToaromy [ MoxxeT

GbITE TONBKO OrPaHUYEHHON HA 3aMKHYTOM OTrPAHKMYEHHOM MHO-
JKecTBe A.

flokasaTtenrcTBo cBoiicTea 2). Ilo cBoiicTBY 1)
HEIIPEPHIBHAA HA 3aMKHYTOM OFPAHKMYEHHOM MHOXKECTBe A (hyHK-
Lt OTpaBuUyeHa, CIIeI0BaTeLHO, OHA OFPAHMYEHA CBEPXY HEKOTO-
pBIM unciom K:

fx)<K (xedA).

Ho Torpa cymectByer Tounas BepxHas rpaeb f HA A:

sup f(x) = M. 4
xed
Yucno M obnajaer clIefyomuM CBOMCTBOM: s nboro Haty-
PATHLHOTO I HAWZIeTCA B MHOKECTBE A TOuKa x™ = (x,'", o X ) Ta-
Kaf, 4To
1

M—;<f(x'")<M m=1,2,..).

TocnenosatensbrocTs {x™}, Kax IIpHHaAIeXKanias X OrpaHu-
JEHHOMY 3aMKHYTOMY MHOKECTBY A, OTpaHHueHa:

™| = fi[xi’"lz <K, (m=12, ..,
i=1

Iy
HIIOTOMY Y3 HE€ MOXHO BRI IEINTh IIOATIOCAE NOBATENBLHOCTh {x } y

- 0
CXOAAILYIOCS K HEKOTOPOH Touke x € A. IlocienHee 3aKaoueHne
BHITEKAET M3 3aMKHYTOCTY MHOXKeCTBa A.
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Ho @yuruus f HenpepsIBEA Ha MHOKEeCTBE A, CJIE0OBATENIBHO
OHA HEMpepbIBHA B TOYKE x°, mostomy

JYim f(<") = A(x).
x"hed

C ngpyroit cTOpoOEEL,
1 iy
- < < = y )
M- =) <M k=1,2,.)

Ilepexossi k Ipefieny B 3TOM HEpABEHCTBE IIpHk — 00, IOIy4a-
eM
M<f() <M,
T. €.
f@)=M.

Takum 06pasomM, BePXHAA I'PAHB (4) JOCTUraeTCH B TOYKE e
€ A, T. e. GyHKOuUs f jocTMraeT B TOUKe X € A MaKcuUMyMa Ha
MHOKeCTBe A.

Htax, Mbpl JOK&34MK, YTO CYIIeCTBYET TOUKA x’ e A, pas ro-
TOpOi

max f (x)=f (*).

Jpyras yacThb CBOiiCTBa 2) 0 MEUHUMYyME JOKASHIBAETCH aHAJNO-
T'MYHO.

JorkasatenscTBO cBoiicTBa 3). lonyctum, 4TO
cBoOiicTBO HeBepHO. Torga cyigectByeT Takoe £ > (0, uTO ANA JI0-
6oro d > 0 HailfeTcs APA TOYEK X = (X1, «oes X, Y = Uy --o5 Y,,) €
€ A, yOOBJeTBODSIOIIUX HeDaBeHCTBY

e —yl= fj(x,.— y) <3

F&-fyl=e

SajaguM Tenepsb MOCIeZOBATEILHOCTD HOJOMKUTENIBHBIX Ul-
cend, — 0 mpum — 00. Jlns kakAorod,,, HAMAYTCH TOUKH X" =

A KOTOPBIX

= (xl"', vees x;") y" = (yl'", vy y,':’) € A Taxue, 4TO
x" -y <3, mo |f (x™) - F ") = & (6)

Tak KAk TOYKM IOCIELOBaTeNbHOCTH {Xx™} NMPUHALJIENAT K
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OrpaHUYeHHOMY MHOKeCTBY A, TO 3Ta I0CJIefOBATeIbHOCTD Or'-

paHuueHa, ¥ U3 Hee, MO JiIeMMe, MOXHO BHIIENIUTE IOATIOCIEeR0-
m, . 0

BaTebHOCTD {x "} , CXOOSAIYIOCH K HEKOTOPOH mouke x € A(B

CHJIy 38MKHYTOCTH MHOIKECTBa A).

iom m,
Tax Kax |x eyt

— ( mpu k — 00, TO NOAMOCIEN0BATEIb~
my 0
HOCTB 1Y [ TAKIKe CXOJUTCH K TOYKe X , IOTOMY HTO

m, 0 m, m, m, [4] m,
|y F—x i:ly fexttx f—x ISIy""’——x *

+|xm"' - x0| .

TIo yenoBuro pyHKNMSA f HempepbIBEA Ha A UM, CIIe0BaTelb-
HO, HeIpepbIBHA B TOYKE X'.

IToaTomy

. LAYIRT LAY 0
Lim flx™)= Lim fly™) = 7 =)
*eA ymkEA
Teneps, nepexons K npegeny B (5) npu k — o0, nonydaeM
e< Lim |f{=™)-fly™)| =If &) - F @)=0
k—o
xmk, ymkEA

¥ MBI IDHLILIN K TPOTHBOpeunio: € < 0.

§ 8.13. IxcTpEeMyMEI
IIycre Ha oGnacTH (OTKPHITOE CBsIsHOE MHEO3KecTBO) G 3a-

Jada QyHEIUS U = f(x), x = (X}, «, X,) K 2’ = (xf s eees x:) —
rouxa G. ToBopsaT, uyro QyHKNUsS U = [ (x) UMeeT JLOKAAbHBLIL
Maxcumym (MUHUMYM) B TOUKe x°, ecan 3 oxpecTHOCTE 9TOM
TOYKY TaKad, yTO V X M3 3TOM OKPECTHOCTH UMeeT MECTO Hepa-
BEHCTBO

f@<FED  (F@=1reY. (1)

Toury x° OyzeM HA3LIBaTb MOYKOU JOKAJNBHOZ0 MAKCUMYMQ
{(Murumyma), a cooTBeTCTBYIOIEE SHaUeHUe GyHKIuuf (xo) MAK-
CUMANLHBLYM (MUHUMAbHBLM) 3HaYeHUem QYHEyul. Jlokans-
Hble MAKCUMYM ¥l MUEUMYM 00 BbeAUHAIOTCA O011{MM HaSBAHNEM
«JIOKANbHbLIL 3xcmpemym» . Vs onipefienneBus 3KCTpeMyMa BHI-
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TEK8eT, YTO B IOCTATOYHO MAJIOH OKPeCTHOCTH TOUKH X° npu-
pamenve GyErmun Au = f (x) - f (xo) He MeHAeT 3HAKA:

Au 2 0 B caydae nokansHOro MuHEMYMa (min);

Au < 0 B ciyuae nOKaIRHOTO MAKCHMyMa (max).

Teopema 1 (Heob6xopguMoOe ycHnoBHeE
sxcTpemyMma). lHycme pynryus u = f (x) umeem noxanv-
HbLiL cmpemym 6 mouke x°. Tozda, ecnu cyuiecmeyom wacm-

o .
Hble npou3eodHble nepeozo nopadxa Bf— (i=1, ..., n) Bmouxe
X,

1

0 .
X, mo éce OHU 00PAUWAIOMCA 6 HYJb 6 3MOIlL mouKe:

0
%:0 i=1,..,n). (2)

1

0
o)
HJoxaszatensbcTBo. Joxaxem, 4To 3 =0. 3aduk-
X,

i
0 0
CHpYyeM IepeMeHHbIe X, = X, , ..., X, = X, . Torza mony4um Qys-
0 0
KIMIo U = f (x;, %, , -, X ) OT OGHOTO IIePEMEHHOI0 X, IPHYEM

aTa QYHKIUA UMeeT JOKAJILHBIH 3KCTPEMYM B TOUKe xf .Ilosto-
MY B CHJIy HeoOXOIUMOTO YCJIOBUS 3KCTpeMyMa Jid (GYHKITT
OT OJIHOH mepeMeHHOMH, 3aKII0YaeM, 9TO IIPOM3BOTHASA OT S5TOM
(pyHKIMU 110 IepeMeHHO x; AOMKHA GLITH PaBHA HYJIIO B TOUKe

V] - o
x, . Ho sra mpouseogHa s sipnineTesa yacTHOM MPOMSBOLHO QyH-
o 0]
KIuH f (x) 10 IepeMeHHoI x, B TOUKe X , T. e.

() 2y s %) BA(X)
ox, oy

Jpyrue ciy4au pacCMaTPUBAIOTCA AHAJOIMYHO.

=0.

Cnemcrrue. Ecau ¢pyuxyua u = f (x) umeem sxempe-
mym 6 mourkex® u duppeperyupyema 6 moukxe x°, mo df (xo) =0
unu gradf (xo) = Q.

JlarHoe cieACTBYE BLHITEKAET U3 onpepenenus guddepes-
muasa i rpajueHTa.



§ 8.13. SKCTPEMYMHL 393

3ameyaHHe. Ycnoeue (2) He sIBIAETCS JOCTATOYHBIM
0
AJISL TOTO, YTOOBI B TOUKE X OBLN 9KcTPEeMyM QYHKITUY f.
2
Hampumep, ¢yHKnus u = x°y UMeeT YaCTHEBIe IIPOUSEOM-

du du 2
Hple o = 2xy, 5 - =x", KOTOpbIe 06PAILAIOTCSA B HYJIb B TOUKE

dy
(0, 0). Oxmaxo Touka (0, 0) ne ABAsETCSH TOIKOH SKCTPEMYMA,
TAK KaK B JI000ii OKPECTHOCTH 3TOMH TouKy Au = xzy -0= xzy
IPMHUMAET KaK MOJIOKUTENbHbIe, TAK ¥ OTPUIIATeILHbIE 3HA-
YEeHHSI.

B panbreiinieM TOYKY, B KOTOPBHIX CYLIECTBYIOT Hempe-
PHIBHBIE YACTHLIE IIPOM3BOAHLIE OT f, yAOBJIeTBOPAIOIIHNE CH-
creme (2), 6yieM Ha3bIBATE CIMAYLOHAPHBLMY MOYKOMLL.

IlepefiieM K HONYYEHHIO HOCTATOYHEIX YCJIOBHIl BKCTDe-
myma. Ilycrs dyHKIMS U = f (x) EMeeT HellpephIBHbIe Ipoun3-
BOZHEIE [0 BToporo NOPAZKA BKJIIOYHTENHHO II0 BCEM nepe-
MEeHHBIM, I IIyCTh X — CTalluOHApHAaA TOYKAa, T. €. df (x )=0.
Torpa, pasnaraa ¢ysknuo u = f (x) no dopmyne Teitnopa B
OKPECTHOCTU TOYKU X , TIOJTYUUM

AF (% = df (%) + l' d*f (x° + OA%) = ldzf (° + 0Ax) =

=1 ZZf” (" + OAx)Ax Ax,=

1—1 j=1

=1 ZZ(f" =% + g )Ax Ax;=

1—1]-1
2
lnn _P_nnan 24
22; (x)AxAx+ 2!_21;1,, p

=1

=1 ZZf" (x )AxAx + —a (Ax),

L-l =1

rre0<0<1,Ax=(Ax,, ...,Ax ), p=|Ax| = ﬁ" A:c,.2 , A (Ax)— 0
i=1

mpu p — 0.
Tax xak Bropnle DpoU3BOAHEIE HENPEPHIBHEI, TO BEINUH-
HHI £, 3aBUCAIIUE OT AX, CTPEMATCA K HyJII0 IpH P = |Ax| — 0,
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HO TOorZa u max l€; | =g — 0 mpup — 0. Ilosromy, yuuTsiBad,

|Ax|
YTO T < 1, monyuyaem
o (Ax)| = ZZ,, <g- ZZI 1=n"—0
=1 j=1 i=l j=1

(p — 0).

Hrax, Mbl goKasanu, 4To

A =F "+ 8) - f(x)-lzza,,§&+—a(§), ®3)

l—l j=1

rae
;=45 = ’:a;;(xo)’ L=Ax, &=, E)
u
oa@E —Ounpup=E= "leif - 0.
Bripaxxenue
A= ZZa ij§i§; (a;=ay) ‘@
=1 =1

ecTs xBasipaTUuHAaA popma orrOcuTensHo & = (€, ..., ). ITo

3HaKy 5ToM (OPMBI MOKHO Y3HaTh ¢ IOMoLbio Gopmysl (3)
sHax Af (x°) AN OCTATOYHO MAJBIX P.

CnpaBeanHBO cjeAylollee yTEEPKICHNE:

1) Ecain GopmaA (£) cTporo noloskutenbHo oNpefelleHHA,
1. e. A (§) > 0 gna seex & # 0, To PyHKIUA f UMeeT B TOUKE %’
JIOKAJIbHBbIA MUHIMYM.

2) Eciu diopma A (§) erporo oTpunaTeasHo onpefeIeHHa,
r. e. A (E) < 0 xns Beex € # 0, To pyHKIUS f MMeeT B TOUKe po
JIOKaJILHBIII MAKCHUMYM.

3) Ecrm A (£) = 0 pyia Beex & umi A (€) < 0 pnst Becex Em
umeerca € £ 0, 1 koroporoA (§) =0, To BOIPOC 0 JIOKATBHOM
sKCTpeMyMe QYHKIHMY f B TOUKe X° OCTAETCHA OTKPHITEIM.

4) Ecin dopma A (§) He ollpeseneHEa 110 3HaKy, T. €. Cy-
mecTBy1oT BekToprr &’ u E”, ans koroprx A (§') > 0,4 (§") <0,
To PyHKLUUS f B TOUKE x° He HMeer NokaIBLHOTO 3KCTPEMYMA.
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JloxasaTennbcTso yTBepxagerus 1). Paren-
ctBo (3) 3anuineM CleLyIOUIM 00pazoM:

)= 21 530,55 a0 -

i=l j=1

= [ZZa.mm,+a(§)]= [Am)+oE)], (3)

i=t j=1
TAe Mbl BBEJII HOBEIE IIEpEMEHHDbIe

=E/p (=1,2,..,n).

Jlerxko BugEeTH, YTO
n 2 )
— &
=1 p

TaxumM 06pazom, TouKal IpK J06bIX £ HAXOXUTCA HA MO-
BEePXHOCTH 71-MEPHOI'0 eZ[luHIYHOro mapa. Pyakmus A (1) He-
IpepbIBHA Ha 3TOil IIOBEPXHOCTH, IIpeAcTaBIsIoNeil coboit or-
paHUYEeHHOE 3aMKHYTO€ MHOXeCTBO, U II0 YCJOBHIO IIOJIO-
JKUTeNbHA Ha 9To¥ mosepxHocTu. Ho Torma A (1) mocruraer
CBOEr0 MHHHMYMA M B HEKOTOPOH TOUKe 3TOH IOBePXHOCTH,
KOTOpHKIH Gospiie nyss (m > 0) (cM. § 8.12, coiterso 2)). Tak
rak 0(E) — 0 mpu p = [§| — 0, To npu fgocraToutio mastom S > 0

@)l <m  VE: [E] < 3.

CnepoBaTesbHO,

M) =fGa"+8~f(%=
- %[A(q)+a(&_,)]>%[m+a(&_,)]>0 VE: [E] <8

# QYHKIUA [ UMeeT JOKAIbHBII MUHUMYM B TOYKe %
VTBepakgeHMe 2) OKA3BIBACTCH AHAJIOTAYHO,
HoxkasaTtensrcTBo 3).Bgannom cayuae dopmad (E)

Aast Hexotoporo &' # 0 obpamaetcs B HyJib, HO TOTZA AJA COOT-

percTByloliero 1’ sHageHue A (M) = A(%) = %A €E)=0wmu,
p
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cnepoBarensro, f(x’ + £ ~ f (x°) = :12 p’aL (€'). Ho zHak o ()

HelsBeCTeH, [I09TOMY MBI He MO3XeM CKa3aTh, MMeeT f Bx' 9KCT-
pPeMyM HJIH HeT.

Hoxaszatenscreo 4).3necksonaTs yao6HO 06paTHTD-
cs1 K paBeHcTBy (5). B atoM ciyuae mo yciosuio cyiecTsyer
Touka &', ausA KoTopoit hopMa IONOKMUTENEHA U CyILeCTByeT
Touka &", pusa xoropoit Gopma orpuliaTesbHa, HO TOTHA IJis
COOTBeTCTBYIOIMX UM Touek 1) = &'/p, )" = £"/p 6yayr BH-
NIOJHATECS HepaBeHCTBa A (1)) > 0, A (11") < 0 u npu Mansix p
oxaxercd, w0 A(M) + aE) > 0,AM") + 4 (") <0, 1. e. B
JIoboii Mayoif OKPEeCTHOCTH x WMeloTCH TOUKM x' u x”, mid
KoTopeIxX f(x") > f (x%) u f (") < £ (x°), a 270 osHAuAeT, uTo
3aBeJIOMO HET 3KCTPEMYMA.

UssectHBI* yenoeua (Cunrbéecmpa), BLIpaKaeMbie Ha S3HI-
Ke K03 PUnesETOB 4, Ipu KOTOPBIX KBaApaTH4HAaA dopma (4)
YAOBAETBOPSAET NePEUNCICHHEIM Bhillle yCJIOBHAM 1) — 4). 3xech
MBI OTMETHMM TOJILKO BEITEKAOIHe 13 TeopeMbl CunbBecTpa KpH-
Tepuu B cay4ae QyHKIUU U = f (X, X,) OT ABYX HEPEMEHHBIX.

Ecmu a,, = ’:2' (%> 0u

a, a,
q a

(B aTOM cayuae dopma (4) CTPOro mOJOKMTENLHO OIpejelieH-
Ha), T0o QyHKIUA U = [ (X, X,) UMeET JOKAIbHLIA MUHAMYM B

=ay8y, ~ 4, = £ £69 - 1, OF >0

TouKe x° = (xf, xg)
Ecan

>0

T3 (%) < 0, Fo(") ") — £,

(B aTOM cty4ae dopma (4) CTPOro OTPUIATEIHHO ONpeAeeHHa),
To bynxnusa u = f (x,, X,) UMeeT JOKAILHLIH MAKCHMYM B TOY-
Kex.

2
Ecnu a,,a,, ~ a;, < 0, Tod’f (x°), kakx ksagpaTiunas dop-

* Cm. namy KEATY «Bhiclas MaTeMaTrKa. SiieMeRThI THEeHOH axre6ph
H aHAJIHTHYECKOH reoMeTpun», § 21.
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Ma, He SBISETCH onpep;enenﬂon N0 BHAKY NpU U3MeHeEnuAx;,
o3TOMy B 3TOM cayuae Af (x ) TaxkyKe He CoXpaHseT 3HAK B
N060i OKPECTHOCTY TOUKH X, M, CJIeOBATEIBHO, SKCTPEMYM B
ToyKe x° OTCYTCTBYeT.

2
Ecim suipaskenue ay,a,, — 4, = 0, To Bompoc 06 skcTpe-
MYMe OCTAeTCs OTKPBLITHIM.
3 2
[Ipumep 1.nsa dysrmunu =x" —3x+y” Touxu (1,
0) aBasiorca cranoHapHEIMU. MeeneyeM WX HA SKCTPEMYyM.
HNmeem

U, = 6x, u;;(il, 0)=46, u =0, u;’z =2,

x ¥

Taxum obpaszom, nis ToukH (1, 0)a,,a,, - 11122 =6-2-0=12>0,
ay,; = 6 > 0. Ilosromy B Toure (1, 0) mama QyHKIMA MMeeT
noxaneHeli MUEMMyM. s Troukn (-1, 0):a,, =—6<0,a,a,, -
- 11122 =-12 < 0, nosromy pyHruma skcTpeMyMa B TouKe (— 1, 0)
He HMEET.

IIpumep 2. s Gyarimu u = 2+ y2 Touka (0, 0)
ABJIAETCS CTALMOHAPHOM, U JIETKO BUAETH, UTO B 2TOH TOYKe

& it M " =12x2

VHKI[MS IMeeT JIOKATbEbI MuHiMyM. Mesxay reMu, =12x7,
” ” 2

u, =0, u, = 2,1.e.a,,=0,a,,=0, ag,=2ua,,a,,— a,=0.

3 2 ..

IIpumep 3.nadyuxuuu u=x" +y" B CTAIHOHAPHOM

roure (0, 0) @), =0, a,,=0,a,,=2, T. €. CHOBAGy, Ay~ a,=0,
HO B JAHHOM ciay4ae GyHKIUusau = x4+ y B TouKe (0, 0) sxcrpe-
MyMa He UMeeT, TAK Kak Ha npsAMoiiy = 0 npupamenre Au = x2
MeHsleT 3HaK IIPU nepexofie uepes Touky x = 0.

§ 8.14. HaxoxkeEMe HAHGOJIBIINX
H HAMMEHBIINX 3HaYeHMH QyHKIHH

ITycrs 3ajana HertpepriBHO puthdepesnmpyemMan GyHKITHA
u = f (x) Ha MEOXecTBe G C R_, npezcrasisioweM cofoii sa-
MBIKaHIe OTPAaHUYEHHOM 00JaCTH, T. €. 00JacTH, K KOTOpPOi
npucoefuHeHa rparuna OG. Torga f focTUraeT MakcCHMyMa M
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g MHHHMMYMA B HEKOTOPBIX TOYKaX X €

4 € G (cm. § 8.12, ceoficTeo 3)). 3TH TOY-

Ku MOTryT ObITh BHYTPEHHUMM U I'pa-

BnuEbiMy. Ecnu Toukax BHyTpEeHHAS,

¢ To Qyurnusf (x) UMeeT B Hell JIOKaIb-

Hblit skcTpeMym. Ioaromy, urobe! Ha-

7 7 2 gy panbonblee (HanMeHBIIEe) SHAME-

Puc. 98 Hue QyHKIIY, HeoOXoQUMO HallT BCe

CTAI[MOHAPHBIE TOYKY, BEIUHCITUTE SHa-

yeHHe QYyHKI[MY B 9TUX TOYKaX U CPABHUTD UX CO 3HAYEHIAMU

dyuxmum Ha rpasune OG. HauGoinblllee U3 9THUX 3HadyeHHU U
6yzer Haubonvulum 3Havernuem QyHruuy Ha G.

Ecnu G € R, u 0G siBisiercs IJIOCKOH HeNPePLIBHOM KpH-

BoOI x = ¢ (), y = ¢ (1), TO BEOJIb 3TOM rpaHAIbI HAIIA (PYHKIHA

siBasieTcss QYHKIMEH oT OgHOro nepeMerHoro t: f [ (1), Y (1))

Haxomurs Hanboab111ee sHaYCHIE 3TOH QYHKIIUY MBI yoKe YMe-

em.

II p u M e p . HafiTu HanGospinee 3HaveHre QyRKkIn z=1—
—x+ x4+ 2y B 3aMKHYTOMH o6JiacTil G, OrpaHIYEHHON NPAMEL-
mu: x=0,y=0, x+y=1(puc. 98).

Pemenue. 2, =-1+2x=0, 2; =2 # 0, T. e. cTanuo-
HapHBIX Touek HeT. Mccnenyem dyHkimio z Ha OG.

1) yers x =0, Tornaz =1+ 2y, 0 <y < 1. Ha [0, 1]
dyaxnus z =1 + 2y cTallMOHAPHBIX TOYEK TaKXKe He MMeeT, U
z(0)=1,z(1)=3.

2) Nycerey =0, rorgaz=1-x+ %%, 0< x< 1. lanee, 2, =
=—1+2x=0mnpu x=1/2, 1. e. x = 1/2 — cranuosapHad
Touka. BEIUNCAAA 3HaueHne QyHKIMY B 3TO TOUKe U Ha rpa-
Hune B Toukax x = 0 ux = 1, monyunm: z (1/2)=3/4,z2(0)=1,
z()=1.

3) Iycrex + y=1, rorpaz=3 - 3x + xz, 0<x<1.Tar
Kak 2, = -3 + 2x = 0 B Touke x = 3/2 € [0, 1], To B Hamem
npomesxyTke [0, 1] Her cranmonapHbix Touek. [anee z (0) = 3,
z(h=1.

CpasuuBas BCe HanbGORIINe 3HaYeHNA GyHKIMY To 9aC-
TAM IpaHUnGl, MBI BUAYM, YTO Hanbosbiliee sHaUeHUe QyHK-
unu z (x, y) Ha G paBHO 3 U focTuraercs B Touxke x° = (0, 1).
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§ 8.15. Teopema cymieCcTBOBaHUSA HeSABHOM
GyHKIMU

BazaayM MpOU3BOJLHYI0 QyHKIUIO f (X, Y) OT ABYX INepe-
MEHHBIX X 1 Y. [IpupaBHseM ee HyI10:

f @y =0. 1)

MuosxecTBo BeeX ToO4YEK (X, ), A1 KOTOPHIX BHINOJHAETCA pa-
gencTBO (1), o6osnauum uepez M. Iyers (x4, y,) € WM, 7. e.
f (%0, Yo) = 0.

Ecnu He HaxkJaAbplBATh HUKAKUX YCJIOBWil Ha f, TO MHO-
skecteo Y MoskeT mMeTh caMylo pasiMYHYIO Ipupoxy. Ha-
npumep, B cayyae f (x, y) = (x — xo)2 + - yo)2 MHoKecTBO M
COCTOMT U3 ONHOM-e{NHCTBEHHOM TOUKM (X, Y ), a B cayuaef (x,
Y= 4 y2 + 1 muOecTBO M 1yCTO, B Cayuae e
Fey)=(x—x) ~ =y’ = +y— %~ Yo) X~y — X + Yo)
M ecte napa npsaMEBIX, TPOXOAAILMX yepes (X, Y,)- OnBaxo ya-
cTO UMeIoT MecTo ciryuan, korza M, mo kpaitneit Mepe B gocra-
TOUHO MaJIOil OKPECTHOCTH (X4, YY), IPEACTaBAseT cO60H Kpu-
BY10, OIIHCHIBAEMYIO HEIIPePHIBHOH (OmHO3HaYHOI) PyHKIHei

y=y(x) (x € (x;— 95, x,+9)
(Taxum 06pazoM, Y ecTh PYHKINA, ONIpefie/ineMas HEABHO ypas-
wennieM (1), cm. Takxe § 3.1).

BosHukaeT Bonpoc, Kak 110 cBoiicrsaM ¢yHknny f ysHaTh,
YT0 UMeeT MeCcTO UMEHHO STOT cJrydaii?

Huke 10Ka3BIBAIOTCA B 00IIIie TEOPEeMEL, OTBeYaloIie
Ha MIOCTAaBJIEHHBIN BOIIPOC.

Teopema 1.IIycmb 3a0aHo ypasHenue

f(x y)=0, 1)
ydosnemeopsaioujee credyouwuM ce0icmean.

Pynrxuyua f onpedenera na nexomopoil dsymeproil oxpecm-
nocmu €2 mouku (xy, Yo) RAOCKOCMU X, Y U HenpepbleHa mam
éMecme cO C80UMU LaACMHbIMU NPOU3B00HBLMI Nepeozo nopsd-
Ka; npu amom

f’y (%05 o) = (%)0 =0 (2)
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uf (xg, Yg) = 0. ITycmy, danee, M ecrnb muoMecmeo 6cex moiek
(x, y), ydoenemeopsowux ypasuernuto (1) (6 vacmuocmu, mow-
Ka (xg, Yp) € M.

Tozda, karoeo Ovt Hu Gbio by, > 0, Hatidemca npamoyzoivhuk

A={lx-xj<a, |y-yl<b} (b<by, 3

npunadaencawuitQ), maxoii, umo mnoncecmeo MA onucvieaem-
cA HenpepuisHO Oughepenyupyemoii pyrnryueil(RessHOl PyHK-
yueil)
y=y @, xed )
A= {|lx — x| < a}. ®)
Jpyrumy ciaoBamMu, NPAMOYIOALHHK A obiazaer Tem
CcBoCTBOM, YTO Ha ero mpoexuuu A’ Ha 0CH X MOXKHO oIpee-
JUTH HenpepuBHO Auddepenizpyemyo Gyukipmo (4), SBis-
IoIyIocs permesyueM ypaBHeHus (1), T. e. yAOBIeTBOPAIOLIYIO
ypaBHenH10 (1)
f,y@)=0 (xea) (6)
Tpadux ee DoaEOCTHIO OpMEALIEKAT A. OTa QyHKIMA eAUH-
CTBEHHA B TOM CMEICHE, uTO Jobas Touka (x, y) € MA umeer
KOODAMHATHI, CBA3AHHEIE ypaBHeHUeM (4). B uacTHOCTR, Y =
=y (x,), TOTOMY 4TO (X, ¥,) € MA (puc. 99).
HokasaTteascTBo Teopemm 1.Ilycrsnnsonpe-
renensoctH [, (g, Yp) > 0. Tak kax [, HenpepsIBHA Ha Q, 10
CYIIeCTByeT OKPECTHOCTH TOYKH (X, Yo), KOTODYI0 MEI CHOBA
obosnauum uepea €), Takag, 4TO B Hei f’y (x, ¥) > 0. Bpegem
3aMKHYTEIH IPAMOYTONLHUK

A={lx-xj<a, ly-yl|<b}cQ(®<b)
Toraa f', (x, y) > 0 Ha Axu
nliuf'y (x, y)=m>0. (7)
(x.y)er
Dyuxnus f (x, y), paccMaTpuBaeMas Ha oTpesKe [y, — b <y <
|y, + b, x= xg], KaK QyHEKNUA OT y HEIIPEPHIEHA, CTPOIO BO3pa-

cTaeT ¥ ofpalaeTcs B HyJIb B TOUKe Y = I/, (110 YCIOBHIC Teope-
el f (X4, Yp) = 0). S3pauur,

F(xp yy—b)<0,  f(x, yo+b)>0.
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BeeLcTBre HellpepEIBHOCTH [ HaiileTea JOCTATOYHO MAJIOe YHC-
Jo a, 0 <a <a, Takoe, ITO

fxy,-0<0, f(x,y,+5)>0 Vxerz{]x—xD|<a}.

O6ozuauum yepes A = {jx — Xl <a.ly - yol < b} OTKPBITHII IpA-
Moyroabauk. OueBupHo, A C A c Q u A° ectn mpoexips A Ha

OCBb X.

JA

4%

4*4y
%

%-J

PaccMOTpHUM Teleps LA MPOU3BOJILHOTO U (PHKCHPOBAH-
goro x € A° pyHKIMIO f KaK QYHKIMIO OT § HA OTPe3Ke [y, — b,
Y, + b]. Ona HenpeprIBHA, CTPOTO BO3PACTAET ( v> 0 u umeer
NPOTHBOIIOIOKHBIe 3HAKH HA ero KoHnax. Ho Torpa o reopeme
0 MPOMEIKYTOYHOM 3HAUEHHH CYIIECTBYeT ¥ IPUTOM eAUHCTBEH-
HOe YHCJO Y, IpMHafaexamee narepeany (o — b, y, + b), Ml
ero o0o3HadaeM qepes y =\ (x), ana xoroporo f (x, y (x)) = 0.

DTUM ZOKA3AHO CYIeCTBOBAHME ompeieNeHHOoi Ha A
dyukuu Y (x), yRoBIeTBOpSAIOLIeH ypaBHeHHIO (6).

Hoxa)xeM, uTo GyHKIHA ¥ (X) HenpepLIBHA ra A’ Ilycts
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x,x+Ax e A% y=y ), Ay = y (x + Ax) - y (x). Torga Ha
ocHoBaHMH (opmysl Teitnopa (§ 8.10) uveem:

O=f(x+Ax,y +Ay) - f(x. y)=
=f. (x +8Ax, y + 0Ay)Ax + f, (x + 6Ax, y + 6AY)AY,
rae 0 < 6 < 1. Orcrona
Ay __flx+6Ax, y+6Ay)

Ax flx+6Ax, y+0Ay) ’ ®

rae Touka (x +0Ax, y +0Ay) € A. B ety ycioBus TeopeMEl Ha
3aMKHYTOM IIPAMOYTOMLHMKE A, a cleZ0BaTe bHO, U Ha TIPA-
moyroasEukeA C A, pyrrnus f , orpanmuena (f | < M), amo
(1) dyHRIINA f'y orpaHuyeHa CHu3y uuciaom m > 0, moatomy u3
(8) monyuaem, uTO

T. e. Ay — 0 mpu Ax — 0, uT0 03HaYaeT HenpepLIBHOCTEL (yH-
KIuu iy =\ (x) B Touke x. Tak Kax TOYKA X — NPOH3BOJLHAS
TOuKa AD, TO (PyHKIEA  (X) HeIpepbLIBHA HA A°.

" Tenepn, nepexozd K npegeny B (8) mpuAx — 0, nonyuaem
(o noxasaunomy Ay takxke — 0)

ﬂ__ f,(xr y) — 9
2% Ax (% 9) W=y ®

Me1 fokasany cymecTBOBaHEEe TPOKM3BOAMHOM ' (x) B TOU-
Kée X ¥ PABEHCTBO

N )
Ve ) (10)

HempepuiBHoCTs ' (x) HemocpeacTBeHHO BujaHa u3 (10),
ToTomMy uTo f*, M f'y HeNpPepHIBHLI Ha OPAMOYTOJIbHMKE A, a
KDHMEBasdA i = Y (X) He BBIXOZIUT 34 €ro NpefieJibl ¥ ABJISAETCH He-
NIPePBLIBHON, KAK MBI IOKA34J14 BbIIIE.

CdopmynupyeM TeopeMy, aHAJIOrMUYHyIO Teopeme 1, B ciy-
gae, KOrZa HeABHAA (DYHKIUA 3aBUCHUT OT 7l IePeMEHHEIX.
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Teopema 1'. ITyemv 3a0ano ypasrerue

fEy) =7, x,y)=0, 1"

yOosnemesopaioujee cnedyouum yeroeusm.
Dynryus f onpedenena na vexomopoii okpecmuocmu

0 O 4] 0 0
mouku (x,y )= (xl, s X3 Y ) npocmpancmea R, mouek (x,

Y =(xy, «r X, Y) U HENPEPLIBHA MAM BMECTLE CO CEOUMU HACTI
HUIMU NPOU3B00HbIMU NEePE0z0 NOPAJKA; NPU 3MOM

fy "y’ = (g'i) #0, f@’,y)=0. @)
Yo
Iycmy, danee, M ecmv mromecmeo ecex moyex, (x, y), yoos-
nemeoparowux ypasrenuw (17 (8 wvacmrocmu, °, y°) € M.

Tozda, Kaxoeo Ovi Hu Gbino by> 0, naildemca B Q npsamo-
Y20NbHUK

A={|x-a| <a.j=1,only—¢'I<b} (B<by), (3)

npunadnexcawuii Q, maxoil, wmo mroxecrnso MA onuceisa-
emca nenpepvisho dugdepenyupyemoil pynryueii(m. e.umeio-
weil HenpepbvlEHbLE YACMHble NPOU3600HbIE)

Y=y @ =y (%, .., x,),x € A, (4"
A= {|xj—x;)| <a,j=1, ..., n}. (6}

YacTHEIE MPOM3BOAHEIE CT QYHKIIUY Y BEIYUCIAIOTCH IO
dopmyne

6_W__ﬁ. .6_f j = ’
ox. 6x]. oy G=1,.ccom). (10)

1

Ecmm dyuknus f (B ciyuae Teopem 1 u 1') umeer He-
IpepEIBHLIE IIPOM3EOAHBIE (0Jiee BLICOKOTO NOpAAKal, To M He-
sABHAA QYHKIIMA UMeeT IIPOU3BO/IHEIE TOPANKal, KOTOpbIe MOXK-
Ho HaiiTH, juddepenmmpys I pas popmy.ry (10) mam (10°).

IIpumep. Ilycts ussecTHO, yro dyuKuuA f (x, y), pac-
CcMOTpEHHAA B TeopeMme 1, MMeeT HellpepbIBHBIE YaCTHBIE IIPO-
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HM3BOJHBIE BTOPOro Nopsika. Bysiem uexoauTh 13 pasescTra (10).
JuddepeHupy s ero mno x, DOIyYHUM

e L)1l v
() '

Mbz! ucnosszoBany popmyny guddepeHIPOBAHMS CIOMK-
Hoit pyHEKOMY.

y(x) =

§ 8.16. Kacarensnasn njioCKoCTs M HOPMAaJs

IlycTs noBepxHOCTL S 3aiaHa ypaBHEHHEM
F(x,y,2)=0 )

B HesIBHOM BHZe. ByneM cuuTats, 4ToF (X, Yp. 2¢) = 0 U B Bexo-
TOpPOH OKPECTHOCTH TOYKH (X, Uy 2o) DYHKIuA F nMeeT Henpe-
PBIBHBIE HACTHbIE IPOU3BOJHLIE, OFHOBPEMEHHO HE DABHEIE
ayo. Torga

grad, F = ((F ) (F' ) (F')o) # 0. 2

Msr mumem (@), emecro @ (xp, Yy» 20)-

s onpesieIeEHOCTY IPEANIONOKUM, uTo (F',),# 0. Torna
Ha OCHOBAHHU Y TeOPEMBI O HEABHOM (PYHKIIUY CYIIeCTBYET OKpe-
CTHOCTB TOYKH (X, Yo» 2;), B KOTOPOH IIOBEPXHOCTE S ONMCEIBA-
eTCH ABHO HenpephIBHO JuddepeHnpyemoil pyHKnuez = f (x,
Y). YpaBHeHMe KACATEebHOM IIIOCKOCTH K S B TOUKe (Xp, Yps 2g)»
KaK MBI 3HA€M, MMeeT BH/

2—2zp=(f )y (x—xp) + (f’y)[) v — ¥
rae
(f Ilx)[) = —(F 'x)()/ (F ’z)()’ (f y)o = —(F ’y)o/ (F ’z)o-

B cuny aToro ypaBHeHie KacarennLHoi IIOCKOCTE K S B TOUKE
(%ps Ygs 2,) BATMITIETCS TAK:

(F’x)[) (x - xO) + (F,y)[) (y - yO) + (F’z)o (2 - 20) = 07 (3)
a ypaBHeHHe HOpDMAJH K S B TOUKe (X, Y,» 2;) — TaK:

X% _Y-Y_2-% 4
®, &), @, @
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Te xe ypasHenus (3), (4) MBI DOJIYYHM, eciid TPERIIO-
NOKUTH, uT0 (F' ) # 0 mnu (F' ), # 0. B aTux ciiyuasx B oKpe-
CTHOCTH (X, Yp» 2p) IIOBEPXHOCTD S ONHMCHIBAETCH SBHO COOTBET-
CTBEHHO YPABHEHUAMH

=02, y=v@x2)

MbI BMAKM, 9TO IpH ycjioBuH (2) MOBEPXHOCTES B J11060i
TOUKe (X, Yg» 2,) UMEET KACATENHHYIO ILIOEKOCTL, HETIPEPLIB-
HO U3MEHAINYIOCS IPK HelIPEPLIBHOM NEPeABIIKeHNH TOYKH
(xg» Yor 2p)- Tarylo DOBepXHOCTEL HA3LIBAIOT 220K 0l Nosepx-
HOoCmbIO S.

Hpyroe peno, ecu grad, F = 0. B aTom ciyuae Hennas
TapaHTHPOBAT, YTO B TOUKE (X, Y, 2,) CYIECTBYET KACATEILHAA
mrocKocTh KS. OHa MOKET CyIeCTBOBATD, & MOMKET U He CyIle-
CTBOBATS.

IIpnmMep. YpasHenue
2+ -x*=0 (5)

onpejesnsieT KPYroBoii KOHYC ¢ BEPUIMHOM B HAYAJIe KOODJAMHAT
¥ OChl0, coBIazatoieii ¢ ockio X (puc. 100).

JleBas yacTh ypasHeHHA (D) UMeeT YaCTHBIE IPOU3BOIHLIE

F =-=2x, F'y =2y, F, =2z
OHOBDEMEHHO He paBHBIe Hy.JI0, ecJIH To9Ka (x, y, 2)# (0, 0, 0).
B mioGoit Taxoi TouKe, KOTOPYIO 0603HAUUM Yepes (Xg, Yo, 2¢)
KacaTeJLHas IIJIOCKOCTh ONpPeAEsAeTCH YPABHEHIEM
X (% = Xp) + Yo (¥ — Yyg) +25(2 — 2)=0.

B Hauase 'xe KOODAMHAT KacaTeNbHAasA IUIOCKOCTE K HaIlleil KOHM-
YeCKOil OBEPXHOCTH He cyliecTsyeT. B atom cayuae grad, F=0.

Puc. 100
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Touxu (x,, Yy, 2,), NeIKaIMe Ha IOBEPXHOCTIS, B KOTODHIX
grad, F = 0, HasLIBAIOT 0CO0bLMU MOYKAMU nosepxrocmu S.
PaccmorpyM HertpepbIBHO G epeEnpyemMyIo QyHKIHIO

u=7(xy 2 (6)

Ha HexoTopo# o6nacty () Touex (X, y, 2). IlycTe B TouKe (2, Y,
z;) € () ee 3HaueHNe paBHO HUCIy A’

A = f(xg Yo 2p)-

Ecm wacTHEIe IPOM3BOAHEIE OT f B TOUKe (X, Y, 2;) OGHO-
BPEMEHHO He paBHHI HyJIIO, TO ypaBHeHueA = f (x, y, 2) onpeye-
JISIeT B OKPECTHOCTH 3TOI TOUKY HEKOTODYIO INaKyI0 IOBEPX-
HOCTE S, HAZBIBAEMYIO N0GEPXHOCMbIO YPosHA Ppyukyuu (6).

KacarenbHaa niockocTs K S B Touke (Xg, Yp. 2,) UMeeT
YpaBHEHIE

Hopmane x S B mouxe (xy, Yy, 2p), T. €. IpAMas, Opo-
XoiAiaa yepes3 3Ty TOUKY, NEPIEHINKYAAPHO K KACATeNBHOM
IJIOCKOCTH, OY€BUIHO, MMEET YpaABHEHUE

X-x =Y—_z,/0 _ Z-z, ]
(2 (Z), ()

Ms! BMAUM, YTO BEKTOD

6f) 6f) (6f)
ad = (_ s | & 2| A
grad f, (6xo (6y0 82 o
HaIpaBJeH 10 HOPpMAJIK K MOBEPXHOCTH S.
Vpapueuue 2 = f (x,¥), rie GyHKIUA f UMeeT HeNpepLIBHbIE

YyacCTHbIE IPOKM3BOAHEIE, ONIPENeIsieT HEKOTOPYIO IIaIKyIo Io-
BepxHocTh S. Ionoxum, A = f (x,, y,)- Ecau B Touxe (x;, y,)

HacTHbIE HpOHSBOAHHe(g) ’ (-a-t) y 6_f OMHOBPEMEHHO HE
Ox 0 ox () 6_1/ o
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PaBHBI HYJNO, TO ypaBHeHueA =f (x, i) onipefiensieT B OKPECTHO-
CTH 3TOH TOUKHM HEKOTOPYIO rIajixyo kpusywo I' (nunuro ypos-
Ha pynkyuu 2 = f (x, y)).

Vpasuenne kacatensHoi kK I B (x, y,) umeeT puf

(&)~ 20-(&) w-w-o.

ox oy
BexkTop (ﬁ) , of HamnpasjieH o HopMaau k I (B miocko-
Ox/o \OY J,

eru I) B Totuxe (x,, y,)-

§ 8. 17. Cuctembr ¢pyHKIUMI, 3aJaHHBIX HEIBHO

Britze MBI paccMoTpesizz BONpoc O CYLIECTBOBaHUH HEIIpe-
peiBHO¥ M puddepeHiiupyeMoir HeARHONM (PyHKIUK, OHpeje-
JIEMOl OfIHMM YPABHEHHEM.

35ech MBI pACCMOTPHM aHAJIOFHYHBIA BOIIPOC AJfA COBO-
KYIHOCTH HeABHBIX OYHKIUH Y, -..,Y,, OIDEeNsi€MbIX CH-
CTEMOii YpaBHEHH I

fl (xl, ceey xn; yly seny ym) = 0’
................................... 16}
fm, (xl’ ecey xn; ylv “ery ym) =0.

Taxum 06pasoM, MBI HLIEM QYHKITHY, , ..., U, OT Xq, «ueyX,
Kak pemeHus cuctemsl (1): y; =y, (x;, ..., x)) (=1, veey M)

BriacHuM Te VCIIOBHS, KOTOpPble o0ecHedHBaIOT CyLe-
CTBOBaHME perennsa cuctemb! (1) u AuddepeHIMPYeMOCTE QVH-
Kuuit y,.

Teopema 1. Ilycmb 3a8ana cucmema ypasrenuil (1),
ydosnemeopaouaa caedyrowum ceoiicmeanm.

Pyrkyuu f; onpedenens. na nexomopoii ((n + m)-meproil)

oxpecmuocmu Q mouru (x°, y°) = ()5 ooy xg; Y, ..., Yo) npo-
cmpancmea R, mouex(x, )= (X, .--» X5 Y1, ---» Y,,) U Henpe-
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DblBHbL IMAM BMECTNE CO CE0UMU UACMHBLMU NPOUIBOOHbLML Tiep-
6020 nopadxa ¢ axobuarom (onpedenumenem grxobu*)

oF ek -

oy, " 2y.|_|ot]_ Dl 1)

of, ANEN _D(y; s Y) #0 @
6yl aym

Kpome mozo, mouka (xo, yD) ydosnemeopsem cucmeme (1).
Hycmy M ecme mromecmeo écex movex (x, y), ydosnrem-
soparowux cucmene (1) (6 vacmnocmu, (x°, y°) e M).
Toz0a, rxaroso 6b. HU Gblno b, > 0, maildemcsa npamo-
Y20lbH UK

0 .
A= ﬂxi—x]., <a(j=1,...,n),
Q! .

lu-9]<b (=1, ... m}  @®<by) (3
npunadnencawuii Q, maxoii, ymo mroxcecmao MA onucw:-

s8aemcs Henpepvieno dupepenyupyemvinu GYRKYUAMU

. 0

=y, x)@E=1,...,m),xeA, 4)
AN={x-|<aj=1,..n} (5)
Jpyrumu ciosaMu, OpaMoyroabEUKA o6nafaeT TeM cBOL-
CTBOM, uTO Ha ero npoexmuu A’ Ha KOOpAWHATHOE IIOJ-
IPOCTPAHCTEO (X, ..., X, ) MOMKHO OIIPeJe/INTEL HEIPEPHIBHO aud-

(hepernppyemele GpyHKIH (4), VIOBJIETROPSIOITHE YPpaBHEHHUAM
(1):

iy (x), sy, (2))=0, (xeAi=1,.., m

¥ HepaBeHCTBaM |\; (x) — y;’l <b.91H DyHKIMY €IUECTBEHHD! B

TOM CMBICTIE, YTO J1I0basa Touka (x, y) € MA umeeT KoopauHaTh!,
CBA3aHHLIE ypaBHeHuAM (4).

B qacTHOCTH y](.] =y; (xo) (j=1,..., m), notomy uTO (xD, yo)e

€ MA.

* K. T. fixobu (1804-1851) — neMenxuii MaTeMaTHK.

-
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SameuaHnue 1.B reopeMe MOMHO CUNTATD, YTO IIPH-
. 0
MOYIrOSIbHUK A 1 ero mpoexims A onpeseasiorcsa HepabeH-
CTBAMM

A:ﬂx]—x;’l <a, (=1, ..., n);
Q .
-y <bG=1,....m}, (3%
0 0 -
A={x-x|<a,j=1,..n} (5%)
C Pa3sIHYHLIMU, BOOOIIE rOBODS, IHCAAMIA,, b.. Begt ecytut Teope-
M& BEDHA JJIA IPAMOYTOJBHUKA (3%) npu HEKOTOPBIX a, b, To,

nonoxus b = min b;, MOKHO BCJIEACTEHE HENPEPHIBHOCTY (ByHK-
Hi Y, yKasaTs TAKOe YHCIo a < a; (=1, ..., n), 970 TOUKH

@y, (x), .. W, (X)), x € {Ixj—xﬂ <a, j=1, ..., n}

OK&XKYTCA B IIPSIMOYTOJAbHEKE (3).

BameTuM, ofiHako, uTO BoOGLIE HEBO3MOXKHO HOGUTHCA,
uTobbl @ 1 b B (3) 6bIM paBHLIME, B YeM JeTKO YOeIUThCH Ha
npumepe oxsHoro ypasHerna F (x, y) =y — X% = 0, xp=y,=0.

IIpuBeneM fokasaTeNLCTBO TeopeMbl 1 TOJBKO AJIS YACTHOTO
CIyvas ABYX YpaBHEHMIt

fl (xp X5 Yps Yo) = 0,
fz (xp Xo Yps y2)= 0.

Ham Hajo fiokasats, 4To ecam QPyHEKIMHA f, u f, HenpeprisHO

(1"

- M() [{]
InpdepeHINPYEMBL B HEKOTOPOH OKPECTHOCTH TOYKH ={(x,

xg, yf , yg ) € R,, yioBnereopsrouieil ypasaerusamM (1'), u sxobuaH

o of
ay, 6y2 %0 .

2
o o @)
6y1 ¢’7‘y2

0 .
BM", To pas moboro b, > 0 HalieTCHA NPAMOYTOILHHK

A={x-x| <a|x-x] <a]y-3f| <bly-8l| <b} @<y,
3"
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IIPHHAJIEKANNE YKa3aHHON OKPECTHOCTH, U CYIIIECTBYIOT Hellpe-
PBIBHO nuddepeHIInpyeMbie GYHKIIMH

y1=‘|’1 (x]’ x2) AO 4,
Yo=Yo(x), X,) } (x,, x;) € A", (4"

OIIpeeJIeHHbIEe HAa €ro IIPOEKITNH

A:ﬂxl—xfl<a, |x2—x2l <a} (59

TaKHe, YTO OHU YL OBJETBOPAIOT ypasHeHnaM (1) 1 0618 1a10T CBOIA-
CTBaMH

0 0 o0y 0 0 0
h =‘V1(x1’ xz)’ Y, =‘V2(x1’ xz)“
IIpu atom pus (x;, x,) € A°

(JCI, X9y Yy (xp xz)v WV, (xp xz)) € A. (6)

VrazanHble QYHKIUM Y/, \J, — €IHHCTBEHHELIE, OIHCHIBAIO-
INMe BCce pelmeHus ypasHerwmit (1') B npamoyroiasuuke A; uHaye
rOBOpA, €C/IM KaKaA-IMG0 ToUKa (X, X5, Yy, Y,) € A yoBIETEODAET
ypasHeHusiM (1), TO ee KOOPAWHATEI CBA3AHE] COOTHOLIEHUIMH (4').

M3 Toro, uto axkobuan (2') He paseH HYJIIO B M°, clenyer, 4To
OJIMH M3 eI'0 3JIeMEeHTOB He paseH Hyo BM ?. He Hapyimas o6ugHo-
CTH, CUUTAEM, UTO

o #0. (N

dy,

K 3aToMy HepaBeHCTBY ECerfa MOJKHO IIPHMIITH, COOTBETCTBEHHO
TepEHyYMEPOBaB B ciIy4ae HeobxomuMocTH [, f, U ¥y, Yo

Tak KakK YacTHHEe NPOMBBOLHLIE OT f; M f, IO YCIOBHIO
HeIpepLIBHEI, TO CYINECTBYET JOCTATOYHO MaJIad OKPECTHOCTh TOH-
ku M°, na KOTOpoil He TOJLKO siKoGHaH (2'), HO ¥ IPOMUBBOSHAA

of;
—1 pe pasus HyJo. Ho Torpa ans nepeoro ypasuerus (1), ecin
ay,
€ro PacCMaTpPUBATH OTHOCUTEIHHO HEUSBECTHOM DYHKIIUH I/, OT (x4,
Xy, Y,), BEIIONHAIOTCH yciioBHA Teopembl 1' § 8.15. IosToMy ana

moboro by, cylecTByeT NPIMOYTOJILHUK (Y < by)

A ={x-x] <a, w-ul<r} ®

0 ! 0
X=Xy | <O, Yy~ Yy < B,
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H HenpepsIBHO nuddepeHnpyemMan GyHKIMA
Y =@ (x5 Xp 1), ©
(@ % 1) € A = {1 -x| <o, |0~ <o, [y~ 15| <B},
YIOBJIETBOPAIOINAA IEPBOMY ypaBHeHUo (1'):

f1 (2, 290 @ (X4, X5, Y), Yp) = 0, (10)

Te

(% X5 Yo) € A(;’ (X1 X0 @ (2, X5, Ug)y  Uy) €A an

ITpn atom GYHKIMA () eOUHCTBEHHA B TOM CMEICTe, YTO Jo0as
TOUKA (X;, X, Y;» Ys), OPHHAAIEKAINAA K A; H yIOBIETBOPAOINAA
nepeoMy ypaBHeHHIO (17), HMeeT KOOPEMHATEI, CBASAHHLIE PABEH-
cteoM (9); B YacTHOCTH,

v =o(x) %, 13)- 12)

3ameuarnue 2.0TmeTnM, uTO B (8) MBI MOrJTH GEHI Ha mep-
BOM 3Talle paccyxJeHmii cuntats o = B. Ho B gasbHefimeM mpu-
JleTcs IUCTA O, B HECKOILKO yMEHsLIINTh, Booble roBOps, HEnpo-
OOPLMOHATBHO. Y MEHbIIeHHbIEe O ¥ 3 IPUrofHE U AJA paccMar-
PHBAEMOTO IIEPBOTO 3TAIA PaCCYKAEHUIl.

Hrak, Mbl nonyuuis ToxgecTso (10), BepHOe, KaKOBBI GBI HU

0
ObLTH HesaBUCHMELE (X, X,, I,) € A, . Ho aro ToxkpecTso ocTaerca

BePHBIM U €CJIM CUMTATh, HTO I, ecTh Jio0as HempephIBHO Audde-
peHuMpyemas GyHKIMA I, = Y, (X;, X,), TaKasd, OLHAKO, YTOORI

(x5 X3, YW, (x;, X)) € A(; . 13)

Ho raxux QyHKIHI Y/, GecKoHeYHOe MHOMXKeCTEO. Ileis Hauna BRIO-
paThb cCpey HUX TaKyi0, YTOOKI (hyHKIUM

Y1 = @ (1, 2 W, (4, X)) =W (%45 X,), } (14)

Y =V, (X, )
TOM(JECTBEHHO YHOBJIETBOPsAIU BTOpoMy ypasueHuio (1°). Ilepso-
my ypaeHenuio (1') ouu yaxe yaosiersopsitor. UTak, moferasum
HaiileHHy10 (PYHKIMIO (P BO BTOPO€e M3 ypaBHeHMit (1):

fo(xp x5 @ (xp, x5, Y3), ) =0 (15)
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u 6yzieM uCKATh QYyHKITIIO Y, ot (x,, X,), eMy YEOBJIETBOPSIOITYIO.
TTonooxxum

D (xl, Xgs y2) = f2 (xl’ x2: (P(xp Xy, y2)7 y2)'
Gynknua O HenpeprBHO AU dbepeHIUPyeMa s JII0BbIX (x;, X5

Y,) € A(; (cm. (11)). Ora ynoBieTBOpseT paBeHCTBAM

0 0 o o 0 0 0 0\ 0 0 6 0 0
D (xl’ Xys yz) =1, (xl’ xz’q’(xl’ Xy» yz)yz) =f, (x,, X9 Up» yz) =0
(cM. ycoosue Teopemsl 1 (12)). Kpome Toro,
o0
Y

2

# 0.

B camowM nese, na TodeK (X, Xy, Yp) € AO (TlosAcHEHUA HMKE)

o0 _ o dp | aﬁ:é( / ] L 05
ayz oy, Ay, Oy, Oy, dy, ) Oy,

of
of, of, _ af, af)/az: o, ayz o
Ch %L _ %l S _ #0. 16)
(ayl du, ay oy,) u oL |/ %y, (
%y, Oy,

B nepBoM paseticTse (16) nprMeHeHO0 IIPABIUIIO O IPOUBBOLHOM CJI0MK-
HoH PYHKIMN, BO BTOPOM HAaJ0 yqec'rb uTo, coryiaceo (10),

é& /
dy, ay,

KoHeuHo, TaM IZle MBI IUITEM YaCTHbIE HPOMSEOAHEIE OT f; U f,,
CUMTAETCH, UTO OHM BLIYMCISAIOTCH B TOUKAX X) = X, Xy = Xy, Yy =
=@ (x,, X5 UYy), Y, = Y, Broceznem coornoennu (16) Hago yuecrs

@) u (7).

Mer BupuM, ITO JleBas YacTs ypaBHeHws (15) ynoBjeTBOpseT
BCeM ycJIoBHAM Teopemtr 1' § 8.15. IToaToMy B DpAMOYTOIEHIKE A(:
(cM. (9)) HalineTca HOBLIHA, BOOBINE rOBOPS, MEHBIIMEL IPAMOYTONE-
HMK, KOTODELl MBI CHOBa 0G03HAYHM Uepes A‘; (cM. BhliIle 3aMeUaHHe
2), u HaiifieTea HenpepsiBHO gudxbepeRnupyeMas QYHKIMA

Yp=Va(a. %), (4, x) € A= ﬂx,—xf, <a, ﬂxz_xgl <a }-,

(x1’ xzr wz (xlr xz)) € AO] ?
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VZIOBJIETBOPAIOIaA ypasHeHuIo (15):
D (23, 20 Wy (24, X)) = f (21, X0 @ (%, 2, W (X5, x_z))» W, (X, X)) =
=Fy (), Xg Yy (X5, X5), W, (2, x,)) =0,

0 1) 0
(1, %5) € A%, (13, %, W (51, 1)) € A2, W, (31 25)=15.

0
IIpu srom mobas Touka (x,, Xpul) €A | » VAOBJIETBOPHIOLIAsi yPaBHe-
HHIO (15), MMeeT KOODAWHATEI, CBA3AHHEIE PABEHCTBOM I/, =\, (¥X;,
x,). Ho Torpa BeImonHAercs Takoe coorHomerue {em (11)):

(%15 X5 Wy (X5 Xp), Wy (5 X)) € A,

Hrak, noxasaHO CylnecTBOBaHHE HeNpPEPLIBHO Aub(epeHI-
pyeMbeIx QyHKITHIT

Y=y, (%1, x,), A°
y2= \Ilz(xp xZ) } (x], x2) € 1)

YAOBIETBOPAIOIGUX 0GouM ypaBHerusM (1) u npurom Tak, uro

%= wx ®) =yl x).
ITpu aTom

(215 X5, Wy (1, X5), W5 (X4, X5)) € A amn

4 jnobas TOUKa (X, Xp, Yq» Ys) € A, yAOBIETBOPAIOMAs YDABHEHN-
am (1'), umeer Bua, Kak B (17).
Ilepexon o1 A; K A MOMHO OCYIECTBUTE € IIOMOIIEIO 3aMeTa-

Hud 1.

SaMevanue 3. YKaxeM cnocodb HAXOIKAEHNI YACTHBIX
oy, )
ox,

ITycre Bece yenoernsa teopemsr 1 grinonnersl. Torga, Moa-
crapnas QyHkimu y; = Y, (x) B (1), moaydrm cucremy ToxK-
ZeCTB:

MPOUSBOAHEIX

fi(6 v, (%), o ¥, (x) =0,

T (6, Wy (), oo Y (x))= 0. } 18)
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Huddeperiupys 0o x, Kaxknoe TOXAecTBO cucTeMEl (18)
KaK CJIOKHYIO QYHKIIHIO, IOJYUYHM:

o oy, | oy,

Ox, 6y1 6x 6y ox,
19

Qf&+—a£§wi+... of, Ny, =0.
ox, oy ox, dy, ox,
Cuctema (19) aBiferca muHeHOM OTHOCHTEILHO HeH3Be-
Oy, oy, .
CTHBIX HPOM3BOJNHBEIX —-=—" (j=1, ..., m). Oupegenurenem
ox, Ox,
ee siBjisieTcs AKOOMaH

D(fy s £)
D(yp = Up, )

IToaromy cucrema (19) uMeer egUHCTBEHHOE pellleHe:

3, Dfyef) D, f)

6xk D(xk) y29 ensy ym) D(yl’ hiatd ym'), ".,
%_ D(];, weny fm) D(fl., anay fm)

8%, DYy wor Yy pp %)) DWys oo 4,)

§ 8.18. OroOpaskenus
ITycTe 3agaHa cCTEMA HEXIPEPEIBHO AudrbepeHIUpyeMBIX
dyEKITII
U= 0;(®) =0;(x}, - x,), x€Q(=1,...,m), )]
rae {0 — OTKDLITOe MHOMKECTBO TOUEK X = (x5 « x,). Bynem

roBOpHUTL, uTC cHcTema (1) onpenensier Henpepul6HO Jug-
Qepenyupyemoe omobparcerue

y=Ax,x € Q, an
MHo3KecTBa () Ha HeKOTOpOe MHOXecTBO () ToueK ¥ = (Y;, -.-,

Y,,)- Byzewm einje mucate Q' = A () u massmats Q' 06pazon Q,
a Q — npoobpasomn ) (mocpencTBoM oTOGpaXkeHus A).
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Hapany c A paccMoTpHuM APYroe HellpepPbiBHO Auddepen-
mupyeMoe otobpakeHue B:

zZ=y;®) =y, -y )y eA(j=1,..,m)
OTKPEITOTO0 MHOXecTBa A TOUeK y HAa HEKOTOPOe MHOKECTEO
TOYeK 2 = (2,, ..., Z,,)- Takum obpasom, z = By, y € A.
0
3ameuasne. OTMeTHM, UTO eCIU X € Qny0=Axoe
€ A, To B cuny HelpepHIBHOCTH A HalijleTcA OKpecTHocT: V
x
0 .

TOYKM X , 06pas3 KoTopoil nocpencteoM A nmpuHagIeKuT & A.
VYmensbiman €, nonoxus ) =V, nomryuum Torga, uto ) < A.
x

Ecnu€) C A, To uMeeT cMEICT CIO¥HOE HEIPePLIBHO HH-
depenupyemoe orobparkerue 2z = BAx, x € €2, onpepeasemoe
paseHcTBaMU 2; = Y; (@, (%), -.., ¢, (X)), x € Q (=1, ..., m).

HAxobuaner orobpasxenuunii A, B, BA cBA3anb 3aMeua-
TEJILHEIMH DABEHCTBAMHU

Dy v 2,) |02 |02, 2, _|oa oy, |
D(x, ..., x,) |0x;| |50y, 0x;| |8y,||0x

_ D@y s 2,) Dl - Uy)
Dy —» 4,) Dy - %,)”

ZOKA3aTeJIbCTEO KOTOPBIX, KAK MBI BMIUM, OCHOB&HO Ha IpHU-
MeHEeHEMH (GOpMy Il HPOM3BROLHOM OT CIOKHOM (GYHKIINU U Ipa-
BHUJIA YMHOMKEHHSA ONpenenuTenei.

B uvactHOCTH, eciuB obpaliaerA Ha MHOYXeCTBE TOYEKX €
€Q, 1. e.x =BAx, x € (), ecTb TOXKJeCTBEHHOE 0TOOpasKeHue,
TO B CHJIy TOI'O, YTO ero sikoOmnaH paBeH 1, noayuum Gopmyiry

2

D y =ee3 y memy
1= D& %) Dl s ) ) 3)
D(y, ... y,) D(x, ..., x,)
Bynem Teneps cuutath, UTO onpejeiisieMoe paseHcTBaMu (1)

HEIIpePEIBHO nuddepeHIIpyeMoe OTOOparKeHue |y = Ax MMeeT
AKOOUaH

D(yp hd ym)

20, xe€Q,
D(xp eeey xm)
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T. €. He PaBHBII HYJIIO BCIOAY HA OTKPEITOM MHOXecTBe ().

ITpuBeneM 6e3 MOKA3ATENLCTBA CIEAYIOMI{HE CBOMCTBAL

1) &' = A () — oTKpBITOE MHO>KecTEO (BMecTe ¢ (),

2) ecsin 0 — o6sacTs, To u ¥ — obnacts,

3) otobpaxkenue A JOKAJILHO B3aHMHO OFHOSHAYHO, T. €. Ka-
KoBa Okl HM GbL1a Toura x’ € (), HaiineTcs wap V c Q ¢ neatpon
B Hell Takoii, YTo oTOOparkeHre A, paccMaTpUBaeMoe ToJIbKO Ha V,
B3a¥MHO OZHO3HAYHO.

CsoiicTBo 3) yTBepXKAaeT TOJBKO JIOKAJBHYIO B3aUMHYI0
O HO3HAYHOCTE. I'I06aILHOMA B3aMMHOIT OLHO3HAYHOCTH MOMKET H
He 6piTe. Hampumep, npeobpasosasuue x = p cos 6, y = p sin 6
HOJNAPHLIX KOOPOUHAT TOYeK ILIOCKOCTH B leKapTOBH npu p >0
¥ npoussoibHoM O HempepriBHO gubdepeHIUPYEeMO U HMeeT
TIOJIOXKUTENILHEIM AK06KaH, papHbil p. OHo oToGpakaeT TOUKH
P, 0) (p> 0, —0 <0 < ) maocckoctu (p, 6) B ToukU (x, ), oTHY-
HBIE OT HYJIEBOH TOYKH, JIOKANLHO B3AUMHO OZHO3HAUYHO. OgHAKO
KAXJ0# TaKoH Touke (X, i) COOTBETCTBYET XOTHA K OLHO P, HO
GeCKOHETHOe YMCJIO PA3NMUYHEIX 3HaueHuit 0, orsimuaromuxcs
Mex gy coboit Ha 2k (B =1, £2, ).

§ 8.19. YcixoeHEIi (OTHOCUTEILHBIN) IKCTPEMYM

Paccmo'rpmvx B OpocrpancTee B, pyuknuo u = F (x, y) =
=x*4 y C reomMeTpuyecKoil TOUKY 3peHNUs 3TA GYHKIHA TIpes-
cragisieT coboii KBafpaT PacCTOAHUSA TOY-

';/m ir ku P = (x, y) or HayaJjia IPAMOYTOJILHOM
Ahords CHCTEMEI KoopauHAT X, . OHA He uMmeer

HaubGonwlero saavenus 8.1,. Ho ecmee
pacCMaTpHUEaTh TOJBKO IJIA TOYEK (X, y)

2 2
anmunca G (x, y) = x—2+v";3 -1=0(®>a)
a

TO SICHO, YTO OHA IOCTHUIaeT HaubOoNbIiero
sHavenus B Toukax Py = (0, b) u P, =(0,-})
(puc. 101).

A Taxum ob6pasom, dyukuusa u="F (P),
paccMaTpuBaeMas Bo Beeil rnockocTuR,,




§ 8.19. YCJOBHBH (OTHOCHTENBHLIH) 3KCTPEMYM 417

He MMeeT HauboJIbImero 3HaAYeHUsA, HO 3aTa XKe Q)YHKI.LPIH IIpHu
yCJIOBHM, YTO TOYKA P HaXOAHUTCHA Ha 3JIIMIICE, IDMHUMaeT Hal-
Gonellee 3HaYeHMe (OBa pasa).

OTa CUTyallds HPUBOJUT HaC K 3ajade 00 OTHICKAHUY 9K-
crpemyma GyHKIIMU IIPH YCJIOBUM, UTO €€ APryMeHTE! YJOBJIET-
BOPSIOT HeKOTOPHIM JOIOIHUTEILHBIM orpanmdenusm. Urax,
nycTh faHa QyHKuusa

U=F(P)y=F(xy, ..., X» Y1 =--2 Yy,)
ot n + m nepemennsiX. Tpebyetcsa HaiiTH sKcTpeMyM GYHKIUH
F (P) npu ycnoeuy, 4TO IiepeMEHHBIE X;, I, CBA3AHBI /711 COOTHO-
INNeHUAMH

G (xXy0 w0 X0 Yy =002 U,) = 0,

€y
Gm (xl’ cany xn: Yys =oes y,,,) = 0)

KOTOpbIe OOBIYHO HABKIBAIOTCH YPABHEHUAMU CEA3U.
Cucrema ypaBHenwmii (1) ompesiensier g npocrpascTeeR,
BOOOIIle NOBOPS, HEKOTOPOEe MHOYKECTEO, KOTOpOe MbI Oynem

HA3EIBATE NLOGEPXHOCMbIO.
0 0
Onpepenenue. ByneMm roropurs, uyro Touka P = (X, ,

ees xg, y:) s aaes y:, ), yooBietsopsiomas ypapaeausam (1), spna-
eTCH MOYKOU NOKANLHOZ0 YCN06H020 (OMHOCUMENbHOZ0) MAK-
cumyma (munumyma), ecaiu B R, 3 OKpPECTHOCTH TOUKH P°
taKasd, 4ToV P 13 sT0i 0KPECTHOCTH, yAORJIETEOPHIOLINX YpasB-
HeHHUAM cBA3H (1), BHIIOIHAETCSA HEPABEHCTBO

F(®P)<F@®% (F@®) =F@®").

Touxa JOKaJILHOro YCJAOBHOIO MAKCUMYMa WX MHHHMY-
Ma HA3BLIBAETCH MOYKOI JOKANbHOZO0 YCNOEH020 (OMHOCUIMeNb-
HOz0) 3Kcmpemyma.

B paccMoTpeHHOM Bhine mpumepe Touka Py = (0, b) saB-
JIfleTCs TOYKOM YCJAOBHOTO JIOK&JILHOI'O MaKCHMyMa, TAK KaK
AJA BeeX TodeK P, nexxamux Ha aJuunce, U (P) < u (Py).

3aiiMeMcs cHaYaJia BhIsICHEHHEeM BOIIPoca 0 HeoOXOomUMBIX
YCHAOBUAX, YTOOEBI TOYKA P° 6b11a TOYKOH JIOKAJILHOTO OTHO-
CHTEJLHOIO 3KCTpeMyMa. ITycrb P’ — Touka YCI0BHOTO aKCTPE-

14. 3axas 704
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Myma M QYHKUuE G, .., G,,, IMeOT HenpephIBHBIE JACTHLIE
IIPOU3BOJHEIE H IKOOUaH

DG, G,) @
Dy y)

B OKPECTHOCTH 3TOH TOYKH.
Kax Ham usBecTHo, cucrema (1) pasperrnma oTHOCHTEND-
. 0
HO IIEPEMEHHEBIX Yy, ..., Y,, B HEKOTOPOI OKPECTHOCTH ToUKU P':

Y=0,(xy ..., x)  (i=1,...,m),
rae QyHKIHHQ, (X4s-ees X,,) UMEIOT HellpePBIBHEIE YACTHEIE IIPO-

u3BoAHEE B Touke M° = (xlo, vors xf:).

HoacraBras sty GysErmmm ¢; B F, monyunm, uro F Gyner
dyHrnVell TOIBKO OT N MepeMeHHEBLIX Xy ey X, HEBABUCHMEIX
Mex 1y coloii:

F(xy, -0y x,, @ (Xps ees X5 o0ey @, x5 e x)) =
=0 (x;, ..., x,). 3)
OueBuano, uTo ecnu F focruraeT JIOKaIbHOTO VCJIOBHOTO
skcTpemyMma B Touke P°, 1o @ (x1s s X,) BOCTUTAET B rouxe M’ =

= (xlo 3 ees xﬂ) O0BIYHOIO JIOKAJILHOTO 3KCTPeMyMa, MM, KK
FOBOPAT, abCOMIOTHOTO JIOKAILHOIO 3KCTPEMyMa, ¥ 0GpaTHo.

Ho Toraa, xax Mel 3HaeM, AOJDKHEBI BHIIOJHSATHCH pa-
BEHCTBA

oe(ar)
ox,

1

=0 (i=1, ... n) um ddM=3Lax -0, @
= Ox,

rae dx, (i = 1, .., n) — nuddepeHIINANE] HE38BUCHMbIX nepe-
MeHHBIX.

Toury P’ = (x,o, vees x:, yf, . y?n), A5 KOTOPOI B CHIY
(1) (umu (3)) BrImoNHAW0TCH (4), ByneM HA3LIEATH cmayuonap
Hoil mouKoil pynryuu F npu naruyuu ceaseil (1).

0 0
M= gorasanu, urodas mozo, umobv: mouka P = (%5 .oy

0 ] .
x,, y;] s wees Yp) ObLIGA MOUKOLL NOKANLHOZO YCAOBHOZO FKCMpE
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Myma, HeoOxodumo, umolGsL OHA Gbitlla CMAYUOHAPHOL MOYKGil
F npu nanuxuu ceaszeii (1).

JasbHeilllive HAIIIM PACCMOTPEHUSI OTHOCATCS K BOIIPOCY
0 TOM, KAaK HaliTH YKa3aHHYI0 CTAIIHOHAPHYIO TOUKY, He paspe-
mad cuctemy (1) OTHOCUTENBHO MEPEMEHHBIX Yy, - Yy, XOTH
cymiecTBOBaHNe QYHKIHHA Q,, ..., P, MI:I OyzieM IIpeATIONIATaTh.
Bynem nucars (F),, (), BMecTo F P9, ) oo,

B cuny nEBapuanTHOCTH GOpMEI AUPPepeHIINaIa IePEo-
ro mopsaAKa ycJIoBus (4) SKBUEAJIEHTHEL YCJAOBUSIM

dd (M®) = dF (P") = 2[61; J dx,+ Z[SF ) dy,=0, (5)
0

=1 i=1 /0
rze BXogsamue B dF sapucumeie suddepennuanti dy,, ..., dy,,
COOTBETCTBEHHO PABHDI

n aq)
dy, = (——”—) dx k=1, ..., m).
k ; axi A i ( )

9tu auddepennuanbl BMeCTe ¢ He3aBUCUMBIMU Iuddeper-
muanamMu dx,, ., dx, CBA3aHBI COOTHOLICHUIMH

dG, (P%) = 2( ]d +Z[ dek=0(i=1,...,m),(6)
yk()

i=1 k=1

KOTOpBIe MBI IOJIyYaeM U3 YPABHEHWI CBA3H.
Hrak, cranuopapHas ToUKa GyHKIUAF 1py HAITYHY CBSI-
3eii (1) moaker OBITH ONIPEIeJIeHA TAKMKe KAK TAKAA TOUKA pP’=

= (x:) s eens x:, y,o g weey y:;), YZ0BJETBOpsAOIAas ypasHeHnam (1),

YTO /715 Hee BRIOJHAKITCS paBeHCTRa (5) 14 Beex dX,, .., dX,,

dy,s - dy,,, A1 KOTOPBIX MMEIOT MecTo paBeHcTBa (6).
Bregnem (1 + m)-MepHbIe BEKTOPBI

grad, G, = grad G, (P*) =

oG, G\ (8G, oG, _
(@)L o

oF F oF éF
e =gmar = (). (): (5] (52))
dz =(dx,, ..., dx,, dy,, .., dy, ).
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Ha sa3kike 9THX BeKTOPOB ypaBHeHMA () u (6) moxno 3a-
HHCaTh Yepes CKallsipHEIe IPOU3Bele N

(grad, F, dz) =0, (5"
(grad, G, d2)=0 (j=1,...,m). (6)
M&1 oy, ‘ITOTO‘H{aPO=(x:], cees xg, ylo, ...,y:,)ec'rb

CTalluOHapHas TOYKA NPy Haluuuy cesaseil (1) Torma u TonepKo
TOIZi#, KOIJia OHA YHOBJeTBOpAET ypaBHenusM (1), u ecnu us
TOro, 4To Kakoii-mbo seKTop dz opToronanen K rpagveHTam
grad, G, ...,grad, G,, ciexyer, uTo oH OpTOrOHANEH rxgrad, F.
Ho B Takom cny4ae (mosiceenns HHXKEe) CYIIeCTBYET ¥ IIPHTOM
eUHCTBeHHAA CHCTEeMA YHCeN A, ..., A, TaxKas, 4yTo

grad, F = gkkgradoG : 7

O6paTHOe yTBEp)XJenue Toxe BepHo. Eciu HM3BECTHO, 4YTO
grad, F ipu HeKOTOPBIX TUCHaX Aqs «ees A MONKET GRITH DpeEA-
cTasneH B Buje (7), T. e. B BHAe AMHeHHONA KoM6uHATHH rpagu-
enros grad, G, (k= 1, .., m), To OTCIOZia HEMEAJIEHHO CIeAYeT,
YTO KaK TONBLKO KaKoil-mubo BekTOp d2 OpTOroHaseH K Irpaau-
enTaMm grad, G,, OH aBTOMaTHYECKH OPTOrOHAIEH K grad, F.

Y6eanThes B BepHOCTH O6PATHOrO YTBEDIK AEHUA He pex-
CTaBJjiAeT HUKaKoro Tpyaa: us (7) u (6') cremyer, uto

(grad, F, dz) = (ixkgrado G,. dz) =

=]
= YA, (grad, G, dz)= 32, 0=0.
k=1 k=1

Y970 3xe KacaeTcsi NPAMOro YTBEePIKIAEHMS, TO MBI colzem-
Cs1 Ha TeopeMy 43 nuHeitHol anredper*. Bee xe crenaem nosc-
HEHHA.

Ilycre L ecTs nuneiinoe TIOATIPOCTPAHCTBOR, ., HATAHYTOE
Ha BeKTOpHIgrad,, Gj (=1, ...,m), T. e. MHOKeCTBO TMHEHHBIX

* CM. Hamy KHHrY « Bricuas MaTeMaTHKa. DJIeMeHTH anHeiiHoH anre6par
Y AHBJIMTHYECKOH reomerpuns, § 19, Teopemnl 1, 2 u cneacteue 1.
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Kombraanuii Buia (7), COOTBETCTBYIOLINX BCEBO3MOMXKHBIM CHC-
TEMaM 4ucenl,, ..., A . BeeseM nognpocrpancTeo L' BEKTOPOR
dz, oproronansmee k L, T. e. L' cocTout U3 Beex BeKTOpOB dz,
OPTOrOHAJILHBIX K L, MJIM, 4TO BCe PABHO, OPTOrOHAJILHEIX K
sexropam grad, G;(j = 1, ..., m). Ecnu* L' oproronaneno k L,
10 U, 06parHo, L oprorosaabrao k L', 1. e. L cocTouT 13 Beex
BEKTOPOB, oproronaiabHeix kK L'. Kak 6bLn0 ckasaHo B cTamnuo-
HapHOH ToYKe P°, rpagueHT F opTOroHaJIeH KO BCEM BEKTOpaM
dz, opTOroHANLHEBIM K IpaIUeHTAM G, T. e.rpaauentF oproro-
Hanen K L'. Ho Torga mmo ykasauHoii reopeme rpaguent F npu-
HaJIeXRUT K L, TakumM 06pasoM ecTh HEKOTOpaA JUHeHHAS KOM-
OuHAIIUA U3 IPagueHTOoB Gi’ eAVHCTBeHHAs] AuHeHHas KoM-
O6MHATIMA, DOTOMY YTO FPaJNEHTH G; (= 1, ..., m) obpasyior
JNUHEIHO He3aBMCHUMYIO cucTeMy B R Heno B Tom, uTO MaT-

n+m*
puna 13 yaCTHBIX NPOM3BOAHBIX (I)YHKI.II/Iﬁ Gj

G, 0G, 0G; oG, |
ox, ox, oy, dy,
oG,  9G,8G, &G, ®)
ox,  ox, 8y, oy,

uMeeT B okpectHOCTH Touku P® panr m, notomy uTo Mbt npep-
TIOJIOXKUJIH BEPHBIM yclloBue (2), HO Torga CTPOKM 9Toi MaTpH-
1Ll COPEeAERsIIOT BEKTOPDI (FpafilieHThI), 00pasyole ANHeHHO
HE3aBHCHMYIO CHCTEMY*¥*,

Ws ckasanHOro ciefyer, 4TO CTAIMOHAPHYIO TOUKY (DYyHK-
nuu F npy sanuauy cBsseii (1) Mo3KHO onpe/ie/ TS ellle N TakK;

0 0 0 o 0
amo maxas mowka P =(X, ..., x_, Y, » .-, ¥,, ), yOoenemeops-
wuan ypasrenuam (1), das xomopoi epaduenm F ecmb nuneil-
HaA KoMOuHayua u3 zpaduenmos Gj G=1,...,m)

grad, F =) A, grad G,. )
j=1
MoskHo elje cKasaTek TaK: 044 mozo wmobvl mouka

PO:(x:)’ o=y x’ol, ylo’ aasy y?n)

* Cm. Teopemy 1 § 19 ykasanHoii BHIIIE KHHUIH.
*% Cm. § 13 yxasaHHOM KHHTH.
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bvLna cmayuonaphoil Oas ynryuu F npu nanuyuu cesseii (1),
Heobxofumo u docmamouno, wmobvt ONA Hee cywecmeosany
uucna Ay, .., A, 014 Komopwix evinonnsemcs pasencmeo (7).

Tax kaxk paHr MaTpullsl (8) B ToUKe p° PaBeH m, TO Kax-
Jioil cTallMoOHAPHOI TOYKe COOTBETCTBYET €[HHCTBEHHAA CHCTE-
Ma yMCenA,, ..., A, 8 KOTOPBIX ¥MEET MecTo paseHcTso (7).
PaBenctro (7) 3KBUBaNEHTHO CASYIOLIEMY:

grad, [F— }"ixlci] = 0. ©)

=1
DYHKINIO, CTOALIYIO IIOK 3HAKOM TpafineHTa B (9)

LEP.N=FP)-316@E). =0, ... )),
=

HasbIBAIOT yHryueil Jlazpanica, a yiucna )\.]. MHOMCUMETAMU
Jlazpanca.
SanumeM ycuoBus (9) B pasBepHyTOM BUE:

oL _ oF Z _l__O (=1, ., 1),

ax]. ox; 5 ' ox;

OL _0F by 6G =0 (k=1,.,m
dy, oy, ZI: ' oy, ¢ - m)

(9"

Borpoc o BaxoxmeHuM cTanuoHapHLIX ToueK F npu ma-
mrauy cesaseil (1) cBencs K peHIeHnIo CHCTEMBI, COCTOAMIe u3
ypasuenuii (1) u (9)).

PesioMmupyem ckasaHHoe.

Y10661 HANTH CTAIMOHAPHYIO TOUKY

[$]
PO (2] voes 205 4y woes W)

¢yaxkunu F npu manuwyny cBsseil, HaA0 COCTABUTE (PYHKIIHIO
Jlarpasxa u cucreMy ypasueHwuil (9') u pemuTh 3Ty cHCTEMY
COBMECTHO ¢ ypaBHeHUAMY cBaA3H (1). Beero saecs 6yaern + 2m
VYPABHEHMI €71 + 2 HEUBBECTHBIMU X5 «euy Xy Yo woes Ypis Mgy oens
A,,. Ilpy 3TOM pelllenye CHCTEMBI OTHOCHTENbHO X, ¥ y; macr

0 0 4] 0 .
TOYRY (X, -.., X5 Yy 5 --es Y,,), KOTOpas 6yner craruonapHoi
TouKoH. TouxH IOKATBHOrO YCI0BHOIO JKCTPEMYMA HAXOZSIT-
Cs cpejy CTAaIlMOHAPHBLIX TO4YeK. BEICHeHue Bonpoca o TOM,
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6yzer Ju Ha CaMOM Lesne CTAIJMOHADHASA TOUKA P° Touxoi yc-
JIOBHOI'C 9KCTPEMYM4, YI0OHO NPOBOAKTE, PACCMATPHBAS BTO-
poit pudepennuan dyuxnun Jlarpamxa. Ipu BeiacHenun
snaka d°L (PO, A) Hy»KHO Y4MTBIBATbH, YTO AM(dHEepeHIHATLL
dy, saBucsar ot nudpeperuranos dx,.

IIpumep. Ilycre Ha nnockocTr xOy fana durypa, or-
PaHMYEHHAS OCAMM KoopauHar M napabonoit y + ¥-3=0

(0 € x < +/3). Buucars B a1y burypy nps- Ih
MOYTOJABHMK CO CTOPOHAMM, NapaiajelbHbl- J
Mi OCAM KOOPZMHAT, OfiHA U3 BepmMuA M = g
= (X, y) KOTOpOre HAXOAWTCA Ha 9Toil Iapa-
Gone, Tak, 4TOGHL ILJIOILALb IIPAMOYTOIbHM-
Ka 6pina HaumGonseii (puc. 102).
Pemewnue. Ilycte x uy — Koopauna- 72l A B -
TH BepIinuubl M. Torza mwroiass npaMoyrois-
HuKaS = xy.[lanee, Tak Kak ToukalM nexur
Hanapaboue, To ee Koopzmﬂa'rm JOJIXXHBL YAOBIETBOPATH YP&B-
HEHWIO Napabonpl:y + x*—3=0. Taxum obpasoM, MBI [OIKHEL
MCCIIeiOBATE Ha chIOBHI:II/I JKCTpeMyM QYHKIMIO S = xy npu
HAJITINY CBA3N Y + x*~ 3 0. CocraBum ¢pynxiuno Jlarpamxa
Lx,y,N)=xy—-A@y+ x- 3). Hadizem cTaruonapHbie TOYKH
33JaYM U3 YpaBHeHMIT

Puc. 102

OL _y_9x=0,
ox

i:x—kzo,
Oy

y+x2—3=0.

Pewas sty cucremy, Haxogum, yrox =1, y= 2, A = 1. Takum
obpasom, Touka (1, 2) craunoHApHAA M eil oTBeYseT MHOMKH-
Tesn Jlarparika A = 1. Hcenenyem B cranyosapHoil ToYKe BTO-
poit muddepenuman pynknun Jlarpanxka
Lx,y,D)=xy-y—-x*+3.
Nmeem
&L (x, y, 1) = L;;dxz + 2L dxdy + L',dy* + L d’x + L dy,
y

e IIoCIiefHe NBa WieHa B npaBoﬁ 4acTH BOSHHKAIOT IOTOMY, UTO
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Anddepeniuane: dx 1 dy 3aBucUME! 1, BoobIe roBops, dox # 0,
dzy # 0. Onnaxo B cranyonapHoii Touke (1, 2) %L— = QL =0.
. x oy
IloaTomy
d&°L (x,y, 1)= L;’zdxz +2L,dxdy + L, dy® = 2dx (dy - dx).

Ecnu cuurate dx n dy kax muddepeHnmansl He3aBHCHMBIX
nepemeHHbIX, Tod L (x, Y, 1) He sBNsieTCA ONpEneneHEBLIM O
snaky. (OfHako u3 ypaBHeHud CBSISH BUAHO, 4T dy = —2xdx
u B Touke (1, 2) dy = ~2dx. Takum obpasom,

d’L(1,2,1)=~6dx* <0 (d*#0),

a cnefioBaTelIbHO, ¥ upupaenne pyaxiuulL (x, y,A) B Touke
x=1,y=2, A =1, cooTBeTcTBYyI01I1CE IpHUpaINeHuIo X, pas-
Homydx # 0, menbme nyns (AL (1, 2, 1) < 0). BuauuT, pyux-
uua S = xy umeer B Touke (1, 2) noxaabHLIH YCIOBHBIH MaK-
CHMYM.

Wrax, us Bcex NPAMOYTOJILHMKOB YKA3aHHOTO BYUA HAH-
6GONBITYIO IO b MMEeT IPIMOYIOALHEK CO croporaMn QA= 1,
OB=2.



I'JTABA 9
PSAbI

§ 9. 1. IlonsiTre paga

Buipaskenme
Ug+u + U, + ..., ¢))

TAe uucna u, (v1enst pada), Boobme KOMILJIEKCHBIE, 3aBHCHT OT
unfexcoB k=0, 1, 2, ..., naspiBaercs padom. ITomy BbIpae-
HUIO Mbl He IPHIHCAIH HHKAKOIO YUCIa, II0TOMY YTO CIOKe-
Hue 6eCKOHEYHOro YKCIa CIAraeMbIX He HMeeT cuMbicaa. Pap (1)
€llle 3aIMCHIBAIOT TAK:

2=, (2)
k=0 0
Idra YHMCTO (hopMasIbHAS 3amHCh 4acTo Gonee yynobHa, uem 3a-
mies (1).
Yucina

S,=ugtu+...+u, (n=0,1, .er)

HASBIBAIOTCS N-MU HACMUNHbIMU CyMmamy pada ( 1).
IIo onpepenenwuio pag (1) cxonures, ecom CYHLIECTBYET

limS =S.

n—oc
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B aTom cnyuae nummyt

S=uy+uy +uy+ .=l (3)
k=0

M Ha3BIBAIOT S cymmoil pada, T. e. Beipaskenuam (1) wm (2)
npumiIckIBaeTcs yKeno S. T'oBopAT ewe, uyro psax (3) exodumes
K S.

3amMeuanue. PaBercrso imS, =8, rpe S, u S — xom-

n—w
NeKcHbIe, OOPENe/lfAeTCsa TaK e, Kak JUIA KeilcTBUTenbHBIX
S,, S, r. e. ono obosnauaer, wroVe > 03IN:|S, - 8| <& Vn >N.
3nece [S, — S| — mMomysL PasHOCTH ABYX KOMIUIEKCHBIX YHCEI
S, S.J1151 KOMOIEKCHBIX ITepeMeHHbIX JOKA3BIBAETCS B TOYHO-
CTH TaK e, KaK /A JeifiCTBUTeLHEIX IIepeMeHHBIX, YTO Ipe-
J€J CYMMBI, DA3HOCTH, IPOM3BEIEHUA 1 YACTHOTO NepeMeHHbIX
u,, U, PaBeH COOTBETCTBEHHO CyMMe, Pa3HOCTH, IPOM3BEJeHHIO,
4YaCTHOMY IIPEJEJIOB 3THX IepeMEHHBIX ¢ 00BIYHOM OTOBOPKOIL B
caydae gyacTHoro (lim v, # 0).

B cuny yenoeusa Ko (BepHOro u Ans HocjaenoBaTemNb-
HOCTeil KOMILIeKCHBIX 4ucen), a4 moeo wmobst pad (1) cxo-
duncs, neo6xodumo u docmamouno, wmobvl A 6caxozo € > 0
Hauinoce maxoe N, wmobut daa 6cex Hamypanvibix n> N u
2100020 HAMYPALLHOZO P BbINOAHALOCH HEPABEHCMEBO

[ty + oo+, =18, ,— S | <&

n+ip n+p

Orciopa B yacTHOCTH (HONaras p = 1), caexgyer, yTo eciiu
pax (1) cxomntes, To ero obnuit YleH CTPeMMTCH K HYRIO:

limy, =0. @

n—oo

Ho ycnosue (4), 6ynyun HeobXoguMbIv, He ABIASTCS 0CTa-
TOYHBIM IJISI CXOEUMOCTH pAfa, Kak 370 OyieT BUIHO U3 Aallb-
HeHIINX NpuMepoE.

Paccmorpum elue pan

Red
UpatlUpgt...= Zun+k (5)
k=1
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Tak kak ycaoene Komu cxoxumocty psagoB (1) u (5) dop-
MyJIMpYeTCs1 COBepHIeHHO OAMHAKOBQ, TO OHU OJHOBDEMEHHO
aubo cxopared, aubo pacxopsres (He cxonsaTesi). Ecam onu cxo-
IATCS, TO cCyMMa psifia (D) paBHA

1im¥ u,., = lim (S,.,, - S,) = S-S,
m—'wk=1 m=—o

Pz (5) Ha3BIBAIOTOCMAMKOM NI OCMAMOYHBLM YACHOM pada
1)-

Ecnu unens! paga (1) meorpuiarenbHel (TaKUM 06pasom,
el CTBHTENLHEL), TO €ro YaCTHYHEIE CYMMEI 06pasyIoT neyon!-
BAIOIYIO MTOCIeHOBATENLHOCTE S, £ S, < §; X, ..., nosTomy,
€CJIH 9Ta TIOCJIeIOBATeNLHOCTL OrPAHNYEeHA

S, <M (n=12..,

-

TO PAJ CXOAUTCHA M €r0 CyMMAa Y/IOBJIETBOPAET HePABEHCTBY

lim S,=S < M.

n—o

Ecau »xe ona HeorpaHHu4YeHa, TO pAl PacXoauTCHA:

lim S, = o0,
B stom cayuae ooyt
Zuk = 00,
=0
IIpumep. Pag
1+z+2°+... (6)

HMeet (p 2 # 1) yacTuunyio cymmy S, (2) = (1 — z"“)/( 1-2).
Ecaulzl< 1, o |2"|=2"" u 2" — 0 (n— o). Taxum o6pasom,
pan (6) cxopuTesi M MMeer cymMMy, paBHylo (1 — z)'1 HA OTKDBI-
rom kpyre |2z < 1. Ecan ke |z| 2 1, To pan (6) pacxoamTes,
IIOTOMY 4YTO B 9TOM CJIydae ero ofLiuil uineH, MMeIOHMil Mo-
Iyib, He MEHLINHY eauBUNH! |2°| 2 1, He CTpeMHTCS K HYJIO
npu n — 0,
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§ 9.2. Heco6eTreRHDIIH HMHTerpaj M pan

Paccmo'rpnM HHTEerpaa

[[E%E 1)

MIMeIOmui eAMHCTBEHHYIO 0COOEHHOCTE B TOUKe b. Ilycrs
a=by<b <b,<..<b,b,—b.
- Torpa MoXkHO onpesemuTs psg,

o0

]lf(x)dx + Tf x)dx + ... = Z 1 lfdx, 2
By B

k=0 b,
k-it wien KOTOpOro paseH

By
u, = I fdx.
by

Teopema 1. Ecnu unmezpan (1) cxodumes, mo cxo-
dumesn maxace pad (2) u umeem mecmo paserncmeo

oo Brit

jf (x)dx =20: ff dx. 3)
a b

HeiicTBuTenso,

n Ors1 bnay b
i3 fr e i Tra = .
0 o b a

b

Ecnu f neorpunatensna ua [a, b), To 1, Haobopor, 13 cxo-
AMMOCTH PsAa (2) CiefyeT CXOANMOCTh MHETErpass (1). B camom
Aene, MyCTh PAJ CXOAWTCA ¥ MMEET CyMMmYy, paBHyio S. Ilna
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moGoro b, rae a <b' < b, moxkHo yKasarts Taxkoe n' = n (b'), uro
Vn>n', b <b,. [losromy, yuuTeiBas, uto f (x) 2 0,

¥ b n=181
[fax < [fax =% [rax<s,

a k=0 b

T. €. HHTErpaJ B JIEBOM YAaCTH OrpaHHYeH H, CJEeH0BATeJbHO,
HecoGeTeenHsbll MHTErpai (1) cymecreyer. Ho Torma, xak fo-
KA39HO BRILIE, COPaBe/lINBO PABEHCTERO (3).
Ecau sxe pyaxknus [ He coxpausier 3HaK Ha [a, b), To u3
cxoaumMocTH psifia (2) BooOH e He caefyeT CXOAMMOCTb MHTETrpaIa.
Hanpumep, psang

oo Akl "
Z _[ sinxdx=20=0
0

k=0 2pn

Le-]
CXOAMTCSH, HHTErpaJ :ke jsinx dx pacxomuTcA IIOTOMY, YTO PyH-
(4]

KIIUS OT X
x
Jsint dt=1-cosx
(4]

He CTpeMUTCH K IpeJesy Ipy x — 00,

Teopema 2.Ecnu¢ynuryusf(x) 2 Onenpepviena u He
eéospacmaem Ha [0, ©0), mo unmezpan

[f ) (3)
Q
u psad

SIR=FO) +F () +F @)+ )

k=0

00HOBPEMEHHO CX00AMCA UNL OOHOBPEMEHHO PACXOOAMCESL.
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HoxasarenscTso. MeoT MecTo HepaBeHCTBA

kil

fr+1)< jf(x)dx f) (*=0,1,..).

CymmMupys ux no k, Hoayaum

n+l

Srm =31k +1) < Jfe@ ax < zf(k)

Orciona, yunTHIBas, YTO BCe YJIEHBl B 3THX COOTHOLICHIMIX
IpH BOSPACTAHMM 7 MOHOTOHHO He YGBIBAIOT, CJelyeT yT-
BepxEHHE TEOPEeMEI.

U3 poxasaHHOIT TeOPEMEI CIEAyeT, UTO psif,

1.1
1+ ——+——+.. 5
o gt (5)

2

CXORUTCA IPH ¢ > 1 m pacxopures npu o < 1 moromy, uro
dyurnus 1/(1 + x)” npra > 0 HenpepEIBHA 1 MOHOTOHHO y6RI-

BaeT Ha [0, 00), a
T {< o (a>1),
o(1+ x) o (a< 1.

Pag (5) mpu 0 < a0 < 1 MOMeT CILyKHUTh OpUMepoM pac-
XOIALIErocs PAAA ¢ OBIIKM TWIEHOM (U, =N ), CTPEMAIIMCH K
HYJIIO.

B cayuae o < 0 HemocpenCTBEHHO BHAHO, 4TO pax (5) pac-
xopuTes (o0Lmii WieH He CTPEMHATCA K HYJIIO).

§ 9.3. HeiicrBus ¢ pagamu
00 (=]

Ecau paduv Z u,u ka cx0dames u oL — yucao, mo padv.
0 0

00 o
>ou,, D (4, + v,) maksice cxodames u
0 0

2auk = aZ:j Uy 1)
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St vy = 2uki fv @

JlelicTBHTENBHO,

iau,, = limiauk = alimiuk = ai U,
0 nme g nme o 0

o0

3 (e £ 0) = lim > (i, £ v) =
0 n—© "y

23 n 00 00
=1lim ) u, +lim ) v, =Y u, £ v,
== p " i 0

TloguepKHEM, UTO U3 CXOAUMOCTH PALA, CTOAILETO CJIEBA B
(2), BooDIe He crenyeT CXOAMMOCTL KAXKAOTO M3 pSAIOB, CTO-
amux cupasa B (2). Hampumep, par

AL-D+A-1)+... 3)

o
cxonuTes (Bce ero WIEHH PABHEL HYJIO), HO BBIPasKeHue » 1 —
(4}

00
—Z 1 He MIMeeT CMBICJIA — PANLI, BXOAAIIME B HETO, PACXOOATCH.
0

Ecnu pan
ug+u, tuy+o 4

CXONUTCH 1 IMEeT CYMMYy S, TO WIEHBI €r0 MOYKHO J1I00bIM O6pa-
30M CTPYNIIHMPOBATEL cKOGKaMu (OQHAKO He IepecTaBNAA HX),
HAIIpEMeEp, TaK:

ug + (U +uy) +(ug +uy+ ug) + .,

06pasys HOBBII PAX, YWIEHB KOTOPOro pasHbl cyMMamMm 4ucel,
cToAnX B cKoOkax. Hoerlil pag 6yneT cXoaaiiuMea 1 IPUTOM
K S, IOTOMY YTO €ro YacTHYHBIE CYMMBI 06pa3yIoT IOAIIOCAEHO-
BaTEJLHOCTh CXOAAIMIecA MOCIeAOBATEIBFHOCTH YACTHYHEIX
cymM paza (4).
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Hao6opor, packpeiBaTs cxobxu B pany, BoobIe rosops,
HE3aKOHHO, HATIPIMeEP, II0CJIE PACKPLITHA CKOOOK B CXOLAIEM-
ca pany (3) moaydaercs pacxonsamuiica pag 1 —~1+1 — ... .
BopoueM, eciu BHyTpH CKOGOK BCIOAY CTOAT TOJABKO HEOTPH-
naTeJbHbIe HIIH HENOJOMKITeIBHBIE YHCAE, TO PACKPLITHE B Ta-
KOM DALY CKOGOK He M3MEHSIET CXOMMMOCTH PANA ¥ BeJIITYMHDBI
€ro CyMM&bI.

§ 9.4. Page ¢ HeoTpMIATEILHBIMY YJEHAMM

Teopema 1(IpH3sHaxK CpaBHEHHSA DPHAJOB).
ITycme damwvl fea pada:

1) iuk’ 2) gvk
0

¢ HeompuyamensHbIMIU LAEHAMLL.
a)Ecauu,<v,(k=0, 1, ...), mo uz cxodumocmu psda 2)
caedyem cxodumocme pada 1), a us pacxodumocmu pada 1)
canedyem pacxodumocms pada 2).
6) Ecau

lim“% =A>0, (1)
ko vk
mo padut 1) u 2) 00HospemerHo cxodames u pacxodames.
HoxaszsatenscTro. Ilyers pag 2) cxogurea 1 S — ero
cymma. Torpa

n

Su,<Yu, €S (m=01,..)
[(] [(]

T. €. YaCTHYHble CYyMMEHI psaja 1) orpanudens i pag 1) exo-
murcea. Ero cymma S’ ynosnersopsier nepasenctBy S’ < S.

Ilycrs Teneps pan 1) pacxopures: toraa (em. § 9.1) ero
YaCTHYHAasA CyMMa HeOrpaHUYEeHHO BOSPACTAET BMECTE C71, UTO
B CHJIIy HEpaBeHCTBa

Y, < Zuk (n=01,..)
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BA€YET TAKKe HEOIPAHNYEHHOE BO3PACTAHKE YACTHUHBIX CYMM
psna 2), T. €. PacXOAUMOCTE IIOCAEAHEr0. ITHM JOKA3aHO YT-
BEPXKACHUE a).

IyeTs Teneps nmMeer mecto (1). 3aaIuM MOJIOKATEILHOE
YHCJIO €, YOOBJIETBOPAIONee HepaBeHCTBY A —€ > 0. 3 (1) cne-
OYIOT HEpaBEeHCTBA

A—a<ui<A+a (k> N),

Uk

BepHBIE IIPHM NOCTATOYHO GoabmioM N, MM HEPABEHCTEA

A-gv,<uy,<@A+€v, (k>N) (2)

Ecnu pap 2) cxopuresa, TO CXOAUTCA TAKKeE DAL, Z A+
’ k=N+1

+ £)u,, 1 Ha OCHOBAaHNYM BTOPOro HEPABEHCTBA (2), CXOAUTCH DAL

Z u,, a Torga u psag 1). O6paTHo, cxonumocTs papa 1) Brever
k=N+1

o0
CXOAMMOCTB PAAa D (A —£)U, H, CIEAOBATEILHO, CXOAUMOCTh
k=N+1

psiaa 2).
Ho Torpa 13 pacxogMOCTH OBHOrO psAJia BBITEKAET Pacxo-
AVMOCTE APYroro. 3TuM AOKA3aHO yTBEpKJeHHe 6).

Teopema 2 (mpusHaku Jlamambepa¥). ITycmo
dan pad

Duy 3
0
C NOJOMHCUMENbHbIMU YneHaMU.
a) Ecau
":[1 <g<1 (k=0,1,2,..), @)

(3

* . Hanam6bep (1717-1783) — dpaHIyscKknii MaTeMaTHK.
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mo pad (3) cxofumcs; ecau xe

Bl >1 (k =0,1, 2, ---): (5)
uk
mo pacxodumca.
6) Ecnu
u,
li Rl _
kl—-—rg uk q’ (6)

mo psad (3) cxodumesn npu ¢ < 1 u pacxodumes npu q > 1.

HdoxasaTeanbcTsro. Umeem

w=u, 22 % n=0,1,2..), (N
uD ul un—l

noasToMy H3 (4) caexyer, 4To

v, <uyg, ¢<1 (=01,..),

OO
H TAK KaK DAL ) Uyg" CXONUTCSH, TO BMECTE C HUM CXOAUTCH H
1

pax (3). Ya (5) B ey (7) cnenyer, uto u,zu,(n=0,1,2,...)
H TaK KakK i, > 0, To pag (3) pacxoaures (061l uneH He cTpe-
MHUTCH K HYJIIO).

Ecan Tenepn BrimonHsieTcs cBoiicTso (6) 1 ¢ < 1, To ans
MOJIOXKUTEIILHOTO € TAKOro, YTog+&e<1,u,,,/u, <g+e<1(k >
2 N), rpe N pocrarouso Benuko. B cuwry npuasnaka (4) B Takom

Lol
cay4ae pﬂ}lZu  CXORHUTCS, & BMECTE ¢ HIM CXOOUTCS U pax (3).
N

s croiicrsa e (6) npu g > 1 BRITEKAET, 9TO Uy, , /U, > 1 (B = N)
npH gocTaToyHo GonpuoM N, 1 Torga B ¢y npusHaka (5) pan

[+
Z“k PacxoauTCH, a BMeCTe ¢ HIM pacxoauTed H pag (3).
N
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Teopema 3 (mpussaxu Kowu). I[Tycms dan psad
(3) ¢ nonomcumenvHoLMU UACHAMU.

a) Ecau

% <g<l (k=0,1,..), ®

mo pad (3) cxodumcs; ecau e

Mo =1 (k=0,1,..), C)

mo pad (3) pacxofumecas.

6) Ecau
limify, =g (10)

mo pad (3) exofumea npu ¢ < 1 u pacxodumecs npu q > 1.
B) Ecau

limifu, =g, (11)

mo pad (3) cxodumcesa npu ¢ < 1 1 pacxofumces npu q> 1u npu
amom uneHbt pada HeOzpaHUYeHbL.
HMoxasaTenscTso. s HepaBeHcTBa (8) cnepyer, 4To

U, < qk (g<1,k=0,1,...), 1 Tax KaK B 3TOM cJIy4ae psx qu
0

cxopuTcd, TO cxoxures U pag (3). Vs sepasencrsa (9) caenyer,
awrou, = 1(k=0, 1, ...), T. e. He BEINONHAETCH HEOOXOMIMOE
YCHOBHE CXOAMMOCTH, U IO3TOMY paAx (3) pacxoaurcs.

Hanee us ceoiictsa (10) npu q < 1 cnenyer, 4To

Ku <qg+e<l (E=N) 12)
Opu KOCTATOYHO Gosbmom N, oTKyna

u,<@+e°' *&=N),
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H TaK KakK psf Z(q + .9)'E CXOOHUTCH, TO CXONUTCH ¥ PAX Zu7= , a
N N

BMecTe ¢ Hum pafg (3). Us csoiictea (10) mpi ¢ > 1 BeiTexaer,
YTO % >1,T. e.u,>1 (k= N) upu pocrarouno 6onsmiom N,

OTKYJa CJERYeT.pacXonUMOCTs psna (3).

Hs cpoiictsa (11) (Tak »xe kax us cBoiicTsa (10)) mpug <1
cnenyet (12), orkyna, Kax yKe JOKA3AHO, BEITEKAET CXOLMMOCTD
pagpa (3).

Haxoner, myers BeInONHEAETCA cBoiicTso (11) mpu ¢ > 1.
IlonBepem KOHeUHOE YNCJIO ¢, TaK, YTOBHI 1 < ¢, <q.Ha ocroBa-
HHUH CBOMCTBa BepxHero upezena (cm. § 2.10) cymeereyer noa-
TIOCJIEAOBATENIBHOCTD K, < k, < ... Takas, 4ro

% >, >1(s=1,2,...),

ks
u >q’ .
Ho Torza unensl U, HeorpaHWYeHBI M psij (3) pacxoxuTcs.

3ameuanwue. Pag ¢ obmum unenom u, = n* (o > 0)
CXOAUTCA NPK O > 1 u pacxoaurca npu o < 1 (em. § 9.2, (5)).
Ilpm arom B 06oux cayuasx

.U,
“*L'- = > 1
limpt =1 a3)
TaK e KaK
limq[un =1. (14)

Taxkum 06pa3oM, CYIIECTBYIOT KAK CXONALIMECH, TaK K pac-
XOAAILINECH pAAbl ¢ IpusHakaMu (13) u (14).

1
Pang 1+ % + § + ... HASLIBAETCA ZADMOHUYECKUM PACOM

(om pacxomurcs, cm. § 9.2, (5)).
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IMIpumepsl

DI 23X @>0.  3)3("-1).
0 . 1 k 1

4) iln (1+%). 5) Zl‘,q"”'; (g > 0).

Psp 1) cxogures Vx 2 0. Xpu x = 0 3T0 O4eBMAHO, a OpH
x> 0 aTo crepyer us Toro, 4roy, ., /u, = x/(k +1) — 0,k — oo,
Bornee Toro, me1 3HaeM, 4TO 3TOT PAL ABIsAeTcA psigoM Teitropa
dyHxuy e U cxopuTes Vx K cymme, paBHOiL €”.

Pag e 2) cxopurea npu 0 < x < 1 1 pacxoauresa pis x >
> 1, noTomy uto npu x > 0 gas Hero U, /u, = x (k/(k + 1))* —
—x, k — 00, ipu x = 1 cm. BREIUE 3amevanne. Cioyuaii x = 0
TPUBHAJIEH.

Psanel 3) u 4) pacxogarca B cuny Teopemsl 1 § 9.4, moromy
wro e~ 1 =~ 1/k(k — ) uIn (1 + (1/k) = 1/k (k — o)
(«=» — 3HaK acHMIITOTHYEeCKOI'o PaBEHCTBa, cM. § 3.9, § 3.10),

a rapMOHHYeCcKHIl psaf Zk‘l pacxopuTcs.
. 1
Psap 5) exopurest mpu 0 < ¢ < 1 1 pacxoguress npu g > 1,

i

IIOTOMY YTO AJIA HEro ’{/u_,, == qh{v ", gk — o). Ilpug=1ou

TOXKE DACXORUTCS — OOILHIT UJieH pafa B 3TOM Caydae paBeH 1.
Teopema 4. IIycms pad

u, tu, +u, + .. (15)

€ HeOMpuyameloHblMU LIeHAMU CX00UMCA U umeem cymmy S.
Toz0a noanytenHuiil 8 pe3ynvmame nPoU3G0NbHOLL Nepecmanos-
KU €20 4JleH06 HO8bLil (3aH060 nepeHyMeposaHbtil) pad

uotu' +u,+ .., (16)
makce cxofumces u umeem my xe cymmy S.
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HoxasarensecTtso. Ilycrs
o ] '
So=ug+ru vy

— yacTH4YHaA cymma pazna (16). Unensl ee HAXOAATCA B paAge
(15) nop BexoropeiMu HOMepaMu Ky, ..., k,. [Iyersb N — Hau-
6ospLIIEE YHMCIIO CPEfM HUX U Sy ecTb N-2 yacTHYHasi cymMmMa
pana (15). Ouesuzro, 8', < S, < S, u TaKk KaK n NPOU3BOJIb-
HO, To pAx (16) cxoguTcs 1 nmeer cymmy S’ < S. Ho Teneps
NPHBELEHHOE PACCYIKACHIE MOKHO IIPOBECTH €11[e pas, IIoMe-
HAB pazne! (15) u (16) mecTamu, U noJyyuTh, 4TO S < S'. Io-
atomy S = S'.

§ 9.5. Pax Jeit6auna

Pan suna
ag—-a,+a,-az+.., 1)

rpe uncia a, > 0, MOHOTOHHO y6bLIBad, CTPEMATCA K HYJIO
(a, 2 a,,; a, = 0, k — ©0), HaseiBaeTca padom JleilbHuya.
Iloxaxem, uTo psy JIeHGHNLA CXOQUTCHA U €ro CyMMa
S < a,.
B camom pene, yactuuHas ero cymma S, ., € HEUETHEIM
HoMepOM 2n + 1 MOKeT 6bITh 3aIMcaHa B BUAE

Sona =8g— (@ - a)) = (@3 —a) — ... — @y, ; — 83,) ~ Ayy,,y»

OTKYyJZa, OYEBUAHO, CIEAYET, YTO OHa OrpPaHHYEHA CBEPXY YHC-
JIOM a,:

Soni1 < @
C npyroit cTOPOHEL, OHa MOMKET GLITH 3aIlcaHa B BHIE

Son1 = (@9 — @) +(ay — az) + ... +(ay, — ay,,),
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OTKYA& CJEAYET, YTO OHA MOHOTOHHO He yG6rieaer. Ho B Taxom
ciIyuae cyumecTsyer npeges limS, ., = 8 < a;. OueBHAEO Tak-
P
xe, 4TO
%}_{2 Spn = LM (S,,,, - a,,,) =S -0=_5.
Teopema poxazana.

IIpumep.Pangl- 1 + 1 + ...ecTh, OUEBHAHO, psix Jleii-

2 3
6xura. Taxim oGpazoM, OH CXOAUTCA ¥ €ro CyMMa S He TIPEBBI-
maet 1 (Ha camom pene, S =1n 2, cv. § 4.16, 0. 4).

§ 9.6. AGCONIOTHO cXOOAIMECT PATDI

Psag ¢ KOMILIEKCHBIMH YIeHAMI
Ug+ U +Uy+ ... 1
HA3BIBAETCH A6CONIOMHO CXOOAUUMCA, €CTIA CXOOUATCH DAL,
[ecol + lety] + fecyf + ... (2

mozyJieil ero wWieHOs.

Abconomno cxodawuiica pad cxodumes.

B camom geste, nyers pag (1) aBcoIIOTHO cXOQUTEA; TOTLA
cxoputes pan (2) u B ciwry npusHaka Ko s mo6oro € > 0
HaiigercsA Takoe N, UT0€ > |u, 4| + ... +| U, | Ansg Becexp un > N.
Tem 6onee, Torpas > |u,,, + ... + 4, |. [loaToMy B ciuny npusHa-
xa Kot psag (1) cxopures.

Cxopsamuecs paabl ¢ HEOTPHUIATENILHEIMH YWICHAMH TPH-

BHANBHEIM 0Opasom cxoparca abcomorHo. Pag 1 — 2l +

n+p

o

+ % — ... (&> 0) cxoguTcs, NOTOMY YTO OH €CTh paf JlefiGHuIA.

3
OnHako a6CoNIOTHO OH CXOOUTCA TOJBKO TIpu O > 1.
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Teopewma. Ecau pad abconomno cxodumces, mo npu nio-
0oil nepecmanoaie €20 YNeHO8 CXOOUMOCE NONYLEHH020 HOBO-
20 psda He HAPYULAEMCA U €20 CYMMA OCIMAEMCA NPEHCHEIL.

HoxaaaTenscTso. CHauana JOKa)KeM TeOpeMy B CIIy-
4ae, KOTZa YWIEHb! pAxa u, — AelfICTBUTEbHBIE YHCa.
TMonoxumM (s gelicTBHTENBHBIX u,)

+  Ju, ecam w20, - |1, ecmm u,<O0,
"’E:{o ecnu 1©,<0 u"z{ 0 0; @
, 1,<0, , ecnu u,>0;
YUCNa U, W L, , CYEBHIHO, HEOTPHLATENbHbIE 1
=u, -y @

Hapsagy ¢ pagom (1) 6ynem paccMaTpuBaTs 1Ba pﬂ,ua:

Su n 5)
0

cMg

(C HeOTPHIATENBHBIMHA YWIEHAMM).
Ilycre psig (1) abGcomoTHO CXOAUTCA U YNeHEI ero — neii-
CTBHTeNbELIe YHCNa U,. Torga pane! (5) Takake cxogsarcs, 11o-

* - I

TOMY 4TO, OY€BUAHO, U, < |u,l, 4, < |u,.
Hycrs pajg, nosyyeHHELH I0CITE TepeCTAHOBKY HCXOLHOTO
psaza (1), umeer Buzn v, + v, + vy + ... . [I7151 ero 4ieHOB BBezeM,

KaK Bblllle, YucCia u, ¥ U, . Toraa (TIOACHEHH HIDKe)
2= -n)=Yu -3y =
0 0 0 0

=335 -u)-Sa.

ITepeoe paBeHCTBO B 3TOM merm ciexyer us (4), BTopoe —
u3 § 9.3, (2), ecrm yyects, uTo pAabI (5) CXOAATCA, TPETHE Clie-
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AyeT U3 TOr'0, YTO CXOAAITHec PALbI C HEOTPHUIATENBHEIMH Yje-
HaMu NePecTaHOBOYHEI, yeTBeproe u3 § 9.3, (2), u, HaKoHerN,

+ — o
IAT0e — IIOTOMY, 9TOU, = U, — U, . Teopema ais feficTBUTEIHHbIX
u, JoKa3aHa.
Ilycre Temeps u, = Q, + i3, — KoMIexcHLIe uHcia, a
4MCJIa U, UMEIOT IPeKHUH cMbIch. Tak xak |, < [u,], By < Ju,l),

©0 ©0
TO PAADI € (FeHICTBHTEIEHLIMM YUJICHAMHE) Zak u Z[Sk abcosoT-
0 0

HO CXORATCH, U 4JeHbI UX, KaK Cceifuac OLLI0 JoKa3aH0, MOXKHO
nepecrasisTs. Iloatomy, cuurasn, uro v, =y, + id,, nonyunm

Su=$(0,+8)=Fa, +i50, -
0 0
= iyk + iisk = i(Yk +id,) = ka'
[¢] 0 0 (4]

Teopema AOKa3aHa IIOJIHOCTBIO.

§ 9.7. YcaoBHO cxopamuecs pagbl c
AeHMCTBHUTEJbHBIMH Y4JI€HAMH

W3 npeapiayiero naparpaga Mpl 3HaeM, YTO a6CONIOTHO
CXOAAIIUNCA DAL C AeMCTBUTEIbHBIMY HIH KOMILIEKCHLIMH
YWIEHAMH IT0CJIe ITePeCTaHOBKH WIEHOB OCTAeTCA aDCONIOTHO CXO0-
AAUMMCS ¥ MMEIOIIM IPEXKHIO CyMMY.

OxazbiBaercs, 3T0 CBOMCTBO — He MEHSATH CYMMYy IIOCJIE
nepeCcTaHOBKH YJIEHOB — IIPHCYILe TOJIBKO abCcoMIoTHO cxond-
IUMCS pAgaM.

Paccmorpum psg

Ug+ U+ Uy + e ()

C AEAICTBUTEILHBIMY YJIeHAMY CXOASITHAICS, HO He abGCOMIOTHO.
MosxHO fOKa3aTh, YTO, KAKOBO OBl HH GBLIO YHCIO0 S, KO-



442 TJIAEBA 9. PS]TBI

HeYHOe UM DEeCKOHeYHOe, T. €. YAOBJIETBODSAIIee HepaBeH-
cTBaM —00 < § < +00, CYHIECTBYET IIePeCTaHOBKA YIEHOB pAa
(1), B peayJibTaTe KOTOPOI IIOJIYUNUTCA PAM, CXOAAIMca K S.
IToaToMy HeabCOMIOTHO CXOAALIMECS PANBI HASLIBAIOT YCAOEHO
CXOOAUWUMUCH,

Crhenaem elile caexaymomnjee sameyanue. IlycTs 3ajjan pag
(1) u3 geficTBUTENBHBIX YHCE], YCJIOBHO cxoasmuica. B page
(1) umeetrca GeCKOHeUHOe MHOKECTBO ITOJIOKWUTEJBHEIX W
OTpHIIATeJILHEIX YUJIeHOB, M, OY€BUAHO, OHH B OTAEJIHLHOCTH 00-
pasyioT pacxofAIuecs pAgs! (B IPOTUBHOM CJIy4ae HCXORHBIHN
pax 6611 661 a6CONMIOTHO CXONAIIMCH).

§ 9.8. IlocaenoBaTEeILHOCTH U PAXBI (DYHKITHH.
PasHoMepHasa cXOoauMOCTh

PaccmoTprM nocteioBaTebHOCTS yrkimii {f, (x)}, ompe-
JeJeHHBIX Ha HEeKOTOPOM MHOXKECTBe TOYeK X = (X;, ..., X,)
n-MepHOTO IIPOCTPAHCTBA. OHU MOryT IIPUHIMATDL KOMILIEKC-
Hele asagerus (f, (x) =q,, (x)+ i}, (x)). MoxHo cunTars TaKxKe,
YTO X — KOMILIEKCHBIE TOYKH (x = & + i1]), mpoGeratoinue He-
KOTOpOe MHOKeCTBO E TOYeK KOMIIIEKCHOH IIIOCKOCTH, B TOT-
naf, (x) — QyHKIMH KOMILTeKCHOH IepeMeHHOil X.

ITycTs pns kaskaoro sHaveHuAx € E nocieqoBaTeIEHOCTD
{f, (x)} crpemuTca k yncay f (x) (byHKIHUH OT X).

Ilo onpepenenuio nocnedosamenvrocme f, (x) cxofumesn
(cmpemumes)  f (x) pasnomeprio na E, eciiu cymecTByeT cxo-
AAIAACH K HyJI0 TTOCNeN0BaTe)IbHOCTh HEOTPUIIATEILHBIX YH-
ceJ P, (He 3aBHCAIMX OT X) TAKAA, UTO

fx)-f,®I<p, VxekE. (1)

9710 ompefiesleHHe 3KBHUBANEHTHO CIEAYIOLIEMY: IJiS JIIO-
6oro € > 0 Haligercss N Takoe, 4to nnpun > N

f(x)-f,(x))<e VxekE.
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B camomM perte, ecsiH BBLIIOJIHEHO IIEPBOE OIIpefiesIeHuE, TO
st ymoboro € > 0 malinercs N Takoe, 94To

e>p, Zlf(x)-f,(x)} Vx€E,
N

T. €.
e>f(x)~f,(x)) VYxe€E, n>N. (2)

O6paTtHO, 10 BrOpoMy onpefesieHnio Ans xoboro € > 0
Haiffercs N Tak, gto Boinonusierca (2). Ho Torga

e > suplf (x) - f, (D =p, (n>N). 3)

Mzt BuzuM, 9TO HeOTpHLaTEILHEIE YKCJA P, He 3aBUCAT OT X 1
If ()~ f,, ()| <p,, p, — 0, T. €. BRIIOIHAETCSA TIEPBOE OIIpELE-
JleHLE.

B niepBoM onpefieleHHM B Ka4YECTEE P, MOYKHO B3ATh TOY-
HYI0 BePXHIOIO I'paHb

Sup|f (x) ~ f, (*)| = p,,-

Ecm ona crpemurcs k Hymo npu n — © (p, — 0), To £, (x)
crpemMuTcs K f (x) paBHoMepHO Ha E, ecii He CTpeMHTCH, TO He
PaBHOMEDHO.

Mo2KHO eInie JaTh TPEThHE OLipejesieHre PABHOMEPHOII CXO0-
IZmvoct B ayxe Komu: nocnexoBareasrocts {f, (x)} paBHO-
MepHO cxopuTcs Ha E, ecnu s awoboro € > 0 Halineres Taxoe
N, 4TO BBITIOJIHAECTCA HEPABEeHCTBO

[y ()= Fo (O] <& )
npu mobex n>Nup> 0w gnda scex x € E.

Us TOIr'0, 9TO IIOCJIeOBATEJILHOCTh PABHOMEPHO CXOAUTCS
B CMBbICJIe BTOPOI'O OlpeaeaeHns, CJIeRyeT, YTO AJIs BCAKOro €
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Haiiferca Takoe N, wro st n > N v mo0bIX p BBIIOIHSIETCS
HEpPaBeHCTBO
ey @) = £, GO < If,p @) — F @) HIF (x) = £, ()] < 26
Vx € E,

T. €. BEIIOJIHAETCS TpeThe onpepesenvie. C Apyroil CTOPoHEI,
IIyCThb BHUIOJIHAETCS TPeThe OIIpeZiesieHue; TOTA A1 KaXKA0ro
OTAEJLHOrO 3Ha4YeHHA x € E BhiIIoNHEAeTCH, OYEeBHUIHO, 00LIY-
HeM TpusHaK Komn cxoaumMocTy mmocefoBaTe IbHOCTH, [I03-
TOMY OHa CXOAMTCA K HEKOTopoil byskumu f (x). 3agaaum Te-
neps € > 0 u nogbepem N Tak, Kax yxkasaHO B TpeTbeM OIIpeje-
JneHun. B HepaBeHCTBe (4), raen > N @uxcHpOBaHo, TepeiigeM
K IIpejeJly IpH p — 00; B Pe3yJIbTaTe MOJYINM

f@-f,(x)<eg (xe€E).

W tak Kakn > N MOHO B3ATH JIOOLIM, TO MbI IIOJYYHM BTOPOE
oIlpefiesieHue.

1306pasiM B IpAMOYTOILHOR CHCTeMe KOOPAMHAT Ipadik
dysxnuu y = f (x) (npefensvrolt pynryun), KOTOPYIO MBI CUH-
TaeM HellpepeIBHOM Ha oTpe3ke [a, b] (puc. 103). 3agzaamme >0
¥ OTIPEJIENIM E-TIOJIOCKY TOJIIMHOM 2€, OKPY2KAIOIYIO0 rpaduK.
TIpousBosibHadA TOYKA E-IIONOCKH ¢ abeliuccoii x € [a, b] umeer
OPIAWHATY Y, YAOBJIETBOPAIOIYIO HEPABEHCTBAM

f(x)—e<y<f(x)+e.

¥ =fx)
¥ = k=)

A 4

Puc. 103
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Ecuu nocnenosarensHocTs Gyuknmii {f, (x)} crpemuTes x
f (x) paBHOMepHO Ha [a, b], TO Mo 3anarHOMY € > 0 MOKHO yKa-
3aTk Taxoe N, 9ro i moboro n > N rpaduk y =f, (x) oxaxer-
cA BHYTPHU €-n1ostocKu. Ecomi axe f, (x) crpemures K f (x) Hepas-
HOMEDHO Ha [a, b], To, X0Ts ANf KaXKIOro 3HAYEHUA X f,(x
crpemuTcs K f (x), Bce 3xe VE > 0 HEBO3ZMOXKHO yKa3aTs TaxoeN,
9TO0LI Ans Kaxkaoro n > N Bee rpaduku y = f, (x) monanu B
£-TIONIOCKY (CM. HIDKe IpuMep 3).

Herpynuo BujeTs, uto ecnu O — wumceno, a { fr(x)} m
{9, (x)} — nBe nocrepoBarensHOCTH QyHKIH, pPABHOMEPHO CXO-
Rampeca Ha E, To nocnexoBarensrocta {af, (x)} u {f, (x) +
1 ¢, (x)} Taxxke papHOMepHO cxopsaTcea Ha E. HeTpyaHo Takxe
BHJETH, YTO €CJIM [TOCJIEJOBATENbHOCTE QyHKIIHE PABHOMEDHO
cxonutesa Ha E, To oHa paBHOMEepHO cxoautca U Ha E' C E.
OGpaTtHOe yTBepiKAEHNEe, BOOOILEe I'OBOPs, HEREPHO.

3aMeTHM, UTO KaKAOil IIOCJeNOBATeNBHOCTH (PYHKI(MI
{f, (x)} cooTBercTBYeT AN

Fo () + [y (0 = foy (0] + [, () = £, (O] +
n-e YaCTHiHbie CYMMbI KOTOPOT'O COOTBETCTBEHHO PABHHI [, (x).
ITycTs Teneps 3aad psp
ug (x) + u, (x) + uy(x) + .,y (5)
YWIEHBI KOTOPOT'0, BOOOIIEe roBOPsi, KOMILIEKCHbIe JYHKIMH OT
x€ E, rne E — mo-npexHeMy HEKOTOPOe MHOKECTBO TOUYEK
n-MEPHOI'0 NPOCTPAHCTBA NIW KOMILIEKCHOM IJIOCKOCTH.

Ilo onpenenenuio pad (5) pasromepro cxodumcs Ha MHO-
wcecmee E x pyrnxyuu S (x), ecm nocieoBaTesILHOCTS {S, (x)}
€ro YacTHYHEIX CYMM pPaBHOMePHO cxomuTces Ha E Kk S (x).

B wuactHOCTH, onpefieleHMe PaBHOMEpHOI CXOIHMMOCTH
pAja, OYeBHAHO, MOXKHO BBICKa3aTs Tak: paAx (5) paBHOMepHO
CXopHTCs Ha MHOecTBe E, ecau ans moboro € > (0 Halinercs
Takoe N, yro xas n >N K p > 0 ¥ Besikoro x € E BHITIOJIHAETCH
HepPaBeHCTBO

e, ()+...+u,  (x)<e.

n+p

Crenyromian Teopema gaetr BasKHBIN KpHTEpHit paBHOMED-
HOH CXOOMMOCTH pAJA.
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Teopema 1 (Beitepmtpacca). Ecau unexv pada
(5) ydoenemeopaom HepaéeHcmMeam

(<o, (=0,1,..) 6)

20e x € E, a o, — nucaa (He 3a8ucsujue om x), U ecau pad ¢
unenamuo, cxodumes, mo pad (5)cxofumen na mrozxcecmee E
abconomno u pasHOMEPHO.

B camom Jiesie, I3 CXOAMMOCTH pAjia ¢ YieHaMH O, 11 13 (6)
ciaeflyeT, 4To AAaA go6oro € > 0 maiinerca rakoe N, 94TO IIpH
JI00e1X 11 > N 1 p > 0 1 npousBonbHOM x € E

E> Uy 4 eee + 0, =

Z (tyg (O + oe + ey, ) 2 Uy () + oo+ 1y, {(x)l,

a 3TO U 3HAYMT, YTO psaf (5) paBHoMepHO cxopuTca Ha E. A6co-
JIIOTHASA eT0 CXOJAHMOCTh OYeBHIHA.

Teopema 2. Ecau nocnedosamensHocmb QyHKyUil
{f, (x)} pasnomepro cxodumcsa na mnoxcecmee E x pynryuu f
u f, HENnpepoLIeHYL 6 MOYKe x° (omnocumenvro E), mo f maxace
HenpepbiéHa 6 X'.

Ha sizpIke pAAOB a3Ta TeopeMa I'MTACHT: CYMMA PAEHOMEDHO
cxodsujezoca na E pada pyriyuil, HenpepoléHbLX 8 moukxex’ € E,
ecmb HenpepovisHaA GYHKYUA 8 Imoil mouKe™.

JokasarteascTBo. 3agagum € > 0 u ntogbepem Ha-
TypanbHoe N Tak, 9TobbI |f (x) — fy (x)] < £/3 ana pcex x € E,
4TO B CHJIy paBHOMepHOi1 cxomumocTty f, K f BosMoxkHO. me-
€M, Jianee,

If () — F (&) S IF () = Fyy @) + Iy () = Fy O] +
+|fy ()~ F (&) < % iy () = Fy O (D)

Jana moboit Toukn x € E. Ho dyuknusa f, HellpeprIBHA B 2% u
MOYKHO yKasats Taxoe O > 0, uto |fy (x)— fy (xo)l < g/3 nnda Bcex

* Cm. aameuanmne B § 9.12.
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x € E TaKkumx, uTo |[x — x4} < &; IoaToMy H3 (7) cnepyer, uro gna
TaKUX X

() - (% < 284 £ ¢,

3 3
¥ TeopeMa JOKa3aHa.
IIpumep 1. Pan
1+(x—1)+(x2——x)+(x3—x2)+... (8)

cxopuTea Ha oTpeske [0, 1], Ho HepaBHOMepHO. Ha otpeske [0,
ql, rae 0 < ¢ < 1, OH CXOAUTCA paBHOMEpHO.
B camom gerne, n-a yacTMuHan cymMMa paga (8)

. 0, 0<x<1,
S () =x —W’{l, x=1.

A6comoTHas BelW4HHA pasHocTH S (x) — S, (%) (ocTaTka
panga) paBHa

%", 0<x<1,

IS ()~ 5, () = {0 ph ©)

Ha orpeske [0, ¢l tre 0 < ¢ < 1,
IS() -8, (@) =x"<g"

ITpaBas yacTs 9TOr0 HepaBeHCTBA He 3aBUCHT OTX € [0,q]
H CTpeMHUTCH K HYJIIO TIpun — o0 (" — (). Bro nokaswiBaer, 9o
pA7 (8) paBHOMePHO cXOfuTCA Ha oTpesake [0, g], rre 0 < g<l1.

C npyroit cTopons!, ua paBeHcTBa (9) BUAHO, 4T0

sup IS(x)- S, (x)|=1.
x€0, 1]

Takum obpasom, ucso 1 ecth caMoe Majoe 4HCIIo, Ipe-
Beiuanomee |S (x) — S, (x)| xna Beex x € [0, 1]. Ho noctoannce
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ypcso 1 He cTpeMuTCA K HYJIO NIpH R — ©0, IIosToMy pax (8)
xoT1a u cxoauresa Ha [0, 1], Ho HepaBHOMeEpHO.
IIpumep 2.Psag

sinx sin2x sin3x
. : .. (10)
1’ 2 3

MMeeT n-i WieH, yAOBJIeTBOPAIOIHI HepaBeHCTRY

|sin nx|

<l2 Vx € (-0, 00),
n n

H IIPH 3TOM pAxAg
>t <o
n=1 1

cxogures. Hoaromy no Teopeme BeitepinTpacca pag (10) passo-
MePHO CXOAUTCA Ha Beeii ocu (—00, O0).
Tax xkax unens! psaga (10) cyTs HenpepbIBHEIE (PYHKILUH, TO
1o Teopeme 2 cyMMa 9TOTO PAJA €CTh HellpephIBHAA PYHKIAS.
/0 IIpumep 3. Ha puc. 104
7 nsobpaxkesa yuknud f, (x)(n=1,
2, ...). OHa JHHeilHa Ha KaXXI0OM
us otpeskos [0, 1/n), [1/n, 2/n],
[2/n, 1] B oTnensrHocTH. KpOome
Toro, f, (0)=f(2/n)=0wu f,(x)=0
"Ha[2/n, 1],f,(1/n)=1. OueBngHo,

pl» T lmf, (0)=f(x)=0 Vxe]0,1],
noromy uro f, (0) =0 — 0, a ecim
Puc. 104 O0<x<1l,t0f, (x)=0Vn>2/x.

Hanee, cueBMLHEO, YTO
— = Sl =1,
sup If, () =7 )| sup fn (%)

¥ IIPH 3TOM ITOCTOSIHHOE YHC0 1 He CTPeMUTCA K HyJIHO [Ipun — 09,
1. e. f, (x) — f (x) = 0 va [0, 1], HoO HepaBHOMEDHO.
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Ha puc. 104 nyuxTupom nsobpa<eHa £-I0JIOCKa, OKPY-
WKaIad npefeasayio KpuBywf (x) = 0 (0 < x < 1). Ilpu mo-
6oM n rpadbuK PyHKIUYU f, (x) He monajaeT BeCh B E-IIOJIOCKY.
Jro He Memaer Tomy, uto f,(x) > f(x)=0 Vx € [0, 1].

IIprBenem ewye 6oee TOHKYE MPUSHAKY PABHOMEPHOI CXOAH-
MOCTH PAJIOB, OCHOBAHHBIE HA NPUMEHEHUH K PAAY TaK HasbIBae-
Moronpeofpasosanus AGeas (aHaNOra oepalii UHTerpHPOBaHuA
110 YacTAM).

Paccmorpum psag

Oofo+ oy fy + P, + .., (11

rae o, Bk — GYHKIMH OT X € E (M1 1OCTOsIHHEIE YHCia). ITono-
wuM B, =B, ., +B,,,+ ... + B, ¥ K yceuennoii cymme psaga (11)
npuMeHuM npeobpasosanne Abesis:

ian#zﬁruk = a’nﬂBnH +...F an+pl3n+p =
k=1

=0,,B,+0,,(B,-B)+...+Q
=(0,,,; — 0, ,)B, +(0,,, -0, By +...+(C

p-1
= Z(anHe - a’n+k+l)Bk + a’n+p Bp' (12)
k=1

(B,~B,,)=

o8, , +0,.,B, =

n+p

nip-1 ~

Teneps JIerko yCTaHOBATH CIEAYIOIUIME ABA KPUTEPHA PABHO-
MEPHOI1 CXOAMMOCTH (B Cy4ae NOCTOSHHEbIX O, 3, — MPOCTO CXO-
aumoctn) papa (11).

Teopema 3 (npusHak JJUpUXJNe paBHOMep-
HO#l cXoxumMoOcCTH pana). Ecau vacmuunsie cymmot pada

Bo+PBy +By+ ... (13)

0zPAHUYEHbL 6 COBOKYNHOCIMU, G dellcmeumenbras PYHKYUS O, (X)
(c sospacmanuen k) paenomepro (omuocumensho x) na E cmpe-
MUMCR K YN0, Yobieas, mo pad (11) exodumces pasnomepho.

B camom fierte, mycTh KoHCTAHTA M TIpeBRIIIAET MOJYJIHM YACT-
HBIX (YJaCTHYHEIX) cCyMM G, psaza (13). Torna npu moberx n u k

B=10,,,—0,] <o, +|o,] <2M.

13. Ranas 704
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IToaromy B cuity (12) 1 Toro daxTa, uto 0., PABHOMEPHO CTPEMHTCSH
K HYJIIO yObIBas, BEITIOJHAETCH HEPABEHCTEO

ianﬂﬁ n+k
1

A5 TH00RIX > N u p  n106k1x x € E, ecxm Tonsko N focraTouso
Besiuko. CrenosarensHo, pay (11) pasroMepHo cxonures. Ioce-
AHée HepaBeHCTBO B 9TOMH Lemi BepHo AsA Beex x € E B cuiy pas-
HOMEPHOTO CTPeMJIeHMA O, ,, (X) K HyJIo.

-1
< 2M i(amk - an+k+1) + an+p 2M = 2M0‘n+1 < 8

k=1

Teopema 4 (npussak Abfensn PaBHOMepHO#H
cxonumocTu papa). Ecau deiicmeumenvhvie Qyrryuu o,
He eospacmartom (¢ 6o3pacmarnuenm k) u 0zpaHULENbL 8 COBOKYNHO-
cmu, a psad (13) pastomepro cxodumes na E, mo u pad (11) exo-
dumcsa pasnomepho na E.

B camom nene, nyete M = logl (=0, 1, ...) (byExmuE O, Mo-
ryT 6hITh ¥ oTpHIlaTenbHEIME!). B ciTy paBHOMEPHOM CXOMMOCTH
paga (13) gaa moboro € > 0 Mo3xHO yKasarh Takoe N, uto Bl <€
Ana mobeix n > N u k. HostoMy B cuny (12) 1 MOHOTOHHOCTH o,
Al mobrix n >N u p

S0

-1
S € i(ande - a‘n+k+l) + alarwpl =
k=1

= &(a,,; - a,,;) + ga,, | < 3eM,
T. e. psag (11) paBHOMepHO cXomHTCA.
IIpumep 4.Psagm

o 00

Z cosukx , Z smﬂkx (@ >0) (14)
T k Tk

npu ¢ > 1 paBHOMepHO B a6COMIOTHO CXOAATCA HA Beell neiiCTBH-
TEJBLHOM OCH (—00 < X < 00), IOTOMY UTO A6CONIOTHEIE BEIHYHHEL X

k-x 4neHOB He npesBmaT B 7, a npua> 1 pax Zkﬂjl CXOOHNTCH.
Mz npumermm npussak Beflepirrpacea. Ilpu oo < 1 oH yixe He
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IPUMEHHM, TAK KaK B 9TOM caydae psaj Zk‘“ pacxoxurea. OnHa-

xkonpu 0 <o < 1 Hamm psgbl PABHOMEPHO CXONISITCA HA OTPe3Ke
[€, 21 — €], xaxoBo 6m1 HU GeUTO € > 0, Tae 0 <€ < . B camom fede,
YacTHBIE CYMMEI PALOB

% + ¢oS X + cos 2x + cos 3x +..., sin x + sin 2x +...,

COOTBETCTBEHHO PABHEL

sin (n+l)x cosZ —cos (n+ l)x
D, (x)=——2" K, (x)=—2 2
2sin % 2sin X
2 2
(n=1,2,..). (15)

B 3TOM MOXKHO yO6eIUTHCHA, €CIIH YACTHREIe CYMME] paccMar-
pUBaeMEIX PALOB YMHOXKHTL M PasAeJHTh Ha 2sin (x/2) 1 B umc-
JIHTeNle IIPOM3IBECTH COOTBETCTBYIOI[HE TPHIOHOMETpHYeCKUe
npeobpasoBanus. PyHKIME (15) orpaHUYeHE B COBOKYIHOCTH
Ha [g, 2p — €]

1 1
L T S T T =1, 4, ...55
1D, ()| 2sin (g/2) X, (%)l sin (g/2) (n=1,2,...)
kpome Toro, n > = (n + 1)* u n”® — 0, mosTOMY IO NPH3HAKY

Mupuxse pank (14) pasHOMepHO CXOLATCA Ha [€, 270 — €]

§ 9.9. Harerpuposanre u suddepeHnupoBanne
PaBHOMEPHO CXORSIMXCH PAXOB

Teopema 1.ITycmv na ompeske [a, b] 3adana nocae-
dosamenvrocmy {f,, (x)} (KOMNIEKCHOSHAYHbIX) HeNPEPLLEHBLX
Pynryuil, cxodawasca k pyuryuu f. Ecau exodumocms pasHo-
Mepua Ha [a, b], mo

}li_rgjf . dt= _Tf(t) dt @
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pasromepho Ha [a, b}. B uacmuocmu (npu x = b),
b b
lim [f, () dt = [£(¢) dt. 2

HdoxaszsaTenscrTso.H3ycnosuii Teopemsr cneayer (cm.
§ 9.8, Teopema 2), uto nipesensuas GyHKUKSA f HenpepLIBHA Ha
[a, b] u

max f,®-f®Ol=r,—0 (n— o).

IToaTomy

x x x b

Jt®dt- [ dtl <[if,®-f®ldt< [rdt=b-ar,

a a a a

e MpaBadA 4YacTh He 38BUCHT OT X ¥ CTPEMUTCH K HYJIIO IIpH
n — ©0, a 3To JOKAa3bIBaeT TEOpPEMY.

Teopema 2.PasHomepHo cxodauuiics Ha ompeskela,
b] pad (xoMnieKcHOZHAYUHBIX) HENpeEPbLIEHbLX (PYHKYULL

S (x) = uy(x) + uy (x) + uy(x)+ ... 3)

MOHCHO NOYJEHHO UNmezpuposams (@ < xg < b):
[s®at= Juo®at+ Ju,®di+.... (4)
x X X

IHonyuennuiii npu amom pad (4) pagromepro cxodumcea Ha [a,
bl.
B wacmnocmu,

jS(t) dt = juo () dt + jul Mdt+.... (5)
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HoxasaTenscrso. 3aMmernm, uro S (x), xak cymma
PaBHOMEPHO CXOAAINETOCS HA OTpesKe [a, b] psjia HenmpepsIs-
HBX (DYHKIMH, eCTh B CBOK O¥epefs HeNpepLIRHAA (DYHKIMSA
Ha [a, b]. IIycTs

Sn (x) = Zuk (x)
0
Tax xax psin (3) paBHOMepHO cxopuTes K S (x), TO
sup IS, (x) - S(x)=r, >0 (n— o).
a<x<b

Tloaromy

[swar-]s,o dti -

!x n x ’
li]S(t) dt—;juk(t) dt|=

x

[[s)-s, () at

X

< [8@) -5, @) dt <

b
<@b-ayr,—0 (n — o),
M TeopeMa JOKa3aHa.
Teopema 3.IIycmv Ha ompeske [a, b] 3adan pad
Up (x) + uy (x) + uy(x) + .. (6)

(KOMILIeKCHOSHAYHBIX) (DYHKIMI, HMeoLmuX HeTIPePHIBHYIO
NIPOH3BOAHYIO.

Ecau pad (6)cxodumes e nexomopoii moure xy € [a,blu,
Kpome mozo, popmanvro npoduhhepenyupoar el pad

Up () + U (x) + Uy (x) + ... )

pasHomepHo cxodumes Ha [a, b], mo pad (6) pasnomepro cxo-
dumces na [a, b] u npouseodnas om ezo cymmor S (x) ecmo cym-
na pada (7).
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Takum o6pasom,
S(x)=uy(x)+u, (x) +u,(x) + .., (8)
Sx=v,x)+u,@x+v,x)+.. (@<x<b. (9

HoxrasaTenscTso. Ilo yenosuio psap (7) pasBHOMepHO
cXofiuTCsa Ha [a, b] u ero uneHbl — HelIpephIBHBIE (GYHKIMY HA
[a, b], noaTomy ero cyMma, KOTOPYIO MBI 0003HATIIM ITOKA Yepes
¢ (x), HenpepLIBHAA PyHKOUA Ha [a, b]. Ha ocHosanun Teope-
Ml 2 psag (7) MOYKHO MHTErpHPOBATHL ITOWIEHHO M HNONYIHTH
paBHOMepHO cxonawuiica Ha [a, b] pax

j(p(t)dt: ju’o (1) dt + Iu’l(t)dt+... (@ < x <b).
% % %
TIpunmenssa reopemy Hbrorona—Jleiibruna, 6yfneM uMeTs
[0 @ dt=Y[w, () -, (x)- (10)
x [t

Psig crpasa B (10) ¢ wieHaMu, paBEBIME (PYHKITUAM B KBA/J-

PATHBIX CKOOKaX, PABHOMEPHO cxofuTed Ha [a,b), pag Zuk (x0)
0

110 YCJAOBMIO CXOSUTCH, U TAK KAaK ero YWIEHB! IIOCTOAHHS], TO ero
HaJIo pACCMATPUBAThH KAK PABHOMEDHO CXOLsALIMIcA pAg Ha [a,

o5
b}; HO TOrpA DAL Zuk (x) TaxyKe cXooUTCHA ¥ IPHTOM paBHOMEp-
0

HO Ha [a, b] Kak cyMMa ABYX paBHOMePHO CXOAAIMXCS PALOB;
obo3HauyMM ero cyMmmy 4epes S (x). Torpa pasercreo (10) Mok-
HO 1ITepennvcaTsb TaK:

S (x) =8 (x) + jq; (t) dt.
%
Ho dpyuaxius S (x) HMeeT Ipou3BOAHYIO, paBHYIOS (xX) =@ (x),
M TeopeMa JoKas3aHa.
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IIpumep 1.Pag

S (x) = cosx cos2x+ cos 3x

a a a +... (11)
1 2 3

npHy o > 1 paBHOMePHO CXOAUTCA Ha Beel feHCTRHTeIHHOI OCH
o Npu3Haky Beilepirpacca moromy, 4To

"% cos nx| < n* Vx € (-0, 00)

in*’< oo (a>1).
1

IIpomuddepentiupyem pag (11) popmaneso:

sinx sin2x sin3x
x) = - - +... 12
(p ( ) ln—l 2c(~1 3(1-—1 ( )
IT0T psAK CXOLHUTCS PABHOMEPHO Ha (—00, 00) yaxe mpu o > 2. Ho
TOTjja IpH O > 2

S (x) =@ (x). 13)

Paccmorpum cayqait 1 < o < 2. B 3ToM caydae mpusHaK
Beitepiurpacca K pazy (12) menpumenum. Oxuaxo psig (12) pas-
HOMEpHO CXOAHUTCA Ha OTpe3Ke [£, 27t — ] npu ao6om € > 0 (cm.
§ 9.8, mpumep 4). Tak Kak K TOMy 3Ke CXOUTCS HA 3TOM OTDE3-
ke 1 pag (11), T0 MO HO YTBEPIKIATH Ha OCHOBAHHMH TEOPEMBI
3, uro umeer MecTo paBeHcTBO (13) Ha oTpeske [g, 21 — €], Kak
651 Hu 6110 Masto £ > 0, HO TOrZA, OUeBHHO, M HA HHTepBAJIe
(0, 2m).

Ecau yuecrs, uTo unens! paga (11) umeror nepuop 27,
TO MBI JOKa3ajH, 4TO NpH ycaoBuu 1 <o < 2 pag (11) za-
KoEHO aAuddepeHIHPOBATE MOYJEHHO AJNA BCEeX 3HAUEHHH
x"€ (—00, ©0), HCKMIOUaA TOUKH X, = 2kn (k= 0, 1, £2, ...).

IIpumep 2. Ilycre dyrxuua f, (x) aenasercs Hempe-
prisHO¥ Ha [0, 1], nuneitnoii Ha kax oM U3 oTpeskos [0, 1/2n]
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u [1/2n, 1/n] u Taxoit, uro f, (0)=f(1/n)=0, f, (1/2n)=q,,
f,(x)=0mna[l/n, 1], roe a, — n0bas noCNENOBATENLHOCTD
uncen (puc. 105). Torpa, ouesngHoO, lifn f. (x) = 0 pnst Bcex

x € [0, 1], a

ifn (x) dx = l/fn 2nox dx + T 2nan(l— ) dx = 92.;_

1/2n n

O‘IeBI/I,l(HO, aaJjee, 4yTo
r._= sup x)-0|=a
n o<x<l Ifn ( ) | n?

I10aTOMY IIOC/eHOBATENBHOCTb {f, (X)} paBHOMEDHO CXOJUTCH
TOr[a U TOJNBKO Torga, koraa o, — 0. PaBeBcTBO

[fi@dx— [f@)dx  (F(x)=0 (14)

BBHINOIHSAETCS TOTrAa ¥ TOJILKO Toraa, Korgaa,/2n — 0 (n — ©0).

M1 BHANM, YTO K3 paBHoMepHoI cxoyumoctH f, k f=0 Ha

[0, 1] (T- e. xorga o, — 0) cnegyer cXoxUMOCTH MHTETDANIOB

7h (14), uro cornacyerca ¢ TeopeMoii 2.

Ho nocnenosarensHOCTS {f,} MoaKeT

CXOIUTHCAHEPA6HOMEDPHO, B TO BPE-

M# Kak cBoiicteo (14) Bce ke co-

6rromaercs, Hanpumep, npud, = 1.

ITo NOKa3bIBAET, YTO PABHOMEDPHAA

CXOLHMOCTEL NOCTE0BaTEeNLHOCTH

7 7 z FIBJIAETCS JOCTATOYHBIM, HO He He-

n 06X0MMBIM YCJIOBHEM CXOAUMOCTH

Puc. 105 N0CIeJOBATEILHOCTH HHTEIPAJIOB K

MHTerpajly oT IpefleJIbHOH (PYHK-

muu. [anee, IpH O, = N NOCHeAOBATENLHOCTE {f,} He TOMBKO

CXOZMTCA K HYJIIO HepaBHOMEpHO, HO u cBoiicTso (14) He cobmnro-
JaeTcs.

Z -

D
ST S——
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Taxum 06pa3oM, ecJIH TI0Ce/I0BaTENILHOCTE {f, } cXoxuTes
HepaBHOMEPHO, TO BO3MOYKHO, YTO MOCHeL0BATEILHOCTE HHTET-

b
paJsios j f,, (x) dx cxopnuTca K MHTErpaly OT IPeAeNbHON (PYHK-

b
me | f (x) dx, a BOSMO3KHO, UTO CXOOMTCA K APYTOMY YHCI
Py y y

a
(mpr o, =n cxomurca K 1/2, a He K HYJIO) HNH Ke He CXOLUTCA
BoBCe.

Ipumep 3.Uapasencrea(l-2z) " =1+2z+ 2Z+... (z=pei°,
p < 1) cenpyer, 4To

]+pe"B 1, 2 2i0
= pe +pe+..
2(1-pe”) 2 P

a oTAess NeHCTBUTENIBHYIO H MHEMYIO YaCTH, IOJYYHM

1 1‘"P2 1 2
P,oy=t— 1P 1 5c0sB+p%cos20+..., (15
P ) = S gpcostrp? 2 TP SO+ cos 5)

psin®

————— =psin0+p’sin20+.... (16
l—-2pcose+p2 psin O + p°sin 20 + (16)

Qp, 0=

Dyurnus P (p, 0) vasusaerca adpom IHyaccona*, a Q (p, 0)
— eMy COnpRMEHHOU PyHKyLell

OTH QYHKLIMHE ABJISIOTCA MrADMOHMYECKHMU QYHKIMAME (AT
p<1),T. e. yROBIETBOPAIOT MG pepeHINAILHOMY YpaBHeHH1o Jlam-
Jaca** B NONAPHBIX KOOPJMHATAX

azu 10u, 1azu

A
“= ap° pap p’ 00°

=0. amn

* C. J1. Ilyaccon (1781-1840) — ¢pannysckuii MATEMATHEK H QHIHK.
#% I1. C. Jlannac (1749-1827) — ¢paniysckuit mareMaTHK ¥ QHIHK.
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B camoM jpere, KaxxJuIi wieH pana (15) apjsierca rapMOHH-
YeCKOM (hyHKIIHeH

(p"cos nb) = np"" cos nB, (p"cos nB)',=n(n- 1)p"*cos nb,
(p" cos nB)", = —n’p" cos nb,
A(p" cosn@) =p *cos nB [n(n~1)+n— n’]=0.

Amnanoruuso A (p” sin n6) = 0.

BaKOHHOCTH IMo4JeHHoro Audhepenuuposarua panos (15) u
(16) o6ycyioBITeHa TeM, YTo STH PAIL] 1 HopManbHO nponubdepes-
LM pOBAHHBIE (OJFH WIIH ABa Pa3a) pAIbl PABHOMEPHO CXOAATCA IIPH
0 < p < p,, e p, — 1:060e MOTOKUTENLHOE YNCIIO, MeHblee
€QUHUIIEL,

Bamerum, uTo byekIuau (x, y), [oex HYy — AEKaPTOBRI KOOPJH-
HATBI, HASKIBAGTCA 2apMOHUNECKoil 6 obaacmu € Touex (X, y), ecin
OHa Y[OBJIETBOpSeT B 3Tok 061acTi fuddepeHINAILHOMY YPABHEHHIO

pu=Fu, du g
ox° 0

B HONApPHBIX KOOPAHMHATAX 5TO ypasHeHMe HMeeT Buf (17).

§ 9.10. IlepemHuoKenne abCcoaOTHO
CXONSIMXCHA PANOB

PaccMoTpHmM ABa abCONIOTHO CXOOAUMXCH pAfa

S=2l,6=21Y )
k=0 =0

¢ IEeHCTBRHTeNbHBIMHY MM KOMILIeKCHBIME WieHamu. Ilepery-
mepyem napel (B, ), rpe k=0,1, 2, ...,1=0, 1, 2, ..., xarum-
Hubyab crocoboM

(ky, 1) (B L), (B3, L), . 2
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3aech BasKHO, YTO KAXKAAA yKasaHHas napa (k, [) Bxogut B
TIOCTIeIOBATeNNbHOCTE (2) B KauecTRe ee aJieMeHTa OfuH pas. Ona
HMeeT B 9TOH NOoC/eOBRaTeILHOCTH OIlpeieJIeHHbIH HoMep. Jlo-
KaxeM, 4TO

o
So =D uy, (3)
=0
H IIpH 9TOM pAL cupaBa B (3) abCOMIOTHO CXOLHTCH.
Taxum obpasoM, eciau U3 BCeBO3MOMKHBIX IPOM3BeNeHUI
LU, B3ATEIX B J000M MOpsifKe, COCTABHTEL P, TO STOT PAL
abCOJIFOTHO CXOAUTCH H HMeeT CYMMY, PABHYIO SO.
Yr1obBl HOKAa3aTh 3TO yTBEpIKAEHME, COCTABHM DAL M3
Mopynedt ju,| u |v)

5=, &=Yv) 1’
k=0 =0
Tonoxum
— o0 —_ o0 I‘
Sy = Zluk|9 Oy= Z'vzl' P -
k=0 =0 ek S

IIapw: (&, 1) yniopsigouum cuava-
Jia caepylomM obpasom (puc. 106): 2 1
0,0),(0, 1), (1, 1),(1,0), (0, 2),(1, 2), ¥
@ 2), (2, 1), (2, 0), ..., Toraa 7 T T
7 23 V.4

S0 =lmSy limoy =lim(Sy- o) = Puc. 106

>Y

= ;}_{E(luol vl + [gl = [og] + frey) - Jog| + g - vl + [zzg] « oo} + fusy| X

X vyl + [g] « ] + [uy] - [0g] + gl - ool + oo+ ] - [0g))- (4"

310 NoKA3LIBAET, YTO CYMMA CIpaBa CTPpeMHTeA mpu N — 00 K
npefieNly, paBHOMY SG, ¥ TAK KaK YeHb! ee HeOTPHULATEIbHbIE,
TO UKo SG ecTh CyMMa psifia

Sc = jug - [vol + gl - foq] + [wgy] - Jogf + ... (5"
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Tak KaK 4ieHbl 3TOro pAZa HeOTPHIlATeJILHEIEe, TO HX MOXKHO
nepecTaBIAThH KAK YTOAHO, HE U3MEeHSA ero CXOAuMOCTH 1 CyM-
bl SG.
M1 foKas3aIn Hallle yTBep)KAeHre MoKa Aas psagos (17).
IlycThb Telepsb

N N
Sy=2t: Oy=2u
k=0 =0

Kax B (4") B ey cxopumocTn psifoB (1) 6ynem nmets

So = lim(S,0,) =

= }]im (UgUg + 1oy +u0) + Uy, + o Fupvg) (4

TaxuM 06pasomM, CyIleCTBYeT Ipefes cupasa B (4) npu N — o9,
pasublit S©. Ho MBI yixe gokasanu, uto psax (5') cxopures. 3to
IIOKa3bIBAeT, UTO M PAXA

U, + ugv; +u 0 + uvy o 5

CXOIMTCA N NPUTOM abCOJIIOTHO.

B cuny xe (4) cymma aToro pAza paeHa So:
S0 = ugvy + upy + U0 + U+ .. .

Mzi, TakiM o0pasoM, ZOKa3all paBeHCTBO (3) IoKa AIs
OZJHOT'0 oTIpefeJieHHoro ciiocoba Hymepatzu nap (k, ). Ho B ey
abcomoTHOI cxoaumocTy psaga (5) paBeHCTBO (3) COXPaBUTCA 1
npu ao6om gpyrom crocobe Hymeparyum.

IIpumep. Pag

2 3

l|/(2)=1+2+%+§... (6)

abCoOIOTHO CXOANTCA AJiA JMOOOro KOMILIEKCHOTO 3HAYeHNd 2
HIIH, KAK TOBOPAT, a6COIIOTHO CXOgUTCA Ha Beell KOMILIEKCHOM
wiockocTi. B aToM yerko yoenuThes, €Cly K PAAY ¢ OOHIIHM
unerom [z|"/n! npuMenuTs npusHak [anambepa.
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Jlnsa jobbIX 1ByX KOMILIEKCHBIX YHceJI 1 ¥ U uMeeM (T1o-
SICHEHU S HAXKe)

V@Y (v) = (1+ u+l—2‘;+) (1+v+—”~2—+...) =

21
u2 U2 u3 u2 U2
=1+u+v+§i-1+u-v+l-?!+§i-1+§iv+u—2—!+
? 1,2 2
+1- %+...=1+(u+v)+§;(u +2uv +v) +

+ -?%(U,B + 3u’v + 3w’ + v3) +...=

(u+ v)2 N (u+ v)3

=l+(u+v)+ o1 30

+...=Y (u+v). (D

Bo BTOpOM paBeHCTBe MbI PaCHIOJIOKUIN IIPON3BEEHIS

k 4l
l’—:—'% B MOPAZKE, KOTOPHII MOYK- /]
1A P

HO yemoTpeTs us puc. 107, u Boc-
NOJIL30BANKCH PaBeHCTBOM (3) 3
JUTs 80COIOTHO CXOAAITHXCA PA-
zoB. ITonyvuennslit npu sTOM pan, 2
Kak ObLII0 FOKA3AHO B O0LIEM CJIy-
yae, abcomoTHO cxopmTeAa. Or-
JenLHbIe IPYIHILL YWIEHOB CXORA-
merocA psga 3aKOHHO o0benu-
HHTEL CKOOKaMH, He Hapylllas ero
CXOAVMOCTE. ITO M CHEJIaHO B
IOCHEeAYIOIMX PaBeHCTBAX.

Mgl goKasany BajKHOe PABEHCTBO

Puc. 107

Y@+v)=yw)-y @) ®)

s TI0OBIX KOMILIEKCHBIX U 1 U. O HeMm elne 6yeT UATH pedb
B §9.13.
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§ 9.11, Crenennsie paabI

Panx Bupa
a, +a,z + azz2 + a323 + .., )

riieq, — IOCTOAHHELIE YHNCNa, 82 — NepeMeHHas, Ha3bIBaeTcsa
cmenennbiy psadon. Ilpu srom a, 1 z MOTYT OBITH KOMILIEKC-
HBEIMH, MBI TAK B 0yeM CUUTATE B JajIbHellllleM, MHOTAA TOJb-
KO Ilepexojs B 001acTh AeiicTBUTeILHOr0 nNepeMeHHoro. Byxk-
Ba z 6yziet 0603HAYATE, BOOGIIIe rOBOPS, KOMILIEKCHOE IIepeMeH-
HOe WICJO {TOYKY KOMILIeKCHOI ILIOCKOCTH), a OykBa x —
ZelicTBUTENBHOE NIEPeMeHHOe YuCio (TOUKY AeiiCTBATeILHOM
ocH X).

B Teopu creneHHBIX PAAOB IeHTPAIBHOE MEeCTO 3aHUMAaeT
cIegyollasa oCHOBHAA TeopeMa.

Teopema 1 (ccHOBHa#A).Jnicmenennozo pada (1)
cyujecmayem HeompuyameavHoe ucao R, konewrnoe uau bec-
rworneurnoe (0 € R < 00), obaadarwujee caedyrouumi ceoiicmea-
Mu:

1) Pad cxodumces u npumom abcolOmMHO 6 OMKpbLmom
Kpyze KOMNAEKCHOIL naockocmu |z| < R u pacxofumces 6 mow-
rax zclz|> R

2) Qucno R onpedensemcs no gopmyne

1
R=— , 2
limzfa | @

n—oo

20e @ 3Hamenamene cmoum eepxHuil npeden (cv. § 2.10).
Ms!I nosBossem cebe Ipy 3TOM CIATATD, UTO

=0.

O |=

Taxum 06pa3oM, eciin YKasaHHbII BepXHUI npenen paseH
0, To R = 00, ecou ke OH pased o0, To R= 0.

OTKpEITEIL KpyT |z| < R HasHIBaeTCH KPYZOM CX00UMOCMUL
cmenennozo pada.Ilpu R = 00 OH IpeBpaiiaeTcsa BO BCIO KOMII-
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JIEKCHYI0 IIocKocTh. I1pu R = 0 crerteHHot pAA MMeeT TOJMBKO
OIHY TOYKY CXOXHMOCTH, HMeHHO TOYKy 2z = (0; R HasbpIBa1OT
paduycom exoBumocmu pada (1).

3ameuarnune l.YucnoR, yrosaersopsmwlilee yTBeDK-
npeunio 1) TeopeMsI 1, 0YeBUIHO, €IUHCTBEHHO.
3ameuanue 2. Ecan gna crenennoro psiza (1) cyige-

cTBYeT OOBIYHLIH npeges lim & an| , TO OH paBeH BepXHeMy IIpe-
n—co

Heiy £l_m #la_|. MoaTomy

R= 1
lim ";;an| )

n—ow

Yurareis, He 03HAKOMMBIIMIICA ¢ NIOHATHEM BEPXHETo
TIpefena, MOXKET IPOCJIEANTD 38 X0A0M I0KA3aTeILCTBA TeOpeMBI
1, npeATIONOKUE, YTO AJIA PACCMATPHBAEMOr0 CTEIIeHHOTO pAja
VKa3aHHLIA IIpene1 cyliecTeyeT. B 5TOM ciydae BCIOAY B IIPO-

M3BOAMMEIX HHXKE PACCYIKAeHHAX HANO 3aMeHUTh lim Ha lim.

HokasatenscTtBOo Teopemn 1. Ilyers uncno R
onpezesnsiercst 1o ¢opmyie (2). B Touke z = 0 crenernoil pag
cxoputea. Byaem nanee cunrats, 4to 2| > 0. Hapagy ¢ pagom
(1) BBegeM BTOpOit psizi, COCTABJIEHHBIH M3 €r0 MORLyJIeil,

lag + la,2| + a2’ + ... . 1
O6wumit 4ien psapa (1') o6osHaunmM Yepes
u,=lez2"l ®=0,1,2,..). 3

CornacHo o60ob11enHOMY npusHaky Komm cxopuMocTy psAja (cM.
§ 9.4, Teopema 3, B)),

ecu lim z /un < 1, o psax (1') cxommTes,

n—co

ecm ke lim &fu, > 1, To pag (1) pacxonmres

n—aoo
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H IIPpM 3TOM llepeMeHHas u, HeorpaHu4YeHa, HO

Tim tf, = Tim a2 ~Tim (2l3fa,]) = l=fTim g/, = 2.

3necs MBI BLIHECIH 38 3HAK BePXHETO Npeesia KOHeYHOe YHCIIo
Iz} > 0.

H3 crasannoro cnenyer: ecu 2] <R, . e. [z|[/R< 1, T0 pax
(1") cxopuTesA, a BMeCTe ¢ HEM CXOOMTCA U IIPUTOM a6COIOTHO
paz (1); ecam xe [2|> R, 7. e. |2}/R > 1, To pag (1') pacxogures
¥ ero ofmmit wien |a, z"| Heorpamuyen, moaTomy O6IUMIt wWieH
pana (1) a,z" He cTpeMuTCs K HYIIO P L — 00 11 751 Hero He
BBIOJIHAETCA HeoOxonumelil npusnak (cM. § 9.1). 3ro mokassl-
BaeT, 4T0 pax (1) pacxogures.

Wrax, mu1 gokasanu, uro onpefensemoe ua pasescTBa (2)
qucso R obaiaeT caepyoluM CBOHCTBOM:

ecaH |2| <R, To pag (1) cxopmTesa 1 npuToM aGeooTHO,
ecnu ke |2| > R, o pag (1) pacxogurest.

OcHoBHaA TeopeMa JKOKasaHa.

Bynem B panbseiiinem gns KpaTKocTH 0G03HAYATD Yepes
G, 3aMKHYTBI# KPyr |z| € ¢ KOMILTIEKCHOI ILIOCKOCTH.

3aMeTHM, YTO CTeNeHHOi! pAJ CXOIUTCA HA OTKPLITOM KDY-
re [z| < R, Boo6111e roBops, Hepasaomepro. OLHAKO BepHa cJeny-
ollasa Teopema.

Teopema 2.Cmenennoii pad (1) abcontomno u pasro-
MEPHO cxodumesn Ha 1000M Kpyze o,={z:z|<q},20eq<R,a
R — paduyc cxodumocmu pada (1).

HoxkasarenscTso.Bcamom ene, nycrsq <R, Toraa
¢ €CThb AeHCTBUTENILHAA, T. €. JIeMKAIas Ha OCH X TOUKA, IIPH-
HaJUle3KalllAA OTKPHITOMY KpyTry cxofumocTs psza (1). Iloato-
My B 3TOi{ TOYKE Halll CTelIEHHON DA a6COMIOTHO CXOOMTCA,
T. e.

o0
Dla,g" < oo.
n=0
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C npyroit CTOPOHYI, AJIA Z € G, UMeeM
la,2"l <la,d"| (n=0,1,2,..).

Tax Kak npaBkie YaCTH 3THX HEPaABEHCTB HE 3aBHCHT OT 2 € o,
M psJi, COCTABJIEHHBII X3 NPaBbIX YacTei, CXOAUTCH, TO 110 IPH-
snaxy BeifepinTpacca (cM. § 9.8, Teopema 1) crenennoit pap (1)
CXOAMTCH Ha G, a6CONIOTHO B PABHOMEPHO.

Teopewma 3.Cymma
S(z)=a, +a1z+a222 + ...

cmenexH02z0 pada ecme HenpepulBHAS PYHKYUA HA €20 OMKDbL-
moMm kpyze cxodumocmu |z| < R.

B camom fenie, 4i1eHBI HaI1I€To psja — HenpepLIBHbIE (DYHK-
LMK OT 2, & CaM PAA PaBHOMEPHO CXORUTCH Ha Kpyre G, ¢ < R.
CrnepoBaTesIbHO, 110 H3BECTHOH TeOpeMe n3 TEOPHHU PABHOMEpHO
cxopamuxca pagos (cM. § 9.8, Teopema 2) cymma pazxa S (2)
€CTh HelpephIBHAA (PYHKIMA Ha O, HO TOT/Ia M Ha BCeM Kpyre
lz< < R, moToMy 4T0 ¢ <.R npoMsBoILHO.

Jis BBIYKCIeHN S PAAUyca CXOINMOCTH CTEIIEHHOTO pAja
B HallleM pacliopAyXeHUH umMeercs ¢opmyna (2), HO YacTo Ha
NpaKkTHKe npK BeraucieHun R yao6Ho GhiBaeT BOCIIOIL30BATHCA
npusHakoM [lanambepa.

ITyerh cyimecTByeT npe pet (KOHeUHBIH 11 GECKOBeUHbIE)

am—l

a

n

n—oc

KOTOpBIii MBI IIOK& 06o3HayuM uyepe3d 1/R,. Toraa (cm. (3))

n+l

.U . .

lim-%Ll=Jim —— =|z[lim

n—e U n—eoc |a i l n—o
n

n+l

an+1

an

_led
R

H, cornacHo IIpnsHaky JanamGepa (§ 9.4, Teopema 2), ecnn
lz2| < R,, To psix (1"), a BMecTe ¢ Hum 1 pag (1), cxoAuTCs, ecin
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¥e [z| > Ry, 7o |u,| — o0 u psaxg (1) pacxoamtesi. Ho yucno R ¢
TEKHMH CBOHCTBAMM MOYKET OBLITH TOJNBKO eUHCTBEHHLIM, TIO-
aromy R, = R (cM. Teopemy 1).

HTtak, me! fokasain, YTo eClH CyLecTBYeT npenen (4), To
OH paseH 1/R:

a 1
lim nil . L
n—w| @ R ’ (5)
n
roe R — paguyc exoaumocTy crenertoro paga (1).
3aMeTHM, YTO MBI OKOJLHBIM ITyTeM HOKAa3aId, YTO eClIu

npenen (4) (xoHeunslit uiaN GeCKOHEYHDIH) CYIIeCTBYeT, TO OH

PaBeH BepXHeMy Nnpefeny lim g[tz .

Sameuanue 3.BHameil yueGHoI tuTEepaType O6BIYHO
HAYMHAIOT H3I00KeHNe TeOPUH CTENIEHHBIX DAJOE ¢ TeopeMbl Abe-
Jifl, KOTOpasi MJIACUT:

Teopema AGens.Ecaucmenennoii pad (1)cxodum-
cs 8 moue z,= 0 KOMNIEKCHOIL NOCKOCMU, MO OH cXo0umcs
afCconmMHO 1. PABHOMEPHO 8 3AMKHYMOM Kpyze|z| < g, 20e ¢ —
n1060e wucno, ydoenemeopsiousee Hepasencmean 0 < q < |z ).

JlokasaTenscTBo. 3Ta TeOpeMa Teneps yiKe ABJIAET-
csl cencTerem us Teopem 1 u 2. B camoM neJie, TaK Kak 2, €CTh
TOYKA cxofuMocTH paga (1), To |z He moxeT GbITH GonbIuM,
ugem R. IToaromy [2)| < R, 0 < ¢ < |2,| < R u ¢ < R. Ho Torma no
Teopeme 2 cTeneHHo# psif (1) cxonurest Ha kpyre |z| € ¢ abeo-
JIIOTHO ¥ pABHOMEPHO.

IIpumMepsl
1+z+2°..., 6)
2 2 2
1+F+§+§...(a>0), )
1+z+22%+3122°+ ... ®)

C nomomnio dhopmyts: (2) nau (5) saKanroyaeM, 9YTo paguyc
cxonumocTH panos (6) u (7) paseH 1; gisa pazga (8) ou pasen 0.
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Cymma psaga (6) (reomeTpriecKas Iporpeccus) B OTKPHI-
tom Kpyre |z| < 1 paBra (1 - z)‘l, a OCTaTOK

n+l
2

rn(z)=izk= -—=0 (n— o).

] 1-2

OnHaKO CXORUMOCTh Ha YKA3aHHOM Kpyre HepasHoMepHa. He-
pPABHOMEPHOCTb CXOAHMOCTH HMeeT MECTO YKe JJA IOJo-
JKUTENBHBIX 2 = x Ha uHTepBase 0 < x < 1; HepaBeHCTBO

£>1x )

npu AX60M 3aJaHHOM 71 HENIb351 YEOBIETBODUTE JI/IA BCeX yKa-
38HHBIX X.

Benr ecnu x B3ATH 0uYeHb GIM3KKMM K 1, TO YyucinTenb B
npaBoit yacTu GyzeT Toske 61130K K 1, a 3HaMeHaTeNb 61IM30K
K HyJI0 B Apobs B Tipasoit uactu (9) Mokuo, TakuM obpasom,
cJenaTk GOJbINIeH YeM €.

Paz (7) npu & > 1 paBHOMepHO CXOAUTCA Ha 3aMKHYTOM
Kpyre |z| < 1 ero cxouMocTH, TaK KaK mpH 2| < 1

P <E%m 2k <o,

Ecaumo = 1, To B Touke z = 1, Neskaieil Ha rpasuIie Kpyra
cxopumocTu, pag (7) pacxoauTcs.
Pap (8) cxouTes TOIBKO B TouKe 2= 0.

§ 9.12. InddepeHnupoBanne H
MHTEIrpMPOBaHNE CTENeHHBIX PANORB

Teopema 1. Paduycet cxodumocmu cmenennozo pada
2
ag+a,z+a,z" + ... (1
u pada

a, + 2a,z + 3a322 + ., (3]
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nONY1LEeHHOZ0 U3 HezO opManvHbLy Oudphepenyuposarie, co-
enadarom.

3ameuaHne. Onpefiesenre HEIPEPLIBHOCTH M IPOHS-
BOZHOM OT (PyHKIIMM KOMILJIEKCHOTrO IlepeMeHHOro f (2) Takoe
’Ke, KaK JI B ciydae GyHKIMH OT eiicTBATe ILHOI IepeMeHHOIT,
Heo6xoaumo IMIb MMETH B BHAY, YTO 8-OKPECTHOCTD TOYKM A
€CTH OTKPBLITBEIH KDPYT paguycad ¢ EHTPOM B TOYKe z,. Ucxopn
H3 3TOro ONpPeZIeJIeH s, NPON3BOJHASA OT cTelleHHoi GyHKIun
2" Beramcnaerca no dopmyne (2") = nz" .

JlokasaTenscTBO Teopemsu 1. Byzem cuurarts,
uTo R ecTh paguyc cxopumocT psna (1), a R’ — paguyc cxonun-
mocTH psinia (2). [JokaxkeM TeopeMy B IpPeATIONOKEHNN, YTO pe-
zen

limifla,| =% ®)

n—w

KOHEYHBIH 1 6eckoHeuHsIH cymecteyeT. MMeem

b g1 4

R
crepoBaTennHo, R = K.

B obmem ciyuae, korga npenen (3) He CYIeCTBYET, MMEET Me-
cTO

q

sfla =L
M—R

n—o

H TOTHA

1 _fimefa [=lim%n imzfa |=1. L =L
= mdle, = lmdn lim dla,| =15 = 1.

Ho Tpe6yercs 060CHOBaHUE BTOPOro PaBeHCTBA — HAJ0 AOKA3ATS,
yro ecmu o, 3,>0ma, — 1, o

lim(c,B,) = limB,. )
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B camoM ziesie, CyLUecTBYeT IOANOCIEN0BATENbHOCTD {N,} TaKkad,
4TO

limp, =limp, =lime, -limp, =lim(c,B,) < lim(c,B,). (5)
CyuecTByeT TaKiKe MOANOCIEROBATENILHOCTE {71, } TaKasd, YTo

lim (a"h "k)

lim(a,B,) = lim{a,B,) = lim o
Ty

=limp, < limB,. (6)

U3 (5) u (6) cnenyet (4).
Teopema 2.Cmenernoil pad
f(2)=ay+@az+az"+.. (2 <R) )

3aKOHHO GopManvHo dudepenyupoeamy & npedenax ezo (om-
KpeLMO020) Kpyza cxodumocmu |z| < R, m. e. eepra hopmyna

f(z)=a, +2a,2 +3a,2° +... (2| <R). (8)

HoxasaTenscTBO. 3Ty TEOPEeMY MEI JOKAMKEM TOJIb-
KO B IIPeAIIOJIOMEHIH, YTOZ = X €CTh AeiICTBUTebHAS IlepeMeH-
Had, 970 JA&CT HAM BO3MOYKHOCTH CBECTH BOIPOC K XOPOIIIO H3-
BecTHoMY (GaKTy U3 TeopHu AefiCTBUTEIBHBIX DANOB.

Ntak, crenennoit pax (7) AnsA JelicTBUTeNLHOI TepeMeH-
HOM MMeeT BHJ

f)=a,+a;x+ azx2 +... (R<x<R). (7™

Jror pAf Teleps yike MeeT He KPyT, & HHTEPBAJ CXOAMMOCTH
(-R, R). CooTBercrBylomuit ¢opmanpHo IpoguddepeHIpo-
BAHHBIH PAJL MMeeT BUJ,

¢ (x)=a, +2a,x + 3a3x2 + ... (8"

Ero cymmy MBI TIOKa o6osHauunm yepes ¢ (x). Or cxoguTea Ha
unTepBaie (—R, R) Ha ocHOBanum npexsigyieit Teopemel. O6a
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psJia, KaK Mbl 3HAE€M, PABHOMEPHO CXOLSATCS HA oTpesKe [—g, q),
raeq < R, IIpm aToM 4iieHBl BTOPOro psijia HelpepblBHEEI M SABJAA-
IOTCSI IIPOMBBOAHBIMHE OT COOTBETCTBYIOILLMX YJIEHOB IIEPBOrO.
Ho Torzga Ha oCHOBaHME TeOpeMbl U3 TEOPHH PABHOMEDPHO CXO-
AAIXca panoB (cM. § 9.9, Teopema 3) BHIIIONHAETCST PABEH-
CTBO

o@)=f (x) C)

Ha oTpeske [—q, q]. clefoBaTenbHO, ¥ HA MHTepBaie (—R, R),
NOTOMY YTO ¢ < R IIpOH3BOJILHO.

OrMeTHM, YTO B CHITY NOKA3aHHOM TeopeMbl 2 psix (1) aa-
KOHHO 1Io4JIeHHo AnddepeHIUpoBaTE CKOJLKO YIojiHo pa3. Ha
k-M 3Tane MBI IOSTyYUM PABEHCTBO

P @=Ha,+E+1)k..2a,,2+...,

CcrpaBefJInBOe 1751 Beex 2 ¢ |2 < R. Ecomm monoxute B Hemz =0,
TO IOJTYIUM

f®(0) = Kla,

HiIn

(k)
a, = 0 *k=0.1,2,..).
k!
Orciofa, B 9aCTHOCTH, CIIELYET, STO PAIJOHEHUE PYHK-
yuu f (2) 6 cmenennoii pad (cm. (1)) B Hexomopom kpyze|z| < R
(unu 6 unmepeane(—R <x <R), ecau pewv udem o pyuxyuu f (x)
OeiicmeumenibHOz0 NepemMerHH0z0 X) eOUHCIMEeHHO.
Taxwum obpasom, cymmy f (2) cTenensoro psina (7), mmMero-
1ero paauyc cxogummMoctT R > 0, MOKHO 3ammcaTh ellle clie-
AYIOLMM 00pasom:

©)_ . £0) : = (0
f(2)=f(0)+%2+f%zz+...=§%zk. 10)
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Psag cnpasa B (10) raseiaercs padom Teilnopa ¢pynxyuu
f(2) no cmenensanm z.

MBsI oYUM, YTOecau cmenertoll pad (1)umeem padu-
yc cxoBumocmu R > 0, mo on asnsemes padom Teiinopa ceoell
cymmot f (2).

Borpoc ¢ IOYWIEHHOM MHTErPUPOBAHIH CTENEHHBIX DALOB
BO Bcell ero nojiHote notpeGopal Gbl BBeJieHHUs KPUBOJIMEHE-
HOT'0 HHTErpaJia oT (pyHKIMM KOMILJIEKCHOrO IlepeMeHHoro. MBI
OrpaHMYHMCS PACCMOTPEHMEM 3TOI'C BOIIPOCA TOJBKO AJIS CTe-
IIEHHBIX DAAOCE

fx)=a,+ax +ax"+.. (11)
OT JeficTBUTENbHOI NepeMeHHo x (2 = x).

SagaaumM crenesHoil pay (11), umeronpriit METEPBaa CXO-
mumocti (—R, R), rae 0 <R < 00, Uncna a, MoryT OBITh AeiCTBH-
TEeJLHBIMHI M KOMILTEKCHBIMH. 321a11M (PUKCHUPOBaHHYIO TOY-
Ky x, € (—R, R) u nepeMeHHy10 TouKy x € (—R, R) u moabepem
q > 0 Tak, 4To0bI

-BR<-g<xy,x<g<R

Crenennoit psig (11) paBHOMepHO cxopuTcs Ha OTPe3Ke
[-¢, ¢], HaxopsIeMca cTPOro BHYTPH MHTEPBAJa CXOAMMOCTH
psfia, M, CI€IOBATENIEHO, €0 MOKHO IMOWIEHHO HHTETPHUPOBATD
(cv. § 9.9, Teopema 2) ot x;, Ao x:

ff(t) dt = ay(x — x) + gzl(xz—xg)+%2(x3—xg) +.. (12)
E)

(R<x, x4y <R).

B uacrrocTH, ipu X, = 0 moayIuM

Tf(t) dt = agx + 92le + %2353 +.. (R<x<R. (13)
0
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IIpumep 1. OyeBupnO, uro

1 2 4 .6
=1-t"+t -t +....
1+ .
JroT psy cxopurcs Ha uHTepBane (-1, 1) (R = 1). Ioaro-
My, ecnu x € (—1, 1), To 3aKOHHO HOYIEHHOe MHTErpHpoBaLHe
3TOrO pAjia oT HyJs 10 x (PAJ PABHOMEPHO CXOAMTCS Ha JT10060M
OTpe3Ke, IPUHAJIEKAIEM K HHTEPBANY CXOAUMOCTH);

dt 2L 12X X
—~—§=arctgx=x——3~+—5-———+... -l<x<1).

+t 7

© by B

Ilonyuennrlil paj cxopures ¥ pu x = + 1 (kak psg Jeii6-
Huia). MosHo noKasaTs, 4TO OH cxoAuTcA K arctg 1 = /4,

r.e f=1-1,1_ 1, | (cm. panee § 9.14).

4 3 5 7

2
IIpumep 2.Psan Teitnopa gnsa PYHKIKUK € MMeeT BUL
(cm. § 4.16)

4 G
£ __2 L_t_
e =1-f +2' 3!+...,

nputdeM Aiid Hero R = 00. IoaToMy 9TOT Ps MOMKHO IIOYIJIEHHO
HHTErPUPOBATH:

3 7
X X
f" =

T. €.Mbl II0JIYYIJIM BrIpakeHue nHTerpana Ilyaccona yepes cre-
IEHHOM psAJ.

IIpumep 3. Pag Teiuiopa ¢yHKIMM y = sin x uMeeT
Buy (cMm. § 4.16)

3 5
sinx=x—-%4+% . .

3! 5!
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On cxopuTest Ha Bee# ocu. Otciona 1npu x # 0 MMeeM

z 2 6
,8_129?_:1_,x_+§ x ) 14)

x 351 71

sinx

= 1, nomyuaem, uto paBencreo (14) BepHo
x=0

u npu x = 0. Pag (14) pasroMepHo cxopuTesd Ha I1060M KOHeY-
HOM HMHTepBaJje AelcTBUTENLHOH ocu. MHTerpupys sToT cre-
IIEHHOM pAJ, IIOJYyIaeM:

Cuuras, aro

J‘ sint dt = x3 x:’ x7

T 3.3175.50 771

+oaan .

Iipumep 4. Pag Teiinopa pns QyHKuuM y = cos x
umeet BUJ (cM. § 4.16)
4 8 12
cosx =1- '—2"—+Z—'—ﬁ+-.. .
On cxonutca Ha (—00, ©0). WHTerpupys 3TOT CTENEeHHOH psx,
noayuMM ueTerpan ®penensa

3 ] 13
_ x x x
jcost dt =x 9 a1 13-6!+"' .

IIpumep 5. Tak xax

h x ecmun =2k
h (n)= {S » »
(sh z) ch x, ecmun =2k + 1,

TO

(sh x)(n,) _ { 0, ecmun=2k,
x=0

1, ecimn=2k+1,
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noaroMy psif Teitmopa dyaxknuu sh x sanuirercs: Tak:

3 3
hx= x X e 5
shx=x+ i+ + (15
Takx Kak 3TOT cTeNEHHOM PAJ CXOAUTCH Ha BCel felicTBITeNE-
HO#M ocH (IpuMeHUTE NpuzHak Jfanambepa), To MOKHO €0 Io-
4jeHHO nuddepeHIIHPOBATL:

2 4
chx=1+Z+% 4 | (16)

21 4l
(pax cupasa B (16) paBHOMEPHO CXO[UTCH HA JII0O0M KOHETHOM
HHTEpBaJe).

§ 9.13. Oyuxuuu e, sin 2, cos z
OT KOMILJIEKCHOTO NepeMeHHOro

®yrKnuue’, sin x,cos x OT felicTBUTEIbHON epeMeHHOI
X onpefielieHbl Ha Beell eHCTBUTENBHOM OCH (—00 < X < 00),

W3 § 4.16 MpI 3HAeM, YTO aTH DYHKIMM pasjaramTcd B
cTeneHHble PAAbI:

2 3

x X . x
€ =l+x+"—+"—+...
2t 3! ’

£ X
sinx=x--+7-—..

3! 5! ’ 1)
2 4

cosx=x—% 4% _ |

21 4!

cxopdAIMecs Ha (—00, ©9),
310 ecTh paasl Teitnopa atx QYHKIMIH 110 CTENEHAM X.
B § 5.3 610 mano ompenenesre QyHKIMH e, e x —
JeiilcTBHTeIbHAA epeMeHHas1, nocpeacteoM bopmynbl Dilnepa

i

" =cos x +isin x. @
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IloacTaBuM B ipaByio yacTe (2) BMECTO COS X MSin x MX crelen-
HBIE PAJBI, TOT/A TOJYINM PA3JI0MKEHHE € 110 CTENeHAM X

2 4 3 3 . iv¥  (ix)
i _ x . x ; x . x _q.ix (x)  (ix)
e —(1—§+Z!-—...)+L(x—§+—5—!——...)—1+ 1!+ a1 + 31 +...

QOyHKIMIO € [ J060ro KOMILJIEKCHOTO 2 = X + iy ecTe-
CTBEHHO OIIPEIeIUTH CIIEAVIONMM 06pasoM:

ez — ex+iy — exeiy.

Orciona

=(1+242 1+i_y+M+ U I N
L o2 1! 21 31 7

(cm. § 9.10, (6), (8))-

Msb! nosnyunnu, 9To QYHKLHMS € OT KOMILJIEKCHOTO
IepeMeHHOr0 z pasjiaraeTcs B CTEIIEHHON P/l 10 CTENeHAM 2

2 3
Z — Z2,2 2
e —1+1!+2!+3!+..., 3)

CXOIALIMIICH K Hell Ha Bcell KOMILIEKCHO MIOCKOCTH.

Psgn (3) ects pax Teitiopa QyHKIuH ° 110 CTENEHAM z.

Pagmyc cxomumocTu psiga (3) R = ©0, 1 ysxe us obIUX
CBOHCTB cTeneHHBIX pajok (cM. § 9.10) cnenyer, uTo pax (3)
a0COJIIOTHO CXOMWTCS JIJIs1 JII060r0 KOMILIEKCHOTO 2, IIPH 3TOM
OH PABHOMEPHO CXOXUTCA (K €°) Ha Kpyre |z| < g kak Gbl Hu
OB1710 BeJIMKO MOJI0KUTESIHFHOE YHCJIO .

@yHKIMH cOS z M Sin z OT KOMIUIEKCHOH IepeMeHHOH 2
€CTeCTBEHHO OIIPEe/IeSTUTh KAK CYMMBI CJIEAYIOINX CTeMeHHbIX
PAOB:

P
=1-5+%5 ...
cosz=1 o1 a1 .
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3 D
. z ,z
= - — ...

sinz==z T
Ob6a atu paga uMeroT paguyc cxoguMoctR = 00 1, Takum
o6pazoM, o6e COOTBETCTBYIOIMeE (DyHKIM olpejieIeHbl NSt

J060r0 KOMILIEKCHOYO 2.

Jlerko mpoBepsieTcs CpaBHEHMEM COOTBETCTBYIOLMX

CTEII€HHBIX pAIOB, YTO

cos z="—F—, sinz=&—-€¢_ ()

151 JTI000TO KOMILIEKCHOIO 2.
Tenepk, HONL3YACH CBOIICTBAMY IIOKA3ATE THHOI GyHKIIK
€" (0T KOMILTIeKCHOrO 1), JIeTKo noJiy4aeM (hopMy bl

cos(u+v)=cosu-cosv—sinu-sinv,
sin(u+v)=sinu-cos v +cos u - sin v,

BepHBbIe ISl NIOObIX KOMILJIEKCHBIX U M U.

i dopMy bl TakuM 06pasomM, 0606ILAIOT XOPOILIO U3Be-
cTHBIE (JOPMYJIBl TPHIOHOMETPHH, THle CIUTAJIOCE, YTOU MU —
JeilcTBUTeNIbHEIe lepeMeHHble. OTMeTHM, YTo GYHKIIM Sin 2
H COS z B KOMILIEKCHOH ILIOCKOCTH 00513 1al0T He BCeMH CBOIi-
CTBaMH OGBIYHBIX QYHKIMIL Sin x u cos x. B yacTHoeTH, 2TH
(QYEKIIMM HEOrpaHUYEHbl HA KOMILUIEKCHOM IIJIOCKOCTH.

B cuny (4) nupu neiicrBurensEoM x

-X X
. _e
coszxz—;—e:chxﬁoo, x — 00, 5)
e —e"
sinix=T=ishx—-00, x — 00, (6)

Dopmynsl (5) 1 (6), MesKIy IIPOYMM, YCTAHABIMBAIOT CBA3b
MEXY «KOMILICKCHOM TPUTOHOMETPHEN » 1 « THIIepGOIHYeCcKOoi
TPUIOHOMETDHE» .
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PyHKnMA z = In® OT KOMILIEKCHOI NepeMeHHO# (® oIpe-
Jensierca Kak obparHas QyHKIUS K QyHKIHM

o=¢é. (N

Ecmu sanucats © # 0 B rokasaTennHoik hopMe

o=pe® (p=o>0),

TO paBeHCTBO (7) 3anuuieTcs B BHAE

pe®=e"e? (z=x+ i),

OTKYZa
p=¢€, ©O=y-2km,
T. €.
x=Inp, y=0+2kn (k=0,%1,42, ...).
Iloaromy
z=lno=x+iy=Inp+iO+ 2kn)=Injo|+iArg o =
=ln|oj+iargo+i2kn (k=0, 1,42, ..)), (8)

rzeIn jo| (jo| > 0) noruMaercs B 06brunoM cmeicae. Us (8) Bua-
Ho, 4TO In ® (® # 0) ecTh MHOrOsHAYHAS HYHKIMS OT (0 BMeCTe
¢ Arg ®, HesaBUCHMO OT TOro, GyAeT JM @ AeHACTBITEeNbHBIM
HUJIH KOMILIEKCHBIM.

Hamnpumep, ¢ Toukn sperns sToii Teopuy (byHKIII KoMII-
JIEKCHOro nepeMeHHoro) In 1 paser ogaomy us wucen 2kni (k =
=0, +1, £2, ...). B geficTBUTeNEHOM aHAMNSe IS BBLIPasKEeHNA
In 1 sEIGMpaeTca cpeay 5TUX YCelI IMHCTBEHHOE AeHCTBIATE b-
Hoe gucio 0.

Ho w51 Be 6yniem yray6aarscs ganeine B TeOpHio (GyHK-
[ KOMIUIEKCHOrO epeMeHHOro — 3T0 He Hama 3afaga. Cre-
JIaeM TOJIEKO 3aMeYaHUe II0 HOBOJY (GopMyJnl

2 3
ln(1+x)=x—x3+33——... l<x=<1).
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Koropas 6b1a BeiBeZieHa B § 4.16 1y neiicTeurenbEbIX x. Ecou
LOJICTABUTE B PAJ B IPABOI YACTH BMECTO X KOMILJTEKCHOE 2 ¢

2l < 1,

TO Psiji OCTAHETCH CXoaamumMcs. MorKHO CKa3aTh, YTO €ro CyM-
ma pasHa In (1 + 2), Tak Kax Mbl €ro OIIpeseIiIN BhIIlie, TOYHEE,
paBHa OfHOH 13 OHOSHAYHBIX BeTBel MHOIOZHAYHOI (hyHKIMM

In (1 +2).

DyHKIUH KOMILIEKCHOIO IIEPeMEHHOr0, Pasiaraionyecs
B cTeneHHBle psaabl (paael Teitnopa), HasbIBaloTCH
ananrumuveckumu pynryusmu.OHE U3YUAIOTCA B pasaesie Ma-
TEMATHUKH, HA3bIBAEMOM TeOpHel aHAIUTHYeCKUX QYHKIMH
TeopHeil yHKIMII KOMILIEKCHOrO NepeMeHHoro*. Hakoxery oT-
MeTHM, YTO €CJIM B CTEIIEHHOM DA II0 CTEIIeHSM U

a,+au+ c12u2 + ...
€ KpyroM cxoauMocTH |u| < R MONOMUTE U = 2 — Z,, IAe 2, —
durcupoBanHoe YHCIO0 (BooOIIe FOBOPS, KOMILIEKCHOE), TO II0-
JYYUM pAag
ap+a(z2—2zp)+ayz - 20)2 + .
HABLIBAEMBIH CIMeNeHHbIM PAOOM NO CMeNneHAM z — 2,.

Ox cxopuTes B KpyTe (CXOnMMOCTH) |2 — 2| < R u pacxo-
AUTCA AJIA 2, YNOBJIETBOPAIONNX HEPABEHCTBY |2 — 25| > R.

§ 9.14. Paags B npuOIMKeHHBIX BHIYHCICHHAX

B arom maparpade Mpl GyzieM samuMaTLCA ITPUGIMIKEH-
HBIM BHIYHCIEHHeM 3HAYEHMII 3J1eMEeHTAPHAIX (HYHKIIIL.
IIpocreitimas anemeHTapHAA QPYHKLMA — 3TO MHOTOWIEH

P(x)=ay+a;x + ... + a x".

* Cu. gamry kBury « Iuddepernuansuse ypasaerus. Psaaul. KpaTerie ne-
Terpaisl. DYHKINY KOMILUIEKCHOrO [IEDEMEHHEOr0» .
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Brruucnenue 9Toil QyHKITUM IIPH X = X,, CBOAMTCSH K IIPO-
HMSBOJCTBY KOHEYHOI'0 YMCJA CJOKEHUN M yMHOKeHMil. 3Ha-
YeHMe 37Ol QYHKII B TOYKE X MOYKET OBITb JIEPKO HAiIACHO C
J000# cTenexbio TogHOCTH. Ecim ncnonszosars IBM (siekT-
POHHYIO BBIUMCJIMTENbLHYIO MAIWHY), TO 9TO MOXKHO CHeJIaTh
BechMa OBICTpO.

Ipyrue ajneMeHTapHble (PYHKIMM, TaKHe Kak sin x,
arctg x, ..., Kax MBI IOKa3aJIH BbIllle, paziaraiorca B paj Teii-
Jiopa 110 CTEIIEHAM X.

ITorpersocTs, KOTOPYIO MBL JOIIYCKaeM IIpK 3aMeHe QYHK-
¥y (CyMMBl psifia), Ha MHorousneH Teitmopa, MOXKHO y3HATE,
OLICHUBAA OCTATOYHBIH UJIeH PAJA.

PaccMoTpumM cTenenHo pAx

fE)=cy+ex+ex’+.. (-R<x<R) (1)

¢ HHTepBalioM cxogumMocTH (—K, R). CTporo BHyTpH MHTEpPBaaa
CXOMMOCTH OH CXOAUTCA K (x) CO CKOpPOCTHIO YOBIBAIOLIIEi! reo-
MeTPUYECKOM IIPOrpeccun.

B camomM pieste, IycTh ¢, ¥ ¢ — ITPOMBBOJbHEIE YHCIIA, YAOB-
neTBopsioliue HepaserncTeaM 0 < ¢, <.g < R.Torna pan (1) cxo-
JUTCH B TOYKe X = ¢ U €ro 4ieHk! 06pa3yloT orpaHHYeHHYIO
nocaezoBatentHocTs (|¢,¢"| < M, Vn)- IlosToMy nnsa BeexX x €

€ [~q,. Q1]
le,x"| = cnq"(l) SJW(&J ,
q q
roeq,/g<1.

MsI BUAMM, YTO CTEIIEHHBIM PS/IOM BBIFOIHO NOJIB30BATh-
Cs1 AJid BBIMMCJIEHN S sHaYeHU MyHKIM f (x) B TOUKAX, JIexa-
I[MX CTPOr0 BHYTPH MHTEPBAJIA CXOJHMMOCTH.

Ecnu ke Toukax ecTs 0VH U3 KoHIIOB MHTepBana (—R, R),
TO B 3TOH TOYKe, €CJIH PAA M CXOAUTCS, TO ME[JIEHHEeE, &M YOEI-
BalOIaA reoMeTpryecKas nporpeccusd. OOLIYHO HACTOJIBKO MEJI-
JIEHHEe, YTO HElles1ecoo0pasHo MOJIb30BaThCA HENOCPECTBEHHO
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CTENIeHHEBIM psifioM (1) f1s BEIYUCIIEHVA SHAUEHUA | B YKAsaH-
HO#{ KOHIeBO# TouKe. Hrke MBI mporsmocTpupyeM si ¢ax-
Thl Ha KOHKPEeTHBIX IPEMepax.

Haunem ¢ ebinucnenus yucaa m.

B § 9.12 B npumepe 1 noxasaHo, 4T0

3 5]

arctg x = x — %#‘? —eee (1<x<1). ¢4

Pacemorpum TomaecTeo

2n+2

1 2 n_2n ntl X
=l-x"+x' .+ D)+ (1 .
2 O

Huterpupys a1o Toxaectso Ha [0, 1], umeem

1 1 1 1
|-, =arctg 1= = [dx~ [2dx+ ... + " [2™dx +
01+x ° )

[~

L 242
+ (=)™ j1x+x2 dx=1- é% et (1) —2- 0,

[

rae

Jlerxo Bugets, ¥TO

1
2n+2 _ 1 — —_
o] < !x dx=o-" =0, n—oo

Orcroga cnenyer, aro

(1)

arctgl— Z -0, n— oo,

T. e. arctg 1 aBnsercs cymmoii psajga
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HITH

m=4) o ®3)

Mgz1 BHUM, YTO 3TOT PAJA CXOLMTCH MeJIeHHee 1100011 yObI-
BalIieil reoMeTPUYECKOI IIporpeccHuy.

J1s1 Toro YTobh1 BEIYMCJIMTE YUCJIO T € TIOMOUIBIO PsSifa
(3), c TounocThIO Ao 1 045, HaJ0 B3ATH CTOJBKO CIATAE€MBIX pAxa
(3), uT068I 0CTaTOK 6B MeHbme 10°°. Tak kax pan (3) ects
pax JleitbHuna, To €ro oCTATOK MEHBIIIE MOAYJISI IIEPBOTO €10
YyieHa

<-4

o 1
42 o 2n+3°

R | =
I nl lt=n+12k+1

Orcropa BuAHO, YTO IpU . = 2 - 10°, IR,| < 10°%. Taxum
obpasoM, HYKHO B3SITh ABA MEJUIMOHA CraraeMeix pspa (3),
yTo0b! rapaHTUPOBATL SHAYEHME YHcia T ¢ Tpebyemoii Tou-
HOCTBIO.

BpyuHyi0o Takyio paboTy BBEIIONHATL Oeccmbicnenno. Ha
9BM aty paboTy MOXKHO BHLOOJIHHTS, HO B Ha IBM arta pabora
6yneT HeIIpOMSBOAUTENLHOM, eclIH Mbl OyHeM MNONL30BATHCS
papom (3).

ViaxkeMm pazn, 6osee GICTPO cxofsmuiics K uuchy 7. C
2TOH LeNBI0 PACCMOTPHM YHCJO O TAKOE, YTO

tga=1/5.

Torpa

_ . 2tga _ 2/5 _ 5
tgza_l—tgza 1-1/25 12°

18. 3akas 704
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_ 2tg20 120
tg do = 1-tg’2c 119°
tgdo—tg(n/d) 1
tglda—T)= = .
g(a 4) 1+tgda-tg(n/d) 239

Orcropa
400 - f = arctg (1/239),
7t = 160, — 4arctg (1/239) = 16 arctg (1/5) — 4arctg (1/239).

Hcnonssys teneps psg (2), nojxyuaem

RPN N ) S
S@k+1)5™ & (2k+1)2397"

ITocnennue nBa pAfa cxofaTes AoBONBHO 6bIcTpO (6BICT-
pee y6BIBAIOIIEH reOMeTPHYECKOM IPOTPECCHH).

Jlerko mpoBepHTH, YTO OCTATOK IIEPBOIO PALA ViKe IpU n =4
mense 107°, IToaToMy, BEIYHCHSIA YEThIpe CNaraeMblX IepBoro
PALA U IBA CIAraeMbIX BTOPOro psAsia (C TOYHOCTRIO o CeALMOro
3HAaKAa), B Pe3yJabTaTe MNOJY4IUM

= 3,141592,

IIpHYeM IIepBbIe IATH AeCATHYHBIX 3HAKOB TOYHELIE.

Broiuucnenue anorapudmos. Pag Teitnopa gna
dyuknuy y =In (1 + x) MOXKHO ITOITYSIUTh, MHTETPUPYA TOXKAe-
CTBO

D S 2 .3 '
1+x_1 x+x —x +...(x<1),

1 j‘dx £.x . x )
n(l+x)=|"~=x—-+5+"+ ... 4
o1+x 2 3 4
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IIpu x = 1 paHEBIA pAp CXOEUTCA 1 nputom x In 2.
B camom pene, HUHTErpUpyYs TOKAECTBO

n+l
_ _ 2_ n_n n+l x
*1+x_1 X+ x e+ (=1)x7 + (1) Lix

o [0, 1], nonyaaem

1,1
In2=1 9t 3~ e+t D' 1 +B,,
rae
1
n+l 1
____ _ e —=p 0’ — .
1B, |— dx -‘[x dx = 2 n— oo

Pan (4) upyu x = 1, Tax Ke Kax u p4axA (3), cxopuTesa men-
JIEHHO.
3amensas B (4) x Ha —x, IoNyYaeM

In(1-x= _i%'. (5)
=1

Breraurasa (5) us (4), umeem

LFJ£_222k+1 ) ©)

1-x

IJTO PaBEHCTBO M HCIONBL3YETCH IJIS BHIYVMCICHHUA JIOTA-
pumoB ot HaTypasbHbIX yKcen. Hanpumep, nomaras x = 1/3,
nonyuaem

In2= 22 (D

IZie pAJi CLIpaBa CXOAUTCH aske OLICTpee reoMeTpIIecKoi Ipo-
I'DECCHH.
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Hnsa Beraucaerns In 2 ¢ Tounocrsio po 107° JOCTATOYHO
B3ATH ILIATH CAaraeMelx psaga (7):

In 2 = 0,693146

(xaxmoe craraeMoe psaja BLIYMCIISEM C HIECTHIO 3HAKAMH 110C-
Jie 3amATOM).
Boob6mie, nonaras

__1
*= oma1’

m — HaTypaJbHOE YUCJIO, IIOIYyIHM

l+x _m+1
1-x m ’
nim+1)=lnm+ 2k=o(2k+1)(2m+1)wl .
ITonaraa nocnemomaTenbHo m = 2, 3, ..., maiigem In 3,
In 4, ... . Pag copasa B (8) cxoguTes oueHs 6rICTpO.

Briuucnenme KopHeil. Psan Teitnopa pasa pyrKmun
f (x) = (1 + x)* mp1 Donyumnn B § 4.16:

A+x°=1 +Za(a—1)..’;ga—k+1)xk- ©)

Psap (9) naswisator6unomuansisim. UssectHo, 4TO paj )
npux =11 He BCerJa CXOAUTCS, A €CIM CXOAUTCH, TO MEAJICHHO.
Tloaromy, ecan, HanpUMep, HAO BEIYMCINTE V2 , TO He paIuo-
HAJIBHO BOCIIOJIL30BATECA Gopmyoii (9) mpux=1,0=1/2. Ho
BOT KaK MOKHO NOCTYIATh. O0BIiHO npeobpasyioT MOJKOpEeH-
HOe BhIpa)KeHHe TAK, YTO0LI OHO Majio OTIHYANOCH OT €QMHH-

IIBI:
172
V- 22548 _7 [50 _7(, 1*

V2549 ~5V49 5(+49)
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nm

7 1 7 —_1_4/2-_Z __2_-1/2
—.%';?49/50*5(1 50) _5(1 100)

Haxoxnenue yucen 25 1 49 MOXKHO NPOH3BONUTH TAK:
BBIIIMCHIBAEM KB&JPATHI HATYPANBHBIX YHCe]

. a0

1, 4, 9, 16, 25, 36, 49, 64, ..., (1)

3aTeM BBIIIMCBLIBAEM DPsifl YHCeN, noxydaemerx ua (11) ymuoxe-
HUeM HA NOAKOPEeHHOe BhIpajKeHre, B JaHHOM CJy4Yse Ha JBa:

2, 8, 18, 32, 50, 72, 98, 128, .... (12)

B crpoxax (11) 1 (12) uiem usicsia Takum 06pasoM, YTOGH
HX oTHOIIeHue 65110 61MB3KIM K etuHuIe. Cpey BEIIMCAHHBIX
yucesn 3To ¥ 6yxyT uncaa 49 u 50= 2 - 25.

Ecuix aTH CTPOKH IPOACIBKHUTSL, TO MOXKHO HaiiTH emje 6m3-
Kue uncia 289 u 288, T. e.

_ [2144-280 _ 17 [288 _ 1\
J2 = 2(1+—) . a3

V 144.280 12V289 288

Teneps ysxe M0KHO ucnonn3oBaTh paf (9). Hampumep, B
cury (13), mpux =1 /288 noay4aemM

g EIED-Ched

Pan cnpasa B (14) cxoputes ouess 6rrcrpo. Kpome Toro,
OH 3HAKOYEPENYIOIHMICH, T. €. OCTATOK PAAS MEHbIIEe MOAYJIA
nepBoro 4ieHs 3TOro OCTATKA.

Banuinem pag (14) B passepHyTOM BHIE:

2=11h 1 13 135 +} 15
12 2288 " 221288 233'288 {15)
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Tpetuii unen paga (15) mensime 8 - 10°< 107, noaromy
2 =171 )-1414207..
12 576

C TOYHHBIMY YeThIPpbMA SHaKaMH.

OTMeTuM, UTO BHIYUCIEHHe V2 , ncxons us (10), oueHn
yro6HO, Tak KaK B 3HAMeHaTesle MBl Cpasy LolydaeM CTe-
nenu 10. Ecau BafATEH TPH IIEPBBIX CIATAEMBIX 9TOT0 DAAA, TO

V2 =1,41421.

Ipumep 1.Bsrumeanrs 35 ¢ rounocrsio no 0,01.
BrpinuiiieMm xy0Onl HaTypaabHbIX YHACEN

1, 8, 27, 64, 125, 216, ...
U pSIA 3TUX YHCEN, YMHOXEHHBIX Ha 5,
5, 40, 135, 320, 625, 1080, ...
Orcroga

1/3 1/3
Y5 -gf5-27125 57, 10)" 5., 8 )" _
e~ 3(+ig5) =30+150)
5[, 8 28 _ 258
3100 3-2110"  8°-3110°

3

TpeTHH WieH paka

5.8°
33_1804 < 0,01,

[O3TOMY
5 zé(l +—5—)=1,71...
3V 7300

¢ Tounocrsio po 0,01.
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§ 9.15. IlonaTue KpaTHOTO pAnKa

BripackeHue

0 6o
DIPIN 1)
k=0 1=0

rae a,,— uucia (feficTBUTeNbHEle MTH KOMILIEKCHBIE), 3aBHCS-

1iHe OT uap uHgeKcoB k, [ =0, 1, 2, ..., HagsIBaeTCa O60IHLIM

un dsyxpamusim padom. Uncna Q,, HA3BIBAIOTCH Y.JeHAMU
pada, a uucna

Smn = i Zakl (2)

vacmusHuiMu (vacmuvinu ) cymmamu pada (1).

ITaps! enslx HEOTPHIATENLHBIX MHIEKCOB (k, 1) moxxnO
paccMaTpMBaTh KaK TOYKH ILIOCKOCTH C
LeJBIMU HeOTPUIATEIEHBIMU KOODAHHA-
Tamy. Torga B vacTHyIO cymmy S, BXO-
AAT unens! pana (1) ¢ uupexcamu k, I,
COOTBETCTBYIONTUMH TouKam (K, [) npa-
moyronbHuKa [0 <k <m, 0 <1 < n]
(puc. 108). B cruty sToro yacTHuHble CyM- 7 m K
MBS, HA3LIBAIOT €IeNPAMOY20NbHLLMU
wacmuyHuinu cymmamny pada (1). Komr-
4ecTBO WieHOE psaaa (1) B S, 6yner N =(m + 1) (n + 1).

ITo onpepenenuto pag (1)cxodumes no npamoyzosvHuKaMm
K uuciry S, HasbIBaeMoMy cymmoti pada (1), ecan cymiecTsyeT

lim S, =S, ®3)

m,n—ow

e

(kD)

Pnc. 108

T. €. eCJIM 1A Jioboro € > 0 HallgeTcs Takoe YUCIIo N, (€), uro
IS,,, — S| <€

Basi Bcex m, 1t > N (€). B atom ciyuae numyT



488 TJIABA 9. PAAbI

OcTaHoBMMCS Ha ciaydae, Korga wieHsl psaga (1) — me-
oTpuraTesbueie uuchaa (a,, 2 0). ITomoxum
ki

A =supS,_ . @
man

Eciu A < 00 — KoHewHOe YHCJO0, TO AJ8 Jnodoro € > 0
Haiijercs napa m,, n, Takas, 4to A — € < Sm""u < A, a Benen-

CTBHE HEeOTPHINATEeNbHOCTH Q,,

S <8

_— i m, n> N, =max (my, n,).

Ilosromy A —£< S, < A+ €&, m, n > N, u cyLiecTByeT
npezien

lim S =A.

m, o MR

Ecym e A = 00, To, oueBnauo (mpu a,, = 0, lim S, =

m, n—ow
= A = 0o, B 3ToM cayuae NHIIYT
o0 o0
Z Zakl =
k=0 1=0

Psp (1) BazsiBaeTcs abconomHo cxo0daliumcs, eciiv CXo-
anTcs (110 IPAMOYTOJNIBHUKAM) DAL

> 3 laul-

k=0 =0

Kax ¥ B coryuae 06bIYHBIX PAKOB, JOKA3LIBAETCH, UTO a6CONIOTHO
CXOAALMICA pAf cxopuTes. JloxasarenbcTBo OasHpyeTcs Ha
xpurepun Komu: dna mozo ymobut pad (1) cxoduncs, neobxo-
dumo u docmamoyno, wmobbt dns 8cakozo € > (O cywecmeosano
wucno N (€) maxoe, wmo

1S — Spl < &

KaKxoebL ObL HU Obtau m, n, p, ¢ > N (£).
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OGocrHoBaHMe KpUTepus Koy IpoM3BONUTCS TAK 3Ke, Kak
¥ B cay4yae oOBIMHEBIX OZHOKPATHEIX PAIOB.

Hapspy ¢ panom (1) MOXHO pacCMATDHMEATE e1ne BhIpa-
YKEeHHe

5 (8-

KOTOPOMY eCTeCTBeHHO HPHIIHCATEH YMCA0 A (€C)i TOJALKO OHO
CYILECTBYET), IOJYIaeMOoe CJAEAYIOUIUM 00pa3oM: ecIH [AJis KaK-
aoro k =0, 1, ... pal, 3axIOUeHHBI B CKOOKHM, CXOAUTCA U

o0
MMeeT CyMMYA, M pHA Y A, CXOAUTCH K YHCHY A, TO MoJIaraem
¥

a=5a =5 ®

Teopewma 1. Ecau pad (1) abconromno cxodumes, mo
umeem Mecmo paseHcmao

o o o [ e
>S50 -5 (Sa) ©
=0 I=0 k=0 \I=0
HoxasarenscTro. [lonycTum cHayana, 4To @, He-
otpunatenshel. ITyers nepas wacTs (6) pasHa umcay S.
s m00bIX HEOTPUUATENLHBIX S HIL IpH § < m

da, < > e, <8, (7
=0 k=0 =0

OTKYJZa pSABI Zas, (s=0, 1, ...) cxogaTcsa; nosToMy, ecay Bo
=0

BTOpOM HepaBeHCTBe B (7) 3aMKCUPOBATL m 1 IepeiiTH K npe-
JAeqy UpH n — 00, NOJYYHUM, UTO

i(iak,) <S

k=0\i=0
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IS J060ro m, OTKyZa ciefyeT cyllecTBOBaHMe uMclia A (cMm.
(5)) u ToT daxT, yro A < S.

C apyroi cTOpOHBI, €CJIK YHCJIO A KOHEUHO, TO NpPH
JIOOBIX m, n

H II0TOMY

Pasenctso (6) npu a,, 2 0 goxasano.
ITycTs Teneps a,, — AelicTBUTeIbHEIE IPOU3BOJIbHBIE
yncaa. ITonosxkum

. _[a (@,>0), [ (@,<0),
a’"‘{o (@,<0)s w0 (a,>0).

Torpga

+ — + —
a,; = Gy~ ay, [ayl = @, +a,.
TTooTOMyY B3 CXORMMOCTH DSfia 99 |ay| CIEAYeT CXOAMMOCTD

. _
pAIOB ZZ% . ZZ% ¢ HEOTPHMILATEILHEIMHE YJICHAMH U IIOTO-

My
228,=336, 236"
-3(za) - 2(za) - 2(5a).

1
Hakonen, ecyu @y, = Oy, + i3, — KOMIUIEKCHBIE YuCla U
Pan 3. |G| CXOANTCH, TO CXOAATCS TAKIKE DSbI 3>l

ZZIBMI, rae o, u 3, — AelicTBUTENBHBIE YKCIA; II0ITOMY
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ZZ% = ZZ% + iZZBkl=

- {3 () - Xz

k
Teopema AOKa3aHa IIOJIHOCThIO.

IIpumep 1. HccnepoBars, opu kaxux o > 0 cxopmres
IBOITHOI psif

)IDICTLN
k=0 10

P e e Hue. Bewry Teopemsrt 1 nccnegosanue MOyKHO CBe-
CTH K CXOIMMOCTH OOBIYHEIX (OJHOKPATHBIX) PSAJIOB

f:(ku)*‘:Ak 1‘«1 ZA,,.

=1

Kax MpI 3HaeM (cM. § 9.2, TeopeMa 2), CXOZHMOCTD IIEPBOro pAa

00
Z(k + )" sKBUBaNeHTHA CXOLMMOCTH HecOBCTBEHHOTO MHTEr-
=1

pana j(k + 1) “dy, KoTopbIii cxomuTCs IpH O, > 1:
0

Ak=i(k+l)** < T
I=1 0

E g 1 E laf 1 kl—u
(k+y) "dy=1"—(k+y) it p
(a>1).
Hanee,
3 1 a1 1 pae 1 .71 1a
E;A,z< = + EF< + dx.
ey 1-a 5 1-o Z;a~1 1-a -l[a—lx

Tlocnepuuii vnTerpan cxopgures npuo— 1> 1, 1. e. npua.>

> 2. IloaroMmy McxoaMbiii ABOMHON pAJ CXOAMTCA IO IIPAMO-
YrOJABHHUKAM Ipu O, > 2.
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PaccmoTprm erre HoBowii Boripoc. Ilycts aBoitroi psin (1)
CXOAUTCA U IIpUTOM abcosoTHO. Ero cymmy S, Tak ke KaK CyM-
My S’ paza, coeTaBAEHHOr0 U3 ero aBCOIIOTHBIX BeJIMIWH, MOXK-
HO 3aIlCaTh B BUJE IIDEJEJIOB IIOCIEA0BATEILHOCTEH

13 (] n n
1s s v 1 o
S=lm3 ) a,=limS,, §=lm))a,|=lins,
OGBIYHBIX, 32BHCHIIIUX TOJBKO OT ogHoro mHiexca n. Ilocsue-
nosateabHOCTAM {S,, }, {S',,} COOTBETCTBYIOT CXOAAIIIHECS PAXEI

S=ay+(Ag+ay; + o)+ Ay 0y T Qg+ a5+ a5) +
+(@gp+.-)+, (8

8" = lagl + (a0l + layy| + lag ) +
+ ([ag| + |ayy] + lags) + lagsl + lag) + ... (9)

€ WieHAaMH, PAaBHLIMH CYMMAaM YMCEJI, CTOAINX B cKobkax. Ho
B CKOOKaX BTOPOTO PANA CTOAT HEOTPHIATENbHbIe YHUCHa, [O0-
3TOMY CXOAUMOCTD €T0 He M3MEHSEeTCA, eCIH B HeM CKOOKH BhI-
YEepKHYTh:

[@gol + lasel + 1a19] + |agy| + lagel + - - 10
Ho Torga pan
Qoo+ Qyg + 0y + Aoy + Ay + ooy (11)

IIOJIyYeHHBbII BBIYEPKUBAHUEM B (8) Bcex CKODOK, abGCOJIIOTHO
CXOOUTCH, CJICIOBATENLHO, CXOAUTCA, OYeBHUIHO, K S.

Mz noxasanut, 4To ecnu gBoiiHOM psix (1) cxomrres K unc-
ny S ¥ npuToM abCoII0THO, TO NOJAYYeHHBIA U3 Hero OObIYHEBLT
(onHOoKpaTHbIH) psg (11) cxopures Toxke K S u ToxKe abcosior-
Ho. Ho unennr abcoIIOTHO CXOAAIErocs psana MOKHO [IEPeCTaB-
JIATH KaK YrogHO, He HAPYLIAS er0 CXOAMMOCTH H HMe u3MeHsAsA
CYMMEI.

ITHM IOKA3AHA CJAEAYIOLast
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Teopewma 2. Ecau unenwt deoiinozo pada (1), cxodswe-
20ca K yucay S u npumom aGCORIOMHO, NEPEHYMEPOBAmb JH0-
buim cnocobom (v, vy, U, ..) Npu nomowy 00Hozo urdexca u
cocrmasume psid vy + V) + U, + ..., mo nocredruii 6ydem cxo-
Oumucs k¥ momy e wucay S abcorwmro.

HoxaskeMm creAyoNyo TeopeMy:

Teopema 3. Ilycme 3a0antt 08a abCONIOMHO CX005-
00 o0

wuxca(odrorpammolx) pada ;uk, 3 v, nyCMb 6Ce603MONCHBLE
0

npouseedenus u,v, (k. 1=0, 1, 2, ...) nepenymeposansi: @y, ©,,
Q©,, ... 1100bLM CNOCOGOM NPU noMowu odnozo underca. Tozda
Cnpaeednueo paseHcmaeo

o0 00 o0
2 % 2= 2 Wy
[¢] 1} [¢]
z0e pad cnpaesa abconwmno cxodumcs.
o0
HoxazaTenbcrBo. B camom nene, nyets Y |u,| = M,
[¢]
o0 o0 o0
> lu| = N. [ipoiinoii psax Y > u,v; a6COMOTHO CXOAMTES HOTO-
0

k=0 1=0
My, 4YTO IIp¥ J100BIX M, n

m (] m n
3 3 vl =y x 3 lu) <M - N.
0 0 [{] 4]

TToaTomy

iuk x ivk =lim iuk X limivl =lim izn:ukvl =
k=0 =0 =) 70 0 =P k=01=0

o0

= fg%=2wp

k=0 i

I7le NocjaeflHee PaBeHCTBO CIPABEAJIHMBO B CHJIY IPeABbIAYIIEH
TeoOpEMEI.
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Bameuanue l.0rmMernM, uTO TeopeMa 3 HO CYTH AeJa
poxasana B § 9.13. 3aecs MBI IPHBeEIIH JOKA3aTEJIHCTBO, KCIIONb-
3yolee NOHATHE CXOAUMOCTH ABOITHOTO psja.

B zaxamoueHne 3aMeTHM, YTO MOKHO pacCMaTpHBaTh
n-KpaTHbie psapel (n 2 3)

) a .
kg{) Z oy Py s By

k=0

BamMeuyanue 2. Belllle MBI BBeJIM IOHATHE IIPSAMO-
YIrOJIbHBIX YACTHYHBIX CYMMS,, ., cofepakarux N uleHoB psasa
(1)(N =(@m + 1) (n + 1)). JIz06y10 cyMMy, COCTOSIIYIO U3 KOHEY-
Horo uncna N cnaraemsix psga (1), IPUHATO Tak)Ke Ha3bIBATD
YACTHIHOM CYMMO#M 9TOTO pSaza.

B cnygae KparHoro psiga (1) uacTuanble CyMMBI, COHEp-
axarme N 4ieHOB psfa, KOTOPhIe MBI OyieM 0003HauaTh yepes
S,» MOMHO CTPOUTE PA3INYHBIMH criocobamu. Hanprmep, Modk-
HO B3ATH YaCTHYIO CYMMY, COZEepKaIyIO WieHbl PAJia ¢ HHIeK-
caMu k, 1, oTBeuaroniuMu ToMKaM mockocetu (k, 1), npusanie-
JKaUM Kpyry paguyca R ¢ neHTpoM B Hauaise KOODAHHAT
(puc. 109)

Sy=8g = Zam .
12 P<R?
2 Iy
M
(LA
()]
] 23 /] Mk
Puc. 109 Pne. 110

OrMmeTHM, uto yHcaaN u R cBasaHsl cooTHoledueM N =
2
= O (R") (MoxHO 10Ka3aTh, YTO KOJIUYeCTBO ToueK (k, I) c je-
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JIOYVICIEHHBIMY KOOPAMHATAME, HAXOAAIIMXCS B KPyre paju-
yca R, mponopnuoHaibHO IIIOAAM 3TOr0 Kpyra).

Cymma Sy HasbIBaeTcs kpyzoeoil (cepureckoil) uacmuy-
Holl cymmoii pada (1).

Jnsa n-xpatHoro psiga (n 2 3) cpepudeckasi cyMMa UMeeT
BUJ

Sp= >, a
Krotk<R?

Ecny B yacTHYHYIO CyMMY BKJIIOUMTE YieHbl pazxa (1) c
uapexcamu (k, 1), yIOBJIETBOPSIOIIAMHE YCIOBHIO

0<E+I<SM (20,1>0),

TO COOTBETCTBYIOIAA YacTHaA cyMMa S, =S, (N =0 (M 2)) Ha-
3bIBaeTca mpeyzonvhoil (puc. 110) wacmuunoii cymmoil pada
(D).

B 3aBHCHMOCTHE OT XapaKTepa YaCTUYHBIX CYMM MOYKHO
Olpe/ieJIUTh PA3JIMYIHBIE BUALI cxopumocTy pazna (1) (mo ce-
paM, TpeyrolbHMKaM, ¥ T. IL ).

Pan (1) HaspiBaeTcsa cxodsuumcs x wucay S no cgepam,
eciu Ve > 0 dN, (€) Takoe, uto mpu R > N, (€) BhinonHAeTCA
HEepaBeHCTBO

IS, — S| <&.

AHanoruyHo onpefesisieTcs CXOAMMOCTE IO TPEYIOJbHY-
KaMm. IIpescTaBaser MMTEepec BOIIPOC O TOM, KaK CBAZAHEI MEK-
Zy coboil pasmuyHble BUABL CXOZUMOCTH KpaTHoro psiaa (1), Ho
MbI He 6y/leM HA STOM OCTAHABJIHBATBCS.

3agaumn
1. HccrnepoBath, opu Kakux o > 0 cxogures TpOMHOM (Tpex-
KPATHBIIN) AL,

i (E+1+m)®°.

11=1

M
||M8

1

a
W
3

OrBeT: > 3.
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2. Uccaeposath, npy Kakmx O > 0 CXOAUTCA n-KPaTHBLIL Paj

[Me
[Me

By +... + k)"

=
[

kll
OTBeT: Q>N
3. UccnenoBarh, mpyt KAKKX O, > 0 cXOAUTCA NBOMHOI psj,

>3+ 1y
k=11=-1
OTrBeT: 0> 1.

4. HccnefoBaTh, IIPHM Kakux o, B, B, > 0, cxopuresa msoii-

HOM psjy

oo

> SR+ poy.
k=11I=1
OrBeT: Q> l+l.

B B

5. HccnenoBats, mpy Kakux o, P, ..., B, > 0, cxoaurca

n-KpaTHbI PSX

i i(k,"‘ S— O

k=1 k=1
n
OrBeT: O.> ZJ—.
=1 Bj

§ 9.16. CymMupoBaHHe PAIOB M
nocjae/loBATEIIbHOCTEH

IIycts 3aan YKCHOBOH psx

Ug+ Uy + Uy + ... (1

H IIOCJIeJOBATEJIBHOCTD €I'0 YaCTUYHBIX CYMM

S,=ug+u,+...+u, (2)

Pag (1) moxker GLITE CXOMAIMMCA MY PACXOAALAMCH.
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IlocnegoBaTesnnuoOCTH

1
Cp= 7 S+ Si+..+8] (n=0,1,..) 3

HAa3BIBAETCH NOCAeF06AMeNbHOCEI0 cCPeOHUX apudmemuiec-
Kux riocaefoBaTenbHocTi {S,} unu pazga (1). Jlerko noncyu-
TaThb, 4YTO

TakuM 06pas3oM, YNEHLl CYMMB! G,, OTJIUYAI0OTCH OT COOT-
BETCTBYIOILX YJIEHOB YaCTHOI cyMMEI psaga (1) TeM, uTo moc-

JIefHIIe YMHOMXAIOTCH Ha yncaai, = 1 — —k—l , MEHbIIIVe eAUHH-
n+

upl. [loaromy, eciim nocnefoBaTesIbHOCTE S, } pacxomures, TO
MOYXeT CIAYYHMTBCA, UTO NTOCAEAOBATENLHOCTD {C, } BCE JKe CXO-
AUTCH,

Ilo onpepenesmo pag (1) (Mau mocnegoBaTe LHOCTE {S,})
cymmupyemcs Memodom cpeOHUX ApUhMemuULecKux K “UcCay
O, ecJy CyLIecTBYeT npese

limeo, = 0. O]

Teopewma, Ecau pad (1) cxodumces x wucay S, mo on
cymmupyemcs memodom cpedHuX APUPMeMmuULeCKux U npumom
K momy e wucay S.

HoxaszatenscrBo. ITycte psig (1) cxopirres;; Toraa
cyliecTByeT Takoe umcyiao M, uro

!S]l < M (j= O, 1, 27 .--)’ (5)

¥ TAKOe A0CTATOUHO GOJIbIIOE HATYPaJdbHOE UHCHO 1, KOTOpOoe
MEI OyIEM CUNTATD (PMKCHPOBAHHEIM (a k, ¥ B JabHeileM p —
nepeMeHHBIME), YTO

[S,.x —Sl<ge (k=1,2,..). (6)
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Hmeem, pamee,

S-o,, (S—-li m) ( —l—)ismk

Zk:

p n+p+l)ig n+p+1
_1 1 1 v
S— — S . .- S
i‘( Sp)* (p n+p+1)§‘ ntk n+p+l; ks
OTKy/la, VIUTEIBAH, YTO
1_ 1 __ _n+]
p n+p+l pn+p+l)’
TIOJIYIHM
IS-06,,l <&+ ntl _pry Rt pr e yeie=3e
K n+p+1 n+p+1
(p> Py,

ecmu Py nocrarouro Bennko. CnezioBaTesIbHO, Cpip ™ — S (p — o)
WY, YTO BCE PABHO, C; — S (j — ©0), T. e. TeopeMa BepHa.

IIpumep 1. PaccMmorpuMm cxopaupics psajg 22—" =
pary

3xech

6, = L[S, +...+8,]= n—i_lz";(z__zl’?):

k=0

1 1 2 1
=1 _lo(m+n)-24L|z0- 2, 1 | ~ ).
n+ [ (n+1)-2+ J n+1+2"(n+1) 2 (n— )

IIpumep 2.Pagl-1+1-... pacxogures, HO OH CyM-
MHUpyeTcA K yuciay 1/2 metofiom cpefHUX apudMeTHIeCKHX.
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B camom pene, pasa parnsoro paga S;=1,8,=0, .., S, =

=1,8,,,=0, ...
IToaromy
Gy = 2n+1[S +.e+ S, 0= —~~1—[1 +0+...+0+1]=
_n+l |1 — 00):
T 2n+1 2 (n )%
_.n+tl _1 .1
Copy = o 1[S +ee+ 8, + S, 1= 2(n+1) "2 2 {n — 00),

Hapsany c nocnefoBarensHocThIO {C,} cpesHux apudme-
TruecKuXx paaa (1) MOMKHO paccMaTpHUBaTh IPOMSBOJLHBIE
cpednue {t,} psaga (1), onpeiensgeMble pPABEHCTBOM

n
t,= D My, (D
k=0
T7e lk (=0, 1, ..., n) — n0pou3BOJbHAA OCJAEAOBATEILHOCTD

JefCTBUTEJIBHBIX YHUCEJI, BOOOILe rOBOPS, 3aBUCAIIAA OT . 3TH
YycJia MOMKHO ObLIo 661 0003HAYMTEL Yepes A9, Opnaxo pagu
KPATKOCTH GyAeM IHcaTh A, BMECTO )\(:)

EcmuA,=1- k_ ——,10t,=0,.
n+1

Ecnu cymectsyer npenen
limt, =T, (8)

n—o

TO TOBOPAT, YTO paAf (1) cyMMupyeM MeTOJOM cpefHuX {i,} K
yucny 7.

EcrecTBeHHO BO3HHKAeT BOIIPOC, NPM KAKHX A, CXoAf-
muiica K S papn (1) cymmupyerca metopoMm {¢,.} K dncay S.

YT0o6bI OTBETHTE Ha ITOT BOIIPOC, BYEM CIMTATE, YTOA,=1;
A,=Ompuk 2n+1;AN, =2, A,
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Torpa

S AM = (ho—A) + Ay — A+ oo + (A — A ) = Ao = 1. (9)

k=0

HNwmeer mecTo npeobpasoBanne Abens ciaeRywolerc Buia
{cM. Takxke § 9.8):

Zakbk = Z(ak - a;,,)B,,
k=0 k=0
rae B,=b,+...+b,, a,;=0.
Toraa
t, = ZA?&kSk , (10)
k=0
rae S, — yacTdHBIe cyMMbl paga (1).
Haunee, ncrons3ys (9), nmeem

t,— S =3 AN(S, - S). (11)
1]

IIlpumenasn B (11) HepaBeHcTBO ByHAKOBCKOTO, HONYUNM

It, - S| < (?Axk]"’g(sk—sf)uz:

/2

- ((n+1)$|Axk|z)w(~n}r—lz:;(sk—S)Z)l . (12)

Teneps, ecnu psig (1) cxopurcs k gucay S (cymme pagna),
TO NOCIEA0BATENBHOCTS {(S, — S)z} cxopuTeA K Hymo. CpefHue
apudMeTHIECKHe 9TOM 0CIef0BATEILHOCTH, 10 AOKA3AHHOMY
BBIIIIE, TAKIKE CXOASITCA K HYJIIO.



§ 9.16. CYMMHPOBAHHE PAJIOB H NNOCJIEZOBATEJBHOCTEN 501

Tlostomy u3 (12) nmonyyaem ciepyioilee yTBep:KAeHHe:
ecau wucaa A, maxoebt, umo

n+1)Y|aLf <, (13)
0

mo cxodsuyuiica pad (1) cymmupyemesn memodom cpednux {t,}
K ceoeil cymme.

SamMeTuM, UTO AJIA CPeAHUX apupMeTHYecKyX {C,} ycio-
BHe (13) BririonHEHO:

n 2 n
Af--E)=—Ls @ ;IA(1~#)| =(n+1)§(—n:1)2 -1
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— cXoumocTn psaaa Janambepa
433

— — — yATerpansHeit 428

— — — Komm 435

IIpupamenne aprymenta 99

— ¢yrrmuu 99, 348, 350

— —, IJIaBHLIA TUHEHHLIA YieH
165, 358

TIpoussesenre KOMIIEKCHBIX
yucen 239

— nocnencBaTensHocTER 47

— ckansipaoe 420

— ¢dyarui 76

IIpoussonmas 144

— beckoneuno Goapmasa 150

— BekTOp-QyHKIUA 222

— B IIapaMeTpHIecKoM BHJe
174

— prIcirero nopaaka 169

— nesaa 145

— obpatHoit dyHrIEn 160

— mo manpasieauo 355

— npasas 145

— CYIIepno3uIuu QyHKOUH OT
dyrxnun 158, 366

— vactHaa 350

— BeMeHTapHLIX (OYHKITHH
156

IIpocrpascTeo n-mepaoe 83,
337

Ipsmoyronsank 335, 337

Pazsencrso neiicTBUTEILHBIX
yucen 20

ParHOMepHASA HEIPEPHIBHOCTL
118

PaBraoMepHO cXOAAIAACH
nocnefoBaATeNLHOCTE 442

— cxopsiuaiics: pan 442

Paguyc kpusnsaer 317

— CXORMMOCTH CTENEHHOTO PSja
463

PasHOCTE KOMILJIEKCHEIX YHCe

— mHOMxecTB 14

— mocnegoBarensaocreit 47

— QpyErouit 76

Pazpeis Broporo poga 106

— nepeoro poga 106
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PaccrositHne MeXXIy TOYKaMH
22, 35

Pauvonanenas ¢pyakmua 250,
346

Panuonansaoe yncino 16

Pumana MHTErpansaas cymMma
260

Ponns Treopema o cpeaem 176

Pax 192

— OupoMuanenbiil 484

— rapMoHMYecKHit 436

— KpaTtHbIil 487

— Jleitbanna 438

— PABHOMEPHO CXOAAIHIICS
442

— C HEOTPHIATEEHBIMH
yneaamu 432

— creneanoi 462

— — cxopamuiicsas 425

— —, TeOpeMa O CXOJHMOCTH
462

—, CXOISLHICS abCONOTHO
439

—, — 1O IIPAMOYTOJBHHKAM
494

—, — — cdepam 495

—, — — TpeyrojsHAKaMm 495

— — ycaoeao 441

— Teitnopa (Maksopena) 193,
471

— tbyErIMA 442

Croiicreo Apxumepa pere-
cTBeHHEIX yncen 30
Cucrema QyHKIHN, 3afaHHLIX
mesigao 407
Cransipaoe npouseeneane 420
CropocTe MruopeHHas 147
Crnoxenne yucen 22
CouerarenpHbIl (accoruaTis-
Helii) 3aK0H cloxeHuss 29
— (— ) — ymHOmx)enus 29

Cnpsmasiemas kpusasa 311

Cpernnane apudmerndeckue 497

Cpepasis ckopocts 147

Cpeska JeiiCTBUTEIBHBLIX YHCe
26

Crenennad dynrnus 122, 156

Crenennoii pag 462

Crporo Bospacramomas QyEKIHA
79

— yOmiBaromasa dyHKknusa 79

Cymner Hapby 286

— (obveuaenne) MEHOMKECTB 14

— nocyefiosatensHOCTEM 47

— Pumana unrerpancaas 260

— papa 426

— — yactuymas 425

— dyrKIMii 76

CyMMHEpOBaHKE PSAJIOB K
nocrefioBarenbHOCTE 496

Cynepnosunus dyaxkouit 77,
104

CyiecTBOBaHHE KOPHA
apudpmMeTnyeckoro 123

— — MHOrounena 246

CxoauMocTes HeCOGCTBEHHOIO
nHTerpana 291

— nocyepoBaTensHOCTH 41

— paga 425

— creneHHoro paga 462

~— — —, Kpyr cxofpuMocTi 462

CueTHOE MHOXKECTBO 35

Ta6auna unrerparcs 230

-— mponseogueix 156, 161

Teitnopa Maorounes 187

— pagn 192

— dopmyna 186

Teopema Beasy 245

— Boasuagro-Beiiepmirpacca 66

— Beiiepmurpacca o paBEOMep-
HOM cxogumocTn 446
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— — 06 OrpaRv4YeHHOCTH
HenpepelBroi QyHKIMHE 111

— Koiuu 0 npoMeXyTOUHBIX
3HAYEHHSX HellpepbIBHOK
byaxknmun 112

— — — cpegaem 177

— Jlarpanyka o cpetaem 178

— Hewrtona-Jleiit6auna 278

— O CMeIIaHHEIX IPOU3BOAHBIX
353

— — cpefHeM HHTErpajbHAA
284

— — — Ponna 176

— Cunspectpa 396

— Pepma 175

Teopemul Abens o pagax 450

Touxa BeITYKJIOCTH KBEpXY 207

— — rHH3Y 207

— MHOMKECTBA BHYTpeHHsist 348

— — rpaAuyHas 384

Touxa neperuta 207

— paspeiBa 106

— — proporo poga 107

— — nepeoro popga 106

— cranuonapaasa 200, 393, 419

— yerpaaumoro paspeiBa 107

— n-MEepHOro HpocTpascTBa 83,
337

TpuronoMerpuyeckas popma
KOMILIEKCHOIO yucna 242

¥ MHOMKEHHE NOCTEAOBATENEHOC-
Teii 47

— papoB 458

— yncen 27

Vpasuenusn casu 417

VYcnosre HeoHXOHHMMOE HHTEIPH-
pyemocTu Gyaxknuun 266

— — cxopumMocTH psga 426

®opmyna buroma Helotora
188

— kBagpaTypHas 326

— Heorona-Jleitbuuna 278

— OpPAMOYTONBHUKOE 326, 328

— Cuwmricona 330

— Teitnopa 186

— rpanenuii 327, 328

PyHKnuKM SKBHBAIEATHBIe 139

Dyukyusa 75

— aHanuwrHyeckaa 478

— BeckoneyHo 6onpmasn 97

— — manasa 93

— rapmoHnyeckas 457, 458

— runepGonndeckas 163

— nuddepenunpyemas 165, 358

— KOMILIEKCHOTO IIEPEMEHHOTO
442

— KOMILJIEKCHO3HAYUHAsA OT
IeHCTBHTEILHOTO TepeMeH-
Horo 241

— Jarparxa 422

— norapudpmuyeckan 131, 158

— MHOTUX NepeMeHHEIX 335

— MHoOrossaydas 81

— MOHOTOHHasI 79

~- HeorpaHHueHHas 79

— nmenpepeieaad 98, 102, 110

— — B TOukKe 99

— — — — 110 MHOKecTBY 386

— — — —cxaeea 106

— — — — copaBa 106

—— —— HA 3aMKHYTOM OrpaEH4YeH-
HOM MHOXecTBe 386

— — — muoxectBe 386

— HeyeTHan T8

— HesiBHAA 85

— ofbpaTtuaa 115

®yarnua obparaaa 115
TpuroHoMerpudeckas 103

— orpanuvenHas 79

— oguopoxaas 371

— nepuoauyeckas 79

— nokaszarenbsHas 126
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— nocrostaaaa 12, 121, 156

— upezenvHad 444

— paspeiBHaA B ToYyKe 100

— panuonanbaas 250

— cnommEas 77, 158

— crenendas 122, 156

— crporo so3pacrawias 79

— — yOrrBaronjas 79

— TpUroHoMerpudeckaa 134,
157

— yeTHas 78

— anemeHTapHas 81, 101, 121

Hentp xpususae 317

Yacruunasa cymma psiga 425,
487

Yacraoe AeliCTBUTEILHBIX YHCEN

— nocyegoBaTenrHocTel 47

— dysRp@in 76

Uucen akcuoMer 29

— cBoiicrea 29

Yucno, BexxnunHa abconoTHAS

— peiicreuTencHoe 16, 19

— upparMoraasaoe 19

— KoMniaekcroe 239

-— —, aprymenT 241

— —, JeHCTBHTENBHAA YACTh
241

ncmo KOMIIEKCHOe, MEUMAH
vacte 241

— —, Moaysas 240

— —, conpsioxenHoe 240

— koHewHoe (6eckoneynoe) 34

— panMonansroe 16

—e 58

Uucmosasa oce 21

Unen psina 425, 487

— — ocraTounslit 427

HIap 387

IsonseenTa 316

Jsoniora Kpusoit 316

Siinepa noacranoBra 256

OKBHBAJIEHTHEIE NIPEJIJIOMEHHST

— byskmun 140

JKCcTPeMYyM NOKanbHeM 174

— OTHOCUTEJIBHBIN (YCJIOBHEIH)
416

JneMeHnT MHOMKecTBa 12

— — gauboaemit 61

— — mauMensmi 61

— nocJaenosaTrensHOCTH 23, 39

Onemedrapuas pyakuus 81,
101, 121, 347

Onmune 153

dnnuncong 383

HAnpo Mupnxne 451
— oTkpeIToe 384
— Ilyaccona 457
Hxobuan 408



fIxor Crenanoruy Byrpos
Cepreit Muxaiinorny Huxonbcxkumit

BrIciiag MaTeMaTHKa
JAUDGDPEPEHITUAJIGLHOE
H HHTEI'PAJIBHOE
HNCYHUCJIIEHHE

KoppexTtopri: H. ITepeducmuiii, H. ITycmosoiimosa

JIunensua JIP Ne'065194 or 2 wora 1997 r.

Cnano B HAa6op 22.09.97. Iloanucano B neuats 24.11.97.
Dopmat 84%108/32. ByM. odcernasn. T'apaurypa CG Times.
TleuaTr BEIcOKas. Yeu. n. 1.26,88. Tupax 5000 axs.
Bax. No 704.

H3aaTenscTtBo «PeHMKCY
344007, r. Pocros-sa-Hony, nep. Cobopurrii, 17

HasrororneHo ¢ roroprix AnanosutnioB B AIIIl «J[>xauraps
358000, r. 9mmera, ya. Jleauna, 245



